ELLIPTIC EQUATIONSWITH
VERTICAL ASYMPTOTESIN THE NONLINEAR TERM
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Abstract. We study the existence of solutions of the nonlinear problem

{ —Au+g(u)=p InQ,

0.1
©.D u=0 o0noaQ,

where 1 is abounded measure and g is a continuous nondecreasing function such
that ¢(0) = 0. In this paper, we assume that the nonlinearity g satisfies

0.2 ltl%'lil g(t) = +o0.
Problem (0.1) need not have a solution for every measure ni. We prove that, given
1, there exists a “closest” measure p* for which (0.1) can be solved. We aso

explain how assumption (0.2) makes problem (0.1) different from the case where
g(t) isdefined for every t € R.

1 Introduction

Let @ ¢ RV, N > 2, be a smooth bounded domain. In this paper, we are
interested in the existence of solutions of the problem

{ —Au+gu)=p inQ,

1.1
(1) u=0 onoa,

where i is abounded measurein Q and g : (—oo,1) — R is a continuous nonde-
creasing function such that ¢(0) = 0 and

1.2 lflTrrll g(t) = +o0.

By asolution u of (1.1) wemeanthatu € L' (), u < 1 ae., g(u) € L'(Q) and
— / uAl + / g(u) = / Cdp V¢ € C*(Q), ¢ =00ndq.

In particular, g(u) € L'(Q) impliesthat u < 1 a.e.
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We observe that «, whenever it exists, is unique (see, e.g., [4]). It has been
proved by Boccardo [2] (in the spirit of Brezis—Strauss [7]) that, for every u €
L'(€2), problem (1.1) hasasolution. Moreover, Boccardo also showsthat (1.1) has
no solution if 1 is aDirac mass §,, with a € Q. Consequently, we say that i isa
good measure (relative to g) if (1.1) hasasolution u. We denote by G(g) the set of
good measures associated to g.

Our goal in thispaper isto investigate under what conditionson g and i problem
(1.1) admits a solution. We also point out to what extent assumption (1.2) makes
this problem different from the case where g is a continuous function defined for
everyt € R, which was recently studied by Brezis-Marcus—Ponce[4].

We assume henceforth that, in addition to (1.2), g satisfies
1.3 glt) =0, t<0.

In particular, thisimplies that nonpositive measures are good for any g.

We denote by M (Q) the space of bounded Radon measuresin Q, equipped with
its standard norm || || ». Givenv € M(), we say that v is diffuse if v(A) = 0 for
every Borel set A C ) of zero H'-capacity (= Newtonian capacity). This capacity
— which is denoted throughout this paper by “cap” — plays an important rolein
the study of problem (1.1).

The first consequence of (1.2) isthat if (1.1) has a solution, then ™ is diffuse
(see Corollary 2 in Section 2 below). The converseis not true; more precisely,

Theorem 1. Given any g, there exists a diffuse measure p > 0 such that
& G(g).

However, it turnsout that every diffusemeasureisgood for some g (see Theorem
15).

For afixed nonlinearity g, a natural question is to characterize the set of good
measures associated to g. The next result gives a sufficient condition for ameasure
to be good.

Theorem 2. Assume

(1.4) liIItlTﬁllp N e T

for some0 < g < 2. If ut < HN=2%6 then i € G(g).

Here, #* denotes the s-dimensional Hausdorff measure of aset. By u+ <« #H?,
we mean that p*(A) = 0 for every Borel set A ¢ Q such that ##(A) = 0. The
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dimension s = N — 2 + § in the statement of the theorem cannot be improved. In
fact, given s € (0,2), let

1

g(t) = m -1, te]|o0,1).

Forany o < N —2+ 3, one can find acompact set K, C Q, with H*(K,) € (0, c0),
such that if § > 0 is sufficiently large, then u = 8 H*| i, is not good for g. This
iseasy to see if a« < N — 2, since in this case any compact set K C Q such that
HY(K) < oo satisfiescap (K) = 0 (see, e.g., [8]); thus, by Corollary 2 in Section 2,
pisnotgood. Intheremaining case, namely N—2 < a < N—2+ (3, theconstruction

of K, israther delicate and is presented in Section 8 (see Theorem 18).

Even though the existence of solutions of problem (1.1) may fail for some
diffuse measures (by Theorem 1), L'(Q) is not the largest set where (1.1) has a
solution for any g. For instance, let u € M(Q2) besuchthat v < 1 a.e, wherewv is
the unique solution of

(15) { —Av=p inQ,

v=0 onon.

Then i is good for every g (see Proposition 7 in Section 7). The converseis also
trueif u+ issingular with respect to the L ebesgue measurein RV . Infact, we have
the following.

Theorem 3. Let u € M(Q) be such that x+ is singular. Then p € G(g) for
every g ifandonly if v < 1 a.e,, wherev is given by (1.5).

The characterization of the set of all measures in M(2) which are good for
every g isgivenin Section 7.

Our method inthe study of problem (1.1) startswith astandard procedure, which
consists in approximating g with bounded continuous functions defined on the
whole R. More precisely, let (g,) be a sequence of bounded functions g, : R — R
which are continuous, nondecreasing and satisfy the following conditions:

(1.6) 0<gi(t) <galt) <o, tER,
(17) gn(t) - g(t), <1,
and

(1.8 gn(t) = +o0, t>1.

Since each g,, is bounded, there exists a unique solution w,, of

{_Aun+gn(un) =K inQ7

1.9
(1.9) u, =0 onof.
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Passing to the limit as» tends to infinity we get the following result.

Proposition 1. Givenany u € M(Q), thenu, | u* inQ asn 1 +o0, whereu*
isthe largest subsolution of (1.1). Moreover, we have

(1.10) la(u*)lr < o
and

(111) [ wac < 2lululcle= e e cim.
Here,

C2(Q) = {c € C?(@):¢c=00n aﬂ}.
In the spirit of [4], we define the reduced measure p.* as
uw = —Au* + g(u”)

and study the properties of p*. First of all, since v* is the largest subsolution of
(1.2), p* is well-defined, independently of the sequence (g,,). Note that p* < y;
moreover, 1 isagood measureif and only if u = p*.

Theorem 4. For every u € M(Q), thereexist Borel sets X1, X5 C Q2 such that
(112) Sy cu*=1], cap(2)=0, and (u—p*)(Q\(Z1U%,)) =0

Notethat, in the previous statement, the set [u* = 1] iswell-defined up to sets of
zero H'-capacity. Indeed, any function v € L'(Q2) such that Av € M() admits a
unique cap-quasi continuousrepresentative v (see, e.g., [1]); henceforth, we always
identify v and o. We recall that © is cap-quasicontinuousif, for every £ > 0, there
exists an open set w. C O such that cap (w.) < € and 9/q\.,. IS continuous.

Weremark that, in Theorem 4, both setsY; and X» havezero L ebesguemeasure,
so we have the following.

Corollary 1. For any measure u, we have

(,Lt*)a = IUA:

where “a& denotes the absolutely continuous part with respect to the Lebesgue
measure.

In view of Theorem 4, if x is diffuseand x([u* = 1]) = 0, then it follows that
w* = p; hence p is good. We use this idea to prove Theorem 2; in this case, the
main effort isthusto estimate the (N — 2 + 3)-Hausdorff measure of the set [u* = 1].
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This kind of estimate, which has an interest of its own, is given by Theorem 12 in
Section 4. In Section 5, we present another approach, based on energy estimates;
in this case, the “smallness” of [u* = 1] isgiven in terms of (Sobolev) capacities.

The next result saysthat 1.* isthe“ best approximation” of u in the classof good
measures relative to g.

Theorem 5. For u € M(Q),
(1.13) e = w7 llae = minflpe = vlag.

In addition, u* is the unique good measure for which the minimum in (1.13) is
attained.

We recall that when the function g is defined for every ¢t € R, it has been shown
in[4] that * isthelargest good measure < u. Inthat case, the characterization of p*
givenin Theorem5isthen astraightforward consequence. Animportant difference
in our caseis that there exist measures i for which the set {\ € G(g) : A < pu} has
no largest element (see Proposition 9 in Section 9). Thus, the fact that p* is the
unique measure which achievesthe minimum in (1.13) needs adirect proof, which
is more delicate.

Finally, two further differenceswith the case studied in [4] are worth mention-
ing. When g(t) is defined for every ¢ € R, the set G of good measures is convex,
and the mapping ¢ — p* isacontraction. Asis shown in Section 9 below, these
properties are no longer true when g satisfies (1.2). Infact, for any such g,

(@) G isnot convex;

(b) the mapping i — p* isnot a contraction.

We emphasize that throughout this paper we assume that Q is a domain of
RN with N > 2. The case of dimension N = 1 is different and has been studied
by Vazquez [20]. We recall that in this case, every measure is diffuse — since
cap ({z}) > 0 for every - — and the solutions of (1.1) are Lipschitz continuous.
In[20], Vazquez provesthat

1
(a) if / g = +oo, then every u € M(Q) is good;
J0

1 1 1/2
(b) if / g < 4+ooand u € M(Q) satisfies || || a <2\/§</ g) ,then i is
good. o
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These two results have no counterpart when N > 2. According to Theorem 1
above, for any g, there exists a diffuse measure 4 > 0 such that ¢ isnot good. As
we seein Section 8, such p can be chosen so that e is not good for any e > 0.

The plan of this paper is the following:

1.

2.

