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ABSTRACT. The equation —Au = Ae® posed in the unit ball B C RY, with
homogeneous Dirichlet condition u|gp = 0, has the singular solution U = log @
when A = 2(N —2). If N > 4 we show that under small deformations of the
ball there is a singular solution (u,\) close to (U,2(N — 2)). In dimension
N