Introduction

Proofs of Proposition 1 and Theorem 4

. Thereduced measure is the closest good measure

. Proof of Theorem 2

. Capacitary estimates related to problem (1.1)

. BEvery diffuse measureis good for some g

. Measureswhich are good for every g

. How to construct diffuse measures which are not good

. Further propertiesof p* and G

2 Proofsof Proposition 1 and Theorem 4

We start by recalling (see, e.g., [16]) that every measure p can be uniquely
decomposed as

= pd + pe,

where pq is diffuse and . is concentrated on a set of zero capacity. In particular,
wisdiffuseif and only if u. = 0.
A useful characterization of measureswhich are diffuseis given by

Theorem 6 ([3, 17]). Let u € M(2). Then u isdiffuseif and only if

pe L' Q)+ H Q).

The next two results are used frequently in the sequel.

Theorem 7 ([6]). Letv € L'(Q) besuchthat Av € M (). Then

Avt € M]OC(Q)
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and

(2.1) (AvH)g > xpp>0(Av)a  INQ,
(2.2) (—AvT)e = (—Av)T inqQ.
Moreover, if v > 0 a.e, then

(2.3) (Av)qa >0 info=0].

Theorem 8 ([14]). Letv € L1(Q) besuchthat Av € M(Q). Ifv > 0 a.e., then
(2.9) (Av)e <0 inQ.

As aresult, we get a necessary condition for (1.1) to admit a solution.

Corollary 2. If yisgood, then u* is diffuse.
Proof. Applying Theorem8tov =1 — u, we get
te = (—Au). = (Av). <0.

Thus p* = (na)™ = (u*)a, and so p* isdiffuse. O
Let usalsorecall that givenv € M (), thereexistsauniquefunctionv € L'(Q)

which satisfies
—/UAC:/Cdl/ V¢ € CF(Q).
Q Q
Thisfunction is called Stampacchia’'s solution of the problem (see[19])

{ ~Av=v Inq,
(2.5)

v=0 o0noQ,

and coincides with the notion of “renormalized solution” introduced in [9]. In
particular, Theorems 2.33 and 10.1 of [9] provide the following useful result.

Theorem 9 ([9]). Let v bethe unique solution of (2.5). Let ® € W?2>°(R) be
such that supp ®” is compact. Then

Ad(v) = @' (v)(Av)q + " (v)|Vv|* — &' (+00)(Av). + ®'(—oc)(Av)T in Q.
Here we denote by &'(+00) the limit of &' as |z| — +oo.

The proof of Proposition 1 follows the same lines asin [4]. We present the
proof for the convenience of the reader.
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Proof of Proposition 1. Let u, be the solution of (1.9). Since g,, < gn+1,
by a comparison principle (see, e.g., [4, Appendix B]) we have u,, > u,+1. Hence
we define u* such that

up L u*  aeinq.

Standard estimates imply that
(2.6) llgn (wn)llzr < 1l

thus,

‘/unAc _ ‘ [ = [ gntun)c| < 2lullaalcle= Ve € G

Clearly, u* € L'(Q) and (u,) converges strongly to «* in L'(Q). Moreover, it
follows from (2.6) that u* < 1 a.e. Then, using Fatou’s lemma, we deduce from
the previous estimates that

(i) g(u*) € L'(92) and (1.10) holds;
(i) Au* € M(9) and [|Au[|pe < 2l ar.

Finally, let v be any subsolution of (1.1),i.e.,v € L'(Q),v < 1 ae, g(v) € L'(Q)
and

- [vac+ [ gics [ can vee ci@, ¢z 0ing,
Q Q Q
Since g, < g, we have
—Av+ gn(v) < —Av+g(v) < p=—Auy + gn(u,) 1IN [C’g(ﬁ)]*,

whichyields v < u,, a.e. Passing to the limit, we deduce that v < w*. This proves

that «* isthe largest subsolution of (1.1). O
Let
2.7) pt=—-Au*+g(u*) IinD'(Q).

In view of Proposition 1, pu* € M(Q). The reduced measure p* is uniquely
determined by the weak* limit of g,,(u,) in M(Q). Indeed, comparing (2.7) with
(1.9), and using that u,, — u* in L' (), we obtain the following.

Lemmal. Let (u,) bethe sequence defined in Proposition 1. Then

(2.8) gn(ug) = g(u®) + (u—p*)  weak™ in M(Q).



ELLIPTIC EQUATIONS 9

Note that since Au* € M(Q), thefunction »* admits a unigque cap-quasi contin-
uous representative, which we use henceforth as our standard choice. In particular,
we remark that the set [u* = 1] is uniquely defined up to sets of zero capacity.

The main ingredient in the proof of Theorem 4 is

Proposition 2. Let u* be given by Proposition 1 and let * be the reduced

measure defined in (2.7). Then

(2.9 0<p—p* < (pa)ljus=1) +ud inQ
In particular,

(M*)d = Hd in [U* < 1]:

Na >0 inu*=1],

(2.10) (,U*)l > ! [u ]

(,u )C = *(NC) ingQ,

()" =n" in Q.

Proof.

Step 1. Proof of (2.9).

Given § > 0, define the function 6;(s) = min {1, (s —1+24)*}. Applying
Theorem 9 with v = u,, and ®;5(s) = [; 65(¢) d¢, we get for any ¢ € C3(2), ¢ > 0
inQ,

(2.11) /Q gn (1) B () C o < /Q B3 (1) C dpia + /Q Cdpt + /Q B3 (un) AC de,
which yields

[ ntun)cds< /Q B3(un) C dpua + /Q Cdpt + /Q @) AC dor

[ttn >1—6]

Since (u;}) is bounded in L>°(Q) and (Au,) is bounded in M(Q), the sequence
(85(un)) isbounded in H{ (2), converges weakly to 65 (u*) in HE(Q2) and weak* in
L>(Q). Moreover, since g € L'(Q) + H1(Q) (by Theorem 6), we have

lim 0s5(un) Cdug = / Os5(u*) Cdug.
Q Jo

n—+oo .
Thus,
lim sup / gn(uy,) Cdr < / 05(u*) Cdpg + / Cdut + / &s5(u*)Al da.
n—+oo Q Q Q

[tr >1—4]
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Clearly, by dominated convergence we have, for a.e. § > 0,

[ galw)Cde= [ g)can

n—+oo . .
[un <1-5] [us<1-4]

Therefore,

lim sup / gn(un) Cdx
Q

n——+oo .
< / g(u*)(dw+/05(u*)<dud+/ <dui+/ B (u)AC de,
Q Q Q
[u*x<1-4]

forae. § > 0. Sinceu* < 1 ae, ¢;(u*) — 0 a.e. By dominated convergence, as
§ — 0 weobtain

hmsup/an(un)Cda:s/ﬂg(u*)ww / <dud+/gcdui-

n——+o0o
[u*=1]

Comparing with (2.8), we get
= < (pa) e =1 + -
Clearly, by Fatou'slemma, p* < u. We thus obtain (2.9).
Step 2. Proof of (2.10).
From (2.9), we deduce immediately that
(*)a = pa infu* < 1],
(#*)a >0 infu*=1].
Since pg > (u*)a, (2.12) yields
(2.13) (na)” = (u)g inQ
On the other hand, by (2.9),

(2.12)

that is,
(W )e > —pe  INQ.
Note that u* < pand (p*). < 0 (by Corollary 2); thus
(B)e < —pe QL
We conclude that
(2.14) (1*)e=—pe INQ.
Assertion (2.10) then follows from (2.12)—(2.14). O



ELLIPTIC EQUATIONS 11

As a consequence of the previousresult, we have the

Proof of Theorem 4. Let ¥; = [u* = 1] and let £, C Q be such that
cap (¥2) = 0 and pf (Q\X2) = 0. With this choice, (1.12) follows immediately
from (2.9). O

Asacorollary of (2.10), we also have
Corollary 3. Let u € M(Q). If x> 0, then u* > 0.
We give an alternative characterization of «* in the next result.

Proposition 3. For everyu € M(Q), u* istheunigue solution of the following
problem:

veW'(Q), v<lae, AveM(Q), g() eL(Q),

(—Av)q + g(v) = pa infv<1],
(-Av)g <pa  infv=1],

(-Av). = —p.  INQ.

(2.15)

Proof. From (2.7) and (2.10), it followsthat «* isindeed a solution of (2.15).
We now prove that the solution of (2.15) is unique. Assumethat v, vs both satisfy
(2.15) and consider thefunctionw = (v, —vs)™. First observethat Aw isameasure
and, by (2.3),

(2.16) (Aw)g >0 infv; < wvsl.
By (2.15),
(2.17) (Avi)a > g(v1) —pa  INQ.

On the other hand, since [v; > 2] C [v2 < 1], we have

(2.18) (Avg)a = g(v2) — pa INfvr > val.

Thus, by (2.17)—2.18),

(2.19) (Aw)a > [A(vr —wv2)]; > g(v1) = g(v2) >0 infvr > vs].
It follows from (2.16) and (2.19) that

(2.20) (Aw)g >0 inqQ.

Since, by (2.2),
(—Aw), = [— Avy — UQ)]: inQ,
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we get
(2.21) (—Aw)e = [(=Av1)e + (Avs)] T =0 inQ.
From (2.20)—(2.21), we obtain that

Aw >0 inqQ.

Since w vanisheson 012, we have v, < v, a.e.in( (see, e.q., [4, Proposition B.1]).
Reversing the roles of the two functions, we finally obtain that v; = vs. O

Until now, we have studied problem (1.1) by approximating the nonlinearity ¢
using a sequence (g,,), with u fixed. Another possible approach isto fix g and to
approximate p by p,, * u, where (p,,) is a sequence of mollifiers. More precisely,
pn * 1 1S given by

ot 1)@) = [ pule =) duty) Vo
It turns out that the sequences of solutionsin both cases convergeto the samelimit.
Theorem 10. Let u € M(9?). For eachn > 1, let v, be the solution of

(2.22) {Avn+g(vn) =pnxp NG,
v, =0 on o).
Then, v, — u* in L'(Q), where v* is the function given by Proposition 1.
Proof. By standard estimates, we have
llg(va)llrr @) < llon * pllm@) < llpllao)-

Thus, Av,, isboundedin L' (Q) and thereexistv € L' (Q) and v € M(Q) such that,
for a subsequence (still denoted (v,,)), we have

v, = v strongly in L'(Q) and a.e.
g(vn) = g(v)+v  weak* in M(0Q).

By Fatou'slemma, v > 0. Moreover, it follows that v satisfies
(2.23) —Av+gw)=p—v inQ.

We now follow the outline of the proof of Proposition 2. Take 6;5(v,)( as a test
functionin (2.22), where ¢ € C2(Q2). We get the analogue of (2.11), namely

/Q 9(0n) 05 (v) C dr < /Q 05 (vn) (P * p1a) C da + /Q (P i) Cdi + /Q B5(0a) AC di.
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Asin Step 1 of Proposition 2, we obtain, as n tends to infinity, that

(2.24) v < (pa) =1+ iNQ

Using (2.23)—2.24), we obtain that v is a solution of (2.15) (see Step 2 of Propo-
sition 2). From the uniqueness result of Proposition 3, we conclude that v = u*.
In particular, the whole sequence (v,,) convergesto u*. O

3 Thereduced measureisthe closest good measure

We start with the following simple result.

Proposition 4. Let u e M(Q). If p € G(g) andv < u, thenv € G(g).

Proof. Let (u,) be the sequence of functions satisfying (1.9). By standard
estimates (see, e.g., [4]), we have

/Q|gn(un>—gn(u)|s/Q|g<u>—gn<u>\.

Thus,

/ |gn(un) — g(u)| <2 / ‘g(u) — gn(u)‘ -0 asn — +oo.

JQ JQ
We conclude that g, (u,) — g(u) in L'(2). Let (v,) be the sequence associated to
v. By comparison, v < pimpliesv,, < u, ae.;thusg,(v,) < g.(u,) ae. Applying
the dominated convergence theorem, we conclude that g, (v,,) — g(v*) in L'(Q).

We then deduce that v* is the solution of (1.1) with data v, and so v is a good
measure. O

We also have the following.

Lemma 2. For every u,v € M(Q),

(3.1) /Q lg(u*) — g(v*)

(=) = (v = v)| y <M= vllag,

where u*, v* are the solutions of (1.1) with respect to u*, v*, resp.

Proof. Let v, denote the solution of

—Avy + gu(vy) =v InQ,
v, =0 onof.

By Lemma 1, we get

n(un) = gn(va) = g(u*) = g(v") + (= p*) = (v = v*)  weak* in M(Q).
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Since p — p* and v — v* are both singular with respect to L ebesgue measure (see
Corollary 1), we have

lg(u™) = g(*) + (u—p*) = (v—v7) M:'/Q l9(u™) =g (W) + || (u—p") = (v—07)

™
On the other hand,
g0 (i) — gn(on)|[ 1 <l — vliag ¥ > 1.
Thus,
[ a0 = 9] + 0= ) = (0= 9| < Timinf () = 0],
<Al =vlim,
which gives (3.1). O
A simple consequenceis the following result.
Theorem 11. For every u,v € M(Q),
(32 ™ = v llm < 2llp = vl
Proof. Let u,v e M(Q). By Lemma?2,
[(n=p*) = (v =) o <Ml =Vl
Applying the triangle inequality, we obtain (3.2). O

We now present the

Proof of Theorem 5. We split the proof into two steps.
Step 1. Proof of (1.13).
Givenv € G, we havev = v*. It then follows from Lemma 2 that

(33) [ a007) = o)+l e < = vl
where v isthe solution of (1.1) with measurev. In particular,

=1l <l — vl
which gives (1.13).

Sep 2. p* isthe unique good measure which achievesthe minimum in (1.13).



ELLIPTIC EQUATIONS 15

We now assumethat v € G satisfies

(34) I =vilm =l = p*llm
By (3.3), we have
/ ‘g(u*) — g(v)‘ =0.
JQ
Thus,
(3.9) gu’) =g(v) ae
We next observethat v < p. Infact, note that
(36) inf {p,v} = p—(n—v)*.
Moreover, by Proposition 4, inf {u, v} < v implies that inf {u, v} is also a good
measure. It then follows from (3.6) and the minimality of v that
i = vl < = inf {n v}y = [0 =) F ]|,

Therefore, (u — v)~ = 0; in other words, v < p. In particular, v is a subsolution of
(1.1), sothat v < u* a.e. by Proposition 1.
We now split the proof into two cases.

Casel. cap ([u* =1]) = 0.
By Theorem 4, thisimplies (u — p*)qa = 0. Thus,
va < pta = (1")a-
On the other hand, sincev < u* a.e,, it follows from Theorem 8 that
ve = (—Av)e < (~Au”)e = ().

We conclude that

By (3.4), we must haver = u*.

Case 2. cap ([u* =1]) > 0.

We first show that »* = v on a set of positive Lebesgue measure. By way of
contradiction, supposethat v < u* a.e. Let ag, fy € [0, 1] be such that g < Sy and
g isincreasing on [ag, o). Since (3.5) holdsand v < u* ae., theset [ag < u* < f]
has zero Lebesgue measure. Let

w = min { By, max {ao, u*}} — ao.
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Thus, w € H () and w assumes only the values 0 and 3, — ap. We conclude
that w = 0 ae. In other words, u* < ay ae. Since cap ([u* =1]) > 0, we get a
contradiction.

We now proceed with the proof of Case 2. Givene > 0, let o, 8 € (1 — ¢,1),
a < (3, besuchthat g isincreasingin [a, §]. Let . : R — R be a smooth function
suchthat ®.(t) = tift < a, ®.(t) = 1if ¢t > g and &'(¢t) > 0, Vt € R. We now
establish the following.

Claim. For everye > 0, we have

3.7) ~A[®.(u*) — @-(v)] >0 InD'(Q).

Proof. Infact, by Theorem 9,

[A®. (u )]d = &L (u*)(Au*)g + @ (u*)|Vu*|?
(38) = B ) o) — (u)a] + @ ()| VP
and, similarly,
(3.9 [A®.(v)], = ®L(v)[g(v) — va] + @ (v)|Vv|?.

By construction of ®., we have
(3.10) P (u*) =dL(v) ae

Thisisclearif v <u* <aorfg <wv <wu*. Findly,ifa <u*andv < 8, thenu* = v
ae, since g isincreasing in [«, 8] and g(u*) = g(v) ae. We conclude that (3.10)
holds.

By (3.5) and (3.10), we then have
(3.11) ® (u)g(u*) — ®L(v)g(v) =0 ae

g

Note that
! (u*) =@ (v) ae.

In addition, on the set where " (u*) # 0, we have u* = v ae., so that
Vu* = Vv ae in[®(u*) #0].
Thus,

(3.12) B (u*)|Vu*|? — ()| Vo2 =0 ae.
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Finally, since ®.(1) = 0 and (u*)a = pa ON the set [u* < 1] (by Theorem 4), we
have

OL(u)(1")a = PL(w )pa  INQ.
Moreover, . > 0 and v < p imply
& (v)vg < D(V)pa  iNCQL
Therefore,
(313)  @L(u ) (u)a — BL(o)va > [@L(u) — L(0)]pua =0 inqQ.
Subtracting (3.9) from (3.8) and then applying (3.11)—3.13), we conclude that
(3.14) —(A [@. (u") — <I>E(v)])d >0 inQ.

On the other hand, since v* > v a.e., we have ®.(u*) — ®.(v) > 0 a.e. It then
follows from Theorem 8 that

(3.15) —(A[<1>5(u*)—<1>5(v)]) >0 inqQ.

C

Combining (3.14) and (3.15), we obtain (3.7). This concludes the proof of the
claim. O

According to the previous claim, the function ®. (u*) — ®.(v) is superharmonic.
Moreover, since it is nonnegative and ¢.(u*) = ®.(v) a.e. on a set of positive
(Lebesgue) measure, we deduce from the strong maximum principle (see [1]; see
also [5]) that

O (u*)=d.(v) aeinQ.

Since this holds true for every e > 0, welet £ | 0 and conclude that v* = v ae.
Thus, p* = v. The proof of Theorem 5 is complete. O

4 Proof of Theorem 2

In order to establish Theorem 2, we assumethe next result, which will be proved
afterwards.

Theorem 12. Letv € L}(Q), v < 1 a.e,, besuch that Av € M(9Q). Assume g
satisfies (1.4) for some 0 < 8 < 2. If g(v) € L'(), then

(4.1) HN 2 ([ =1]) = 0.
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Proof of Theorem 2. Clearly, it sufficesto establish the theorem for > 0.
Let »* be the function given by Proposition 1. Since Au* € M(Q) and g(u*) €
L'(€), it follows from Theorem 12 that

HN2HB (lu*=1]) =0.

By assumption, we have y < #N~2+5, Thus,  isdiffuse and

It followsfrom Theorem 4 that u* = p. In other words, ¢ € G. This concludes the
proof of Theorem 2. O

We split the proof of Theorem 12 intotwocases: 0 < f <1land1 < 3 < 2. We
first consider the case 0 < 3 < 1. Animportant ingredient is the following.

Lemma3. Letv € M(Q2) and let v be the solution of

(4.2)

—Av=v inQ,
v=0 onon.

Given0 < 8 < 1andk > 1, thereexistsa Borel set A;, C Q suchthat

(4.3) |v(z) —v(y)| < Cklz —y|® Va,yeQ\ Ay
and

N—248 ¢
(4.9) HY T (45) < Lllvllad,

for some constant C' > 0 independent of k.

Given a > 0, the Hausdorff content H2 of aBorel set A ¢ RV isdefined as

He(4) =inf { S riiAC UBm(z,-,)},

i

where the infimum is taken over all coverings of A with balls B, (z;) of radii r;.
Note that we make no restriction on the size of such balls. In particular, for every
bounded set A, H2 (A) < . Itiseasy to seethat

(4.5) HE(A) =0 ifandonlyif HY(A) = 0.

Proof of Lemma 3. By linearity, it sufficesto establish thelemmafor v > 0.
Let

(4.6) Ay = {a: € Q:v(B,(v)) > krN > for somer > 0}.
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(Here, v isviewed asameasurein RV such that v(RY \ Q) = 0).
We claim that (4.3) and (4.4) hold for A;. We begin by establishing (4.4). For
eachz € Ay, let r, > 0 be such that

v(By, (7)) > krl 2*F,

Clearly, (B;,” (”))zeAk is a covering of A;. Applying Vitali’s covering lemma,
we may extract a subcovering (Bs,, (z;)) of A, such that the balls B,, (z;) are all
digoint. We then have

HY20(4) < 3 (5N 2
=C Z pNTEHE

C C C
<3 2 v(Bu) = 7 v(UBn@)) < Tlvliae
Thisis precisely (4.4). We now turn to the proof of (4.3). We follow closely the
argument presented in [8]. For simplicity, we assume N > 3; thecase N = 2
follows the same lines.

Clearly, it sufficesto prove (4.3) for the function

. 1 dv(z)
w(z) = NN = 2on Jo = 2" Vx € Q,

wherewy = |B;| isthe measure of the unit ball in RV . It isnot difficult to see that
w can be rewritten as (see, e.g., [18, Lemma 2])

w(r) = 1 /OOO /(5(o) ds.

 Nuwy sV-1

Givenz,y € Q\ Ay, let § = |z — y|. We then write

wia) = wly) = v [ [(B) —v(B)]
(4.7) O e '
1
- NTN{/ +/, }
Sincez,y € Ay,
v(Bs(x)), v(Bs(y)) < ks> Vs> 0.
We then have

26 24 20 ds s
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On the other hand, for s > 24, Bs_5(x) C Bs(y); thus,

/: < /: [v(By(@)) = v(By 5())] S}f‘fl
< ./500”(3'“("’)){3;1 S }ds.

1 1 )
— < (C— s>4
SN (st o)N—T —OSN Vs >4,

Since

we obtain

(4.9 / <05/ <Ck6/ —<0kaﬂ
It follows from (4.7)—(4.9) that
w(z) —w(y) < Ckd® = Ck|z —y|°.

Switching therolesbetween x and y, we conclude that w satisfies (4.3). Sincev —w
is a harmonic function, v also verifies (4.3). The proof of the lemma is complete.
(|

Given aBorel set A ¢ RV, let

ANB
O*(z, A) = limsup ‘ t(x)|

t—0 |Bf(T)‘ ’

where | - | denotes Lebesgue measure in RV . This function gives the density of
points of A which arecloseto z. Clearly, 0 < 0*(z, 4) < 1.

Lemma4. GivenaBorel set A C RV, let
(4.10) F={zeR":0%(z,A4)>1/4}.
Then, for every0 < a < N,
(4.11) Hoo(F) < CHL(A)
for some C' > 0 depending on N and «.

Proof. If « = 0, the conclusion is clear. Assume a > 0. Givene > 0, let
(B, (z;)) beacovering of A such that

(4.12) »ory <HL(A) +e
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Let

F=Fn [UB%(W)] and Fy=F\ [UBgm(mi)].
Clearly, Z l
(4.13) HL(FR) < 3 (2r)" < 2% [HE(4) +e].

We now prove asimilar estimate for #2% (F»). Since (4.10) holds, for each y € F5,
one can find s, > 0 sufficiently small so that

1
(414) AN B, )] 2 5 |Bsy )]

Applying Vitali's covering lemma to (Bs,, (y))ung’ we extract a subcovering
(Bss, (y;)) of F» such that the balls B;, (y;) aredisjoint. For each j, define

I; = {Z T € BS]‘(ZUJ')}'

In particular, the sets I, are disjoint. We claim that

(4.15) $7<Cna Yy 18 Vji>1
icl;
In order to establish (4.15), first observe that
(4.16) AN By, 12(y;) € | Bri ().
i€l

Infact, givenz € ANB,, »(y;), leti besuchthat z € B,,(z;). Weclamthati € I;.
Assume, by way of contradiction, that i ¢ I, i.e., supposez; ¢ B, (y;). Since

s; < d(wi,y;) < d(wi,z) +d(z,y) <ri+55/2,
we have s; /2 < r; and then d(z;,y;) < 2r;. In other words, y; € B, (z;), which

contradicts the definition of F, sincey; € F». This establishes (4.16). Applying
(4.14) and (4.16), we have

siyM _ 1 NP NP N N
(5) " on |Bs,-/2(y.7)| < N ‘A0B3j/2(y.7)| < N g’: |Bn (Z‘Z)‘ = 8;7'11 .
Since 0 < a < N, we conclude that (4.15) holds. It now follows from (4.15) that
(417) HEL(F2) <3 (55))" <5°Cnva 3. D 8 <O rf < C[HAL(A) +¢]-

j=1 j=14cl; i

Combining (4.13) and (4.17), we obtain
HE(F) < C[”HSO(A) + g].

Sincee > 0 was arbitrary, (4.11) follows. O
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We now present the

Proof of Theorem 12 when 0 < 8 < 1. Without loss of generality, we
may assume that » = 0 on 99; the general case follows by taking vy, where ¢ is
any function such that ¢ € C°(Q2) and 0 < ¢ < 1in Q.

Fix £ > 1 and let A, bethe set given by Lemma 3. We have

[v=1] C Ax U Ej,
where Ey, = [v = 1]\ Ax. We further decompose E;, as
Ey = B UEg>,
where
Exi1={x € E,:0%(z,A;) >1/4} and Ey.={z € E;:0"(z,Ay) <1/4}.
By Lemma 4, we have
(4.18) HY PP (B ) < CHE PP (Ay).
We now claim that

. 1
(4.19) lim sup NT3TE /B ( )g(v) >0 Vze Ey,.

t—0

Infact, givenz € Ej, -, let ¢, > 0 be so small that

(4.20) |4k 0 By(z)| < 2|By(x)|, t € (0,t).

]

Recall that z € 0\ A;, and v(z) = 1. It followsfrom (4.3) that

v(y) >1-=Cklz—y|® >1-Ckt? Vye By(z)\ Ax.

Since (1.4) holds, there exist C}, > 0 and a sequencet,, | 0 such that

Cy
tn ?’

‘N

g(1 = Ckt?) > vn > 1.

Thus, for al n > 1 sufficiently large, we get

g(v(y)) > tQCTkB Vy € By, (7) \ A

n

Since (4.20) holds, we obtain

J

3 C N—2+3
g2 [ ) 2 3B 5 = G,
(z) B (2)\ A 4‘ | 1278

tn
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which gives (4.19). It now follows from (4.19) that HN 2+4(E}. 5) = 0 (see, eg.,
[15, p. 77]); equivalently, we have
(4.21) HN 2B (B,) =0,

We now deduce from (4.18) and (4.21) that
HE2H0(By) < CHET25(An).

Therefore, C
HEH ([0 = 1)) < CHY > P(4) < Ll

Since this estimate holds for every k > 1, aswelet ¥k — +o0o we obtain
HY 2 (v =1]) = 0.

Inview of (4.5), the result follows. O

The proof of Theorem 12 inthe case 1 < 8 < 2 follows the same strategy but
is more technical. For this reason, we indicate the main steps in the proof. The
counterpart of Lemma 3 is given by

Lemmab. Let v € M(Q) and let v be the solution of (4.2). Given1 < 8 < 2
and k > 1, there existsa Borel set A;, ¢ Q such that

(4.22) 20(Z2) —w(z) —v(y)| < Ck|z —y|?

2

for every =,y € Q\ A, suchthat (z + y) /2 € Q\ A; moreover,
N—-2483 c

(4.23) Hoo TP (Ak) < TVl

for some constant C' > 0 independent of k.

Proof. It sufficesto consider the casewherev > 0. Let A, be given by (4.6).
Proceeding as in the proof of Lemma 3, we obtain (4.23). Assume N > 3. We
now show that w defined by

dv(z)

wr)=ay | ——
oo — a2

vV € Q,
whereay = 1/(N(N — 2)wy), satisfies property (4.22). Let z,y € Q\ A, be such
that (z +y) /2 € Q\ Ay. Setd = |z — y|. We have

2 1 1
— — d .
|Z* I;y|N72 ‘Z*.’IJ‘N72 |Z*]j‘N72 ‘u(z)

20(5) - u(a) -w(y)| <av [

Q
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We split thisintegral into two parts:

an

2w(ZEL) —w(z) — w(y)‘ < +

2 (a+y) /21<26 |2~ (a+y)/2|>26
Notethat Bos (Z5L) C Bss/a(z) N Bssja(y). Thus,
dv(z) dv(z) / dv(z)
<2 S el B e
/ - / |z — ZEU|N-2 - / |z — z|N-2 o |z —y[N—2

l[z—(z+y)/2|<26 Bgﬁ(%) Bss/a(x) Bss/2(y)

< C'/055/2 [QV(BS(E;?J)) +v(Bs(z)) + V(Bs(y))} Sz_:

< Cké°.

On the other hand, we have

2 B 1 - 1 52
BT e i R PR =1
if |z~ (z+y) /2| > 24. Therefore,
<Cé? P d“ﬁii E
. . Z— —5
2= (a+y)/2]>26 2= (a+y) /2| >26 >
< CN62/ v(B,(21L)) z—i]
J 26 s
5 [ ds 5
< CNk§ ——5 < Cko”.
Jas S
Asin the proof of Lemma 3, we conclude that (4.22) holds. O

We now present the

Proof of Theorem 12 completed. Assumel < § < 2. Let E;; and Ej »
be defined asinthecase0 < # < 1; in particular,

[’U = 1] Cc Ay U Ey 1 UEg».
By Lemma 4, we have
HY PP (Er) < CHETPTP(Ay).

In order to establish the theorem, it sufficesto prove (4.21). Givenz € E, , let R,
denote the reflexion with respect to x, namely,

R,(y) =2z -y VyeRV.



ELLIPTIC EQUATIONS 25

We claim that
(4.24) v(y) >1-Ckt? Vye By(z)\ (A UR,Ay).

Infact, foreveryy € Bi(z)\ (AxUR, Ar), wehave R, (y) € 2\ Ax. Sincez € Q\ Ay,
v(z) =1landwv < 1, we get

v(y) > v(y) +v(Ryy) —1>1-Cklz —y|® >1 - Ckt?,
which is precisely (4.24). We now take ¢, > 0 so small that

|Ar N Bi(z)| < =|Bi(x)| Vit € (0,t).

|

Therefore, .
|(Ak U Ry Ag) N By(z)| < §|Bt($)‘ vt € (0,t0).

We can now proceed asin the case 0 < 3 < 1 to conclude that

t—0

. 1

lim sup WTBL o) g(’l}) >0 Vze Ek’g.
Thus,

HN 2B (Fy5) = 0.

As before, we deduce that (4.1) holds. The proof of Theorem 12 iscomplete. O

5 Capacitary estimatesrelated to problem (1.1)

In this section, we prove some estimates on the capacity of the set [u* = 1].
They should be compared with the result of Theorem 12 concerning the Hausdorff
measure of this set. Throughout this section, we assume that ¢ satisfies a slightly
stronger hypothesis than (1.4), namely

(5.1) lin inf {(1 - t)(Q’B)/Bg(t)} > 0.

Givenp > 1 and aBorel set E C (2, we denote by cap,, (E) the capacity of £
associated to 1, ”(Q). Note that cap., coincides with the H'-capacity, denoted by
cap elsewherein this paper.

Our goal in this section isto establish

Theorem 13. Letv € L'(9), v < 1 a.e, be such that Av € M(2). Assume
that ¢ satisfies (5.1) for some 3 € (0, 1]. If g(v) € L'(), then

5.2) capy z([v=1]) =0.
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Notethat 3 € (0,1] implies2 — 8 > 1, so that cap,_ 4 iswell-defined.

Proof.
Step 1. Proof of (5.2) if v € W, ().

Setn(s) = st/ (1 —s) and let Ty, (s) = min {s, k}. Sincewv € W' (Q), for every
k > 1, we have

(5.3) /Q Vo - VTi (n(v)) dz < k||Av||as -

Indeed, inequality (5.3) (which formally amounts to multiplying Av by T} (n(v)))
can be obtained by approximating v (e.g., through convolution) with smooth func-
tionswv,, such that ||Av,||am < ||Av|| -

We can rewrite (5.3) as

Vot|2
(5.4 / o) dz < k|| Av|| .
n(v)<k]

On the other hand, applying Holder’ sinequality with exponents2/ (2 — 3) and 2/,
we have

Vot 26

(5.5) / Ty e

n(v)<k]
< |V1)+|2 P e 1 p o

[n(v)<k] [n(v) <k]

It then follows from (5.4)—(5.5) and the definition of 1 that

(5.6)
. B/2
Vot >—P 1-4/2 n(v) 288
/ 7(177})2(27[3) d:rgc(k:HAvHM) 1+7(177,)(276)/6 dx .
[n(v)<k] [n(v)<k]

By assumption (5.1), there exists a constant ¢, > 0 such that

g1 A% >0 Vee (3,1).
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From (5.6), we obtain

|Vot|2—F8
SN
[n(v)<k]

B8/2
<c(k ||A11||M)]7B/2 ( [1 + g(v) n(1;)(2*ﬂ)/ﬂ] dT)

[n(v)<k]

B B/2
\ . 14 g(v) T (n(v) 22/
< k8| Av| " (/Q k(g—ﬁ)/ﬁ dz '

Since g(v) € L'(Q) (which also implies that n(v) isfinite a.e.), we have

1+ g(v) Ti(n(v))*2/°

2 Jo k=575 dz = 0.
It then follows from (5.7) that
2-5
(5.8) fim [ | YZem@)
k—+oo Jo k
Note that ,
k(z;(’l))) >1 infy() > k]
Therefore,
2
capy s (1) 2 ) < [ | g koo

Since .
v =1] = [n(v) = +oc] = [\ [n(v) > kI,

we conclude that
cap, z(v=1])=0.

Step 2. Proof of Theorem 13 completed.

We replace v with vp, where ¢ € C°(Q) is a cut-off function, i.e,, 0 < p <1
inQand p =1 onacompact set K C Q. Sincev and Vo € L] (), it follows that

A(vp) € M(Q). Moreover, g(vyp) < g(v) ae.; hence g(vp) € L'()). We can then
apply the previous step to vy to deducethat cap, 5([vy = 1]) = 0. Thus

cap, z([v=1NK) =0 forevery compact K C Q.
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By the subadditivity of cap, 5, we conclude that

cap, 4([v=1]) = 0. .

It is well-known (see, e.g., [15]) that cap, (E) = 0 if and only if #V ' (E) = 0.
Thus, in the case 8 = 1, we recover Theorem 12, but with a totally different
proof. On the other hand, for any p > 1, cap, (E) = 0 implies #*(E) = 0 for any
s > N — p (but the converse is not true). Thus, for 8 € (0,1), Theorem 13 only
gives #*([v = 1]) = 0 for any s > N — 2 + 3, which is not optimal in view of
Theorem 12.

However, it should be noticed that the proof of Theorem 13 only relies on
energy estimates, which remain true for more general operators, for instancein the
inhomogeneous case. Specifically, assume A(z) = (a; ;(z)) isan N x N-matrix
with bounded measurabl e coefficients satisfying

MEP < Az)E-€ < XlE]? VEERY, forae zeq,

where 0 < A; < Xy. Proceeding as in the proof of Theorem 13, one obtains the
following result.

Theorem 14. Letv € L'(Q) be such that div (A(z)Vv) isabounded measure
“in the sense of Sampacchia’, i.e., assume there exists u € M (Q) such that

(5.9 —/deiv (A*(2)VQ) dm:/QCd,u

for every ¢ € Co() N H] such that div (4*(z)V() € L>(Q). Assume g satisfies
(5.2) for some 3 € (0,1]. If g(v) € L'(2), then we have

capy 5 ([v=1]) =0.

Proof. Letu, beasuitablesmooth convolution of 1, and consider thesolutions
vy, Of

—div(A(z)Vop) = up  INQ,
v, € HJ(Q).

Multiplying this equation by T} (n(v,)) (see the definition of n(s) in Step 1 of
Theorem 13), we get

Vou|?
v [ < [ (A@)V0) - VT (0(0) da < Flliallac < Fllle
[m(va) <kl '
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Sincethe solutionsin the sense of Stampacchiaare unique and stable, v,, converges
tovin L'(Q2). Therefore, asn — +oo, we obtain

|Vot|?
A de <k .
e <l
[n(v)<k]

One can now follow the argument in Step 1 of Theorem 13 in order to complete
the proof. O

In particular, if v satisfies the assumptions of Theorem 14, then

(5.10) Ho(v=1])=0 foranys>N-2+4, if e (0,1).
Note that
(5.12) HN "N (v=1)) =0 ifp=1

It is an open problem whether (5.10) holds with s = N — 2 + 3, where 8 € (0, 2),
B # 1. Note that in the inhomogeneous casg, it is hot clear how to implement an
approach based on Holder continuity, as used in the proof of Theorem 12.

Remark 1. In the same spirit, the proof of Theorem 13 extends to nonlinear
operatorssuch asthep-Laplacian, for functionsv which satisfy — div(|Vo|[P~2Vv) €
M(Q) “inthe renormalized sense” (see[9] for the precise definition). In this case,
one can prove with the same method that if (5.1) holds for some g € (0, 1] and
g(v) € L'(Q), then

(2—B)p

Notethat if 5 = 1, one still has

cap, ([v=1]) =0=H""([v=1]).

6 Every diffuse measureisgood for someg

Our goal in this section is to establish the following theorem.

Theorem 15. Let u € M(Q) be such that " is diffuse. Then, there exists
some g such that i € G(g).

We start with the

Proposition 5. If g; < go, then G(g1) C G(g2).
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Proof. Givenpu € G(¢1), let u bethe solution of

—Au+gi(u)=p IinQ,
u=0 onom.

Let u* be the reduced measure relative to g» and denote by »* the solution of

—Au* + go(u*) =p* N,
u* =0 onoN.

Sincep* < pandgs > g1, wehaveu* < u (see[4, Corollary B.2]). In other words,
u—wu*>0inQandu —u* =0 ontheset [u*= 1]. Thus, by (2.3), we have

(0" —p)a = [A(u — u*)]d >0 infu"=1].
Thisimplies (u*)q = pa in [u* = 1]. On the other hand, by Theorem 4,

(#*)a = pa IN[u"<1].

We conclude that

(61) (,U*)d = Hd-

Finally, since i is agood measurerelativeto g;, we have u. < 0. Thus, by (2.10),
(6.2) (,U*)c = *(,UC)7 = Hc-

It follows from (6.1) and (6.2) that © = u* € G(g2). This concludes the proof of
the proposition. O

Related to the previous result, we point out the following
Open Problem. Assumeg; < g» and G(g1) = G(g2). Isittruethat g, = g» ?

Lemma 6. Let u € M(Q) be a nonnegative diffuse measure. Givene > 0,
so € (0,1), and a continuous nondecreasing function g : (—oo,1) — R satisfying
(1.2)«1.3), thereexists g : (—o0,1) — R with

(6.3) g>yg in(-oc0,1), g=g in(-o0,s0],
such that
(6.4 p(lv=1]) <e,

where v is the largest subsolution of the problem

—Au+g(u)=p inQ,
u=0 onoN.
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Proof. Fix ty € (so,1). Let gi : (—o0,1) — R be any increasing sequence of
continuous nondecreasing functions such that

gr(t) = g(t) ift < s,
gr(t) >k if t >,
gk(t) > g(t) Vi€ (—oo,1).

For each k > 1, let i, denote the reduced measure of . relative to g,. We denote
by v, the corresponding solution. In particular, by Proposition 1,

(6.5) LVMHSﬂmMMSQWMM
and
6.6) L%@MSMW«

Inview of (6.6), we have
1 1

(67) fow 2 tl] < 5 [ utw) < flullas =0
7 Q 7

ask — +oo. On the other hand, the sequence (vy,) is non-increasing; thus, there
existsv € L'(Q) suchthat vy, | vin L'(Q). By (6.7), we havev < t, a.e. Moreover,
since0 < v, < 1 ae, it followsfrom (6.5) that (v) isbounded in L>(Q) N H} ().
We then conclude that v, — v p-a.e.in Q (see, e.q., [6, Lemma2.1]). Therefore,

p([ve > to]) = 0 ask — +oo.

The lemmathen follows by taking g = gx, for some k, > 1 sufficiently large. O
We now present the
Proof of Theorem 15. We split the proof of the theorem into two steps.
Sep 1. Given p € M(Q) diffuse and nonnegative, there exists g satisfying
(1.2)—«(1.3) such that i1 € G(g).

We begin by constructing a sequence (g;,) as follows. Let go(t) = ¢/ (1 — 1),
t €10,1). Given gi, we apply Lemma6tog = g, c = 1/2F and sp = 1 — 1/2*. Set
gr+1 = g, where g is the function given by Lemma 6. Then the sequence (g;) is
nondecreasing and

9k = Gko in(—oo,1—1/2’““], k> k.

g(t) = lim gx(t), te€ (—o0,1).

k—+o00
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We claimthat u € G(g). Indeed, let u;, denote the reduced measure of  relative to
gr. Then u;, isaso adiffuse measure. Since g > ¢, it follows from Proposition 5
that i, € G(g) for every k > 1. Let v, be the solution of

—Auvg + gr(vr) =, INQ,
v =0 on 09.

By Theorem 4 and the choice of g, we have

11— el ae < pu(for = 1]) <1725
Thus,
ur — p strongly in M(Q).
Since G(g) is closed, we concludethat u € G(g), as claimed.

Sep 2. Proof of the theorem compl eted.

Let u € M(Q) besuch that u. < 0; in other words, u* is diffuse. We can then
apply the previous step to p+ to conclude that there exists g such that u* € G(g).
Since u < u™, it follows from Proposition 4 that p is also good for g. O

7 Measureswhich are good for every g

In this section, we characterize the set of measures which are always good. In
order to do so, we first need to recall some notions about obstacle problems with
measure data. Throughout this section, we denote by 38 any maximal monotone
graph (m.m.g.) of theform

b(t) ift <1,
(7.1) B(t) =< [b(1),00) ift=1,
0 ift >1,

whereb : (—oo, 1] — R isanondecreasing continuous function such that b(¢) = 0 if
t < 0. Given abounded measure i in 2, we say that w is a solution of

{Aw +Bw)>pu InQ,

7.2
(7.2) w=0 0onadQ,

if we LY(Q), w < 1ae, Aw € M(Q2), and there exists a nonnegative diffuse
measure v € M(Q) suchthat v, € f(w) ae., vs isconcentrated on the set [w = 1],
and

(7.3) —/QwA§+/QCdV:/Q§d,u V(e C(Q).
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(Here, v, and v, denote the absolutely continuous and singular parts of v with
respect to L ebesgue measurein RV )
In particular, the measure u + Aw is diffuseand

(7.4 p+Aw=v>inf (1) inw=1].

Problem (7.2) hasbeen studied by Dall’ Aglio—Leone[11], Dall’ Aglio-Dal Maso
[10], Brezis—Ponce [6]; see also the referencestherein. It turns out that (7.2) has
asolution if and only if u™ isdiffuse; moreover, this solution is unique and is the
largest solution of the problem

—Av+bv) <p inQ,
(7.5 v<1 inQ,
v=0 ononN.

Our goal in this section isto establish the following.

Theorem 16. Let u € M(Q). Then pu is good for every g if and only if pu* is
diffuse and

w4+ Awg € L'(Q),

where wy is the unigue solution of the obstacle problem

(7.6) { —Awg + Bo(we) > p  INQ,

wo =0 0noNQ,
with 8q(s) = 0if s < 1 and 5,5(1) = [0, 00).

Remark 2. It is known from [2] that if u € L'(9), then problem (1.1) has a
solution for every g. Thisis consistent with Theorem 16. Indeed, let w, be the
solution of (7.6) with u € L'(Q). Then, in view of (2.3), we have

pw+Awy < p onfwy =1].

Since u + Awy is a nonnegative measure and it is concentrated on [wy = 1], we
conclude that

0<pu+Awy <p inQ.
Hence, p € L'(Q) impliesthat i + Awy € L' ().

For the proof of Theorem 16, we require the following lemmas.
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Lemma?7. Let 3 beamm.g. and let u € M(Q) besuchthat pu* isdiffuse. If
(7.7) pa € L°(Q) and |pg ||z~ < inf 5(1),
then
(7.8) I[w=1]| =0,
where w isthe solution of (7.2).

Proof. By (2.3), we have (Aw)q < 0 ontheset [w = 1]. Thus,

pa > (p+Aw)g = p+Aw >inf 4(1) infw=1].
Comparing the absolutely continuous part of both sides, we get
fa = (na)a > inf B(1) ae.infw = 1].

Inview of (7.7), we deduce that (7.8) holds. O

Lemma8. Let e M(Q) besuchthat p* isdiffuse. Giventwo mm.g. 31, 82,
let w; be the solution of (7.2) associated to §;,4 = 1,2. If 81 > /35, then

(7.9 0<pu+Aw <p+Awy infw =1].

Proof. By comparison, we have ws — w; > 0 a.e. In particular, ws — w; =0
in[w; = 1]. Applying (2.3), we get

[A(wy — wl)]d >0 infw =1].
Thus, on the set [w;, = 1], we have
A+ Awp = (u+ Awr)a < (4 Awa)g = 1+ Aws.

Since w; isthe solution of (7.2) with 3 = 81, wehaverv; = u+ Aw; > 0in Q. We
conclude that (7.9) holds. O

Proof of Theorem 16.
Proof of («<). We establish a slightly more general result:

Proposition 6. Let u € M(Q) besuchthat * isdiffuse. Assume that
(7.120) w4+ Aw € LY(Q)

where w isthe unique solution of (7.2). Then u isgood for every g suchthat g > 3.
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Proof. Wefirst assume pf € L>(Q). Let 8; beam.m.g. such that
B<Bi<g and |[puf]lr~ <infpBi(1).
Let wy bethe solution of (7.2) with obstacle 5;. We claim that
(7.12) 1+ Aw, € L'(Q).

In fact, since w; isthe solution of an obstacle problem, the measure (i + Aw;)s IS
concentrated on the set [w;, = 1]. By Lemma 8 above, we have

0<(u+Aw)s < (u+Aw)s =0 infw; =1].

This establishes (7.11).
On the other hand, it follows from Lemma 7 that the set [w; = 1] has zero
L ebesgue measure. We conclude that

u+ Awy =bi(w) ae
In other words, w, verifies

—Awy +bi(w)=p InQ,
w; =0 onon.

Since |[w; = 1]| = 0, by avariant of the De La Vallée Poussin theorem (see [12,
Remark 23] or [13, Theorem 11.22]), one can find ¢g; satisfying (1.2) such that

by <gi<g and gi(w;)€ L' (Q).

Thus, in view of Proposition 4, i is agood measure for g;. By Proposition 5, we
conclude that p is aso good for g. Since g > 3 was arbitrary, the result follows
when uf € L=°(Q).

In order to establish the proposition for any measure p satisfying (7.10), we let

My = Min {Na:n}+ﬂs: n > 1
Proceeding asin the proof of (7.11), we havefor every n > 1,
[n + Aw, € Ll(Q)

where w,, is the solution of (7.2) with data p,,. Moreover, (u,)+ € L>(Q). Thus,
un 1S good for every g > 3. Letting n — 400, we conclude that 1 is also good for
any such g. O
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Proof of (=). We require the following.

Lemma9. Let u € M(Q). Assumethat p is good for every g, and that
(7.12) pf € L(Q) and [luf |~ < inf5(1).
Let w bethe solution of (7.2). Then

(7.13) { —Aw+bw)=p InQ,

w=0 onon.

Proof. By making asmall perturbation of g, it sufficesto establish the result
when

(7.14) i [ < inf B(1).

By Lemma7 above, |[w = 1]| = 0. Thus, one can find a continuous nondecreasing
function H : (—o00,1) = R, H > b, satisfying (1.2) and such that H(w) € L'(9).
We now take a sequence of functions (g,,) such that

gn <H fordln>1 and g,lb asnt +oo.

Since i is good for every g, there exist v,, satisfying (1.1) with nonlinearity g,,.
Clearly, v, 1 v, wherev € L'(Q) and v < 1 ae. By Fatou, v verifies (7.5); in
particular, v < w a.e. Thus

(7.15) [lo=1]| <|lw=1]|=0.
On the other hand,
(7.16) gn(vn) — b(v) ae.onfv <1].
Thus, by (7.15)—(7.16), we have
gn(vn) — b(v) ae.
Since g, (v,) < H(w) a.e., it follows by dominated convergence that
gn(vn) = b(v) I L'(Q).

We deduce that v satisfies (7.13). In particular, v is aso a solution of (7.2). By
uniqueness, we conclude that v = w. This establishes the lemma. O



ELLIPTIC EQUATIONS 37

We can now conclude the proof of Theorem 16.

Let 1 be a measure which is good for every g. We assume in addition that
ur € L*(Q). Let b, : (—oo,1] — R be a sequence of nondecreasing continuous
functions such that b,,(t) = 0if t < 0, b,(1) = ||u|L= and b,(t) | 0 uniformly
away from¢ = 1. By Lemma 9, equation (7.13) has a solution v,, < 1 associated
to b,. Note that v, 1t v, wherev € L'(Q), v < 1 ae. Moreover, passing to a
subsequenceif necessary, we have

bn(v,) = f weaklyin L>(Q)

for some f € L>(Q) with || f|[r~ < [|pf[[r-
We claim that v = wgy a.e. Indeed, v satisfies

—Av=p—f InQ,
v=0 on 99.

Since
0<by(vn) <bp(v) ae Vn>1,

letting n — 400, We obtain
0< f<axp-1 ae,

wherea = ||u||L~. Thisimpliesthat f is nonnegative and concentrated on the set
[v = 1]. Therefore, v satisfies (7.6), so v = w, as claimed. We conclude that

u+ Awg = f € L(Q).

This establishes the theorem under the additional assumption that u € L>(Q).
The general case follows easily by an approximation argument. O

Before proving Theorem 3, we start with the following

Proposition 7. Given u € M(Q), let v be the unique solution of

{A?):,u inqQ,

7.17
( ) v=0 onon.

Ifv <1 a.e,then uisgood for every g.

Proof. Let @« < 1. Sincev < 1 ae., av is a supersolution of problem (1.1)
with data au. Thus, by Proposition 4, au is good for every o < 1. Since G(g) is
closed with respect to the strong topology in M (), we concludethat u € G(g) for
every g. a
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We now present the

Proof of Theorem 3. The implication “«<" already follows from Propo-
sition 7 above. We now establish the reverse implication. Let p be a singular
measure which is good for every g. In particular, u* isdiffuse. Let v = pu + Awg,
where w, isthe solution of (7.6). In view of the definition of 5y, v isanonnegative
diffuse measure concentrated on the set [wy = 1]. By (2.3), on this set we have
(Awg)g < 0, so that

0<v<u.

On the other hand, by Theorem 16, v € L'(2). Since u is singular, we conclude
that v = 0; hence wq coincides with the unique solution v of (7.17). Since wy < 1
a.e, theresult follows. O

8 Howtoconstruct diffusemeasureswhich arenot good

Our godl in this section is to establish Theorem 1. The main ingredient in the
proof is the following.

Lemma 10. Given g, thereexistsv € Cy(Q2) such that

(8.1 AveL'(Q), v<1inQ, cap(v=1])>0 and g(v) e L'(Q).

Proof. Let (¢;) be adecreasing sequence of positive numbers such that
(8.2 O, <0l Yk >2,
for somed € (0,1). Let (k;) be an increasing sequence of nonnegative integers.
Both sequences (¢;,) and (k;) will be explicitly chosen later on.

We now recall briefly the construction in [18] of the Cantor set F associated
to the subsequence (/;,). We assume for simplicity that 2 = @, the unit cube
centered at 0.

We first define a decreasing sequence of sets (F}),>o asfollows. Let Fy = @1,
ko = 0 and ¢, = 1. We now proceed by induction. Assume F;_,, j > 1, is the
union of 2V*i-1 disioint cubes of length ¢;,_,. Let ; be any component of F;_;,
andlet Q; ¢ Q; beasmaller cube concentric to Q; (so that the ratio between their
lengthsis 1 + 6 € (1,1)). Inside Q;, we select 2V(ki~ki-1) cubes Q; , of length ¢4,
uniformly distributed in Q;. Set

F]' = UQZS



ELLIPTIC EQUATIONS 39

Thus, F; C Fj_y, and F; is the union of 2% disjoint cubes of length ¢;,. The
Cantor set associated to the subsequence (/) is then defined as

—~

F=)F.

=y

—

J

We now split the proof of the lemmainto two cases, N > 3 or N = 2.

Casel. N >3
We start with the following

Claim 1. For every j > 1, we have
(8.3 cap (Fj, Fj1) < Cg2Mhigy 2,
where cap (F}, F;_) denotes the H'-capacity of the set F; with respectto F}_;.
Proof. Since F;_; has2"*i-' connected components, it sufficesto show that
(84 cap (Fj N Qi, Qi) < Co 2N k-t gl =2,

where @); is any component of F;_,. Note that each component @; ; of F; N Q; has
length ¢;, and (see[18])

20

Hence
(8.5 cap (Qi,s, Qi) < Cp 25»"\272'

Recall that Q; contains 2V (*i—ki-1) components Q; ,. By the subadditivity of the
capacity, we conclude that (8.4) holds. This concludesthe proof of theclaim. O

By (8.3)and TheoremE.1in[4], thereexistsv,; € C°(F;_1)suchthat0 <wv; <1
inQ,v; =1onF;, and

(8.6) / |Avj| < C2Nki N =2,
Q J
Our aim is to construct the function v of the form
8.7) v= Z a;vj,
j=1

where («;) is asequence of positive numbers to be chosen later on such that
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Clearly, v € Cy(Q) and v < 1in Q. Moreover, v = 1 precisely on ﬂ]. F;=F.
We claim that one can choose (¢;), (k;) and («;) such that

= 1
j=1 k;
(8.10) D a2V < oo
(8.11) Zg(Za,-) 2Nk g < o0,
j=1 i=1
Infact, let

a;=3-27% Vj>1,

so that (8.8) holds. Let (k;) be any increasing sequence of positive numbers such

that ,
g(1—27%)

2%’%‘
Finally, we take (¢;) satisfying (8.2) (with, say, § = 2) and

1 .
SE Vi > 1

2N’fv‘£§j762 =27 Vj>1.

Itisimmediatethat (8.9) and (8.10) hold. After some straightforward computation,
the left-hand side of (8.11) can be estimated by

Sz () ey 2

j=1 j=1 2v=sh

which isfinite in view of our choice of (k;). We conclude that (8.9)—«8.11) hold.
By construction, [v = 1] coincideswith F. On the other hand, by [18], cap (F)) > 0
if and only if

= 1
k;j

j=1

Thus, in view of (8.9), cap (F) > 0, SO
(8.13) cap ([v =1]) > 0.
By (8.6), (8.7) and (8.10), we have

(8.14) Av e L'(Q).
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Finally, it followsfrom (8.11) that
(8.15) g(v) € L' ().

The proof of the lemma is complete when N > 3.
Case2. N =2.
We start with the

Claim 2. For every j > 1, we have
1 —1
(8.16) cap (. Fyo1) < Co s (1o )
°k;

The argument is similar to the proof of Claim 1. It sufficesto observe that the
analogue of (8.5) is

1
(8.17) cap (Qis, Qi) < Cy <10g %) -

We now conclude the proof of the lemma. Let («;) be defined as before. Take
an increasing sequence of positive integers (k;) such that
g(1-2"%)
44
Finaly, let (¢;) satisfy (8.2) and

1 .
Sg vVji>1

b, =427 >

With such choices, one can easily check that

1 1
(8.18) Z 5 log ™ < oo,

00 —1
(8.19) Z o 4k <10g %) < o0,

(8.20) i g(Z 0/) 4hify < oco.

Let v be given by (8.7), wherev; € C°(Fj_1) issuchthat 0 < v; <1inQ,v; =1

on F;, and
1 —1
/ |Av;| < C 4% <10g—> .
Q ’ Kkj



42 L. DUPAIGNE, A. C. PONCE AND A. PORRETTA

(The existence of such v; follows from Claim 2 above.) In particular, [v = 1] = F.
By (8.18), we have (see[18, Lemma4])

cap ([v =1]) > 0.
Moreover, proceeding as before, we deduce from (8.19) and (8.20) that
Ave L'(Q) and g(v) € LY(Q).

This concludes the proof of the lemma. O
Lemma 10 allows us to prove the following result.

Proposition 8. For every g, there exist a nonnegative function hy € L'(Q)
and a compact set K, C 2, with |Ky| = 0 and cap (Ky) > 0, such that for any
measure o > 0 supported in K, we have

(8.21) (ho + )" = ho,
where (ho + 0)* isthe reduced measure associated to hg + o.

Proof. Take Ky = [v = 1] and fo = —Awv + g(v), where v is the function
constructed in Lemma 10. We begin with the following

Claim. If X isa good measure > f,, then A\(K,) = 0.

Proof. We first observe that )\ is a diffuse measure. In fact, since X is good,
we have \. < 0 by Corollary 2. On the other hand, A > f, implies A. > 0. Thus,
Ae = 0, sothat X isdiffuse. Let u be the solution of

—Au+g(u)=X inQ,
u=0 onoN.

Clearly, u > v a.e. Moreover, sincev = 1in Ky, we haveu —v = 0in Ky. Thus,
by (2.3),
fo—A=A(u—v)=[A(u— 1})]d >0 in K.

In other words, A < fy in Ky; thus, A = f; in Ky. Since |Ky| = 0, we deduce that
A(Ko) = 0. This establishesthe claim. O
Let hyg = ff. We now show that hy and K, satisfy the desired properties. In
fact, let ¢ > 0 be ameasure concentrated on K,. Since hg + o > 0, it follows from
Corollary 3 that
0<(ho+0)"<hg+o InQ.
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Moreover, by Corollary 1,
[(ho +0)*], =ho ae.inQ.

Thus
f(]gh,[)g(h,[)—F(T)*Sh(]—F(T inQ.

In particular, [(ho + a)*]s is concentrated on K. By our previous claim, we have
[(ho 4+ 0)*], = 0in K. Therefore,

(ho +0)" = [(ho+0)*], =ho inQ. -

Remark 3. A dlight modification inthe construction of », given by Lemma 10,
allows us to obtain the following additional property in the statement of Proposi-
tion 8: given any ¢ > 0 and any ball B, cc €, one can choose hy and K, such
that

lhollrr <e and K, C B,.

Theorem 1 is now a consequence of Proposition 8.

Proof of Theorem 1. Giveny, let hy, Ko be asin the statement of Proposi-
tion 8. Since cap (Ky) > 0, there exists a diffuse measure o > 0 concentrated on
Ky suchthat o(Ky) = 1 (see, eg., [8]). Let u = hy + 0. By Proposition 8, we have
p# p. Thusp & G(g). O

A slightly stronger version of Theorem 1 is the following.

Theorem 17. Giveng, let hy € L*(Q2) and K, C € be given by Proposition 8.
Let o be a nonnegative diffuse measure supported in K. If o is good, then

(8.22) llollae < llhollL-

Proof. Assume ¢ isgood. By Proposition 8, (kg + 0)* = ho. Recall that by
Theorem 5, (hg + o)* isthe closest good measureto kg + o. Thus,

lollac = || (ho + ) — (ho + )"

wm < |[(ho +a) = al| = 1ol

Corollary 4. Given g, there exists a diffuse measure i, > 0 such that i is not
good for any e > 0.
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Proof. Using Remark 3, we can take sequences of disjoint compact sets (k)
in © and L'-functions (h;), such that each pair K, h; stisfies the assumptions of
Proposition 8 and

([l < 1/47.

Let h = 32, h; € L'(9). For each j > 1, we fix a diffuse measure o; > 0
concentrated on K; such that ||oj||a = 1/27. Let p = >, 05 € M(2). Assume, by
way of contradiction, that x. is good for somee > 0. Since

en>eo; Vi>1,

theneo; isalso good. By Theorem 17, this gives

Letting j — +o00, we get a contradiction. O

Imposing an additional assumption on the nonlinearity g, one can construct a
measure u of theform u = 6 H*| i, for somea > N — 2, suchthat 4 ¢ G(g). To
this purpose, one first needs a slight modification of Lemma 10.

Lemma 11. Assumeg isgiven by

1

(8.23) 9(t) = 1=t/

-1, te]|0,1),
where 3 € (0,2). Then, for any a € (0, 8), there exists & € C(Q2) such that
(8.24)

A e L'(Q), 9<1inQ, HNT*([5=1]) € (0,00) and g(d) € L'().

Proof. We adapt the proof of Lemma 10. We consider both cases N > 3 and
N = 2 simultaneously. Let v be given by (8.7). Using the same notation as before,
let

o = Q2N
where
a (2-a)B a
(8.25) N_24a " @ BaN-2+a

and the constant a,, is chosen so that (8.8) holds. Observe that the range of
admissible m given by (8.25) is nonempty since0 < a < 3 < 2.
Next, let k; = j and

(8.26) O =27 NF/(N=240) >,



ELLIPTIC EQUATIONS 45

With (¢;.) defined as above, one can show (see, e.g., [18]) that
HN2H(F) € (0,00),

where F = (1, F; = [0 = 1]. We now prove (8.11) (or, equivalently, (8.20) if
N = 2). Note that with our choices of («;) and (¢;), the left-hand side of (8.11)
reducesto

ad 2-8 N2j ad 2-8 2

Lo . . _ Ca
ZQmN]—ﬁ oNj 27N—2in — ZQNJ (m_ﬁ 7N—2+a).
j=1 Jj=1

which isfinite, by (8.25). First assume N > 3. Then (8.10) becomes

sl N(N-2)j >

. . — J y (23
E :27777,N] 9Ni 9= RN—aFa — § 9—Nij (m—~=%5=) < o0,
j=1 j=1

which clearly holdsin view of (8.25). Similarly, if N = 2, one easily checks that
(8.19) is satisfied. Proceeding as in the proof of Lemma 10, we conclude that
(8.24) holds. O

As a consegquence, we have the following theorem.

Theorem 18. Given 3 € (0,2), let g be given by (8.23). Then, for any
a € (0,5), thereexist §, > 0 and K c Q compact, HV ~2+*(K) € (0, 00), such that

(8.27) OHN 2T € G(g) implies 6 < 6.

Proof. Let
ho=[-Ai+g9®)]" and K=[o=1],

where ¢ isgiven by Lemma 11 above. Proceeding asin the proof of Proposition 8,
we have

(ho + O HN =2 k)" =ho foral g > 0.

Therefore, if § HN 22| i isgood, then asin the proof of Theorem 17, we conclude
that

OHN 2 (K) < lholl 11

In other words, (8.27) holds with 6y = || hg|| 1 /HY 21 (K). O
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9 Further propertiesof u* and G

Inthissection, we prove some propertiesof the reduced measures, which should
be compared with those in [4]. We start by showing that the reduced measure u*
need not be the largest good measure < u, contrary to what happens when g is
everywhere defined. In fact, we have

Proposition 9. Thereexistsu € M(Q), u > 0, for which the set
9.1 {AeG:x<pu}
has no largest element.

Proof. Let Ky, hg be given by Proposition 8. Let o be the capacitary measure
associated to K. In particular, o is a honnegative measure concentrated on Ko;
moreover, o is good (see Proposition 7). Let u = hy + 0. By Proposition 8,
u ¢ G(g). Assume, by way of contradiction, that the set given by (9.1) hasalargest
element, say v < u. Clearly, v > hg and v > o. Thus,

v >sup{hg,c} = ho+0o = p.

Thusv = u, so p isagood measure. Thisis a contradiction. O

The argument above can be used to establish the following results (in what
follows, ¢ isthe capacitary measure associated to Ky, with K, and ho being given
by Proposition 8).

Proposition 10. There exist good measures p,v > 0 such that sup {u,v} is
not good.

Proof. Take u = hg, v = o and use Proposition 8. O

Proposition 11. There exist diffuse measures p,v > 0 such that v < u but
w* —v*isnot > 0.

Proof. Takey =hg+oandv = o. O
Similarly, the mapping . — p* isnot a contraction.

Proposition 12. There exist diffuse measures ., v > 0 such that
e —viim < [lw™ = v m.

Proof. Takey =hg+oandv = o. O
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We conclude with the following.

Proposition 13. The set G is hot convex.

Proof. By Theorem 1, there exists p diffuse such that 1 ¢ G. Applying
Theorem 3 in [4], we can decompose i as

pw=f+Awv,

where f € L'(Q), v € Hj(Q) N C(Q) and [|v||r~< i. In particular, 2f € G and
A(2v) € G; however,
2f + A(2v)

B =pég. [
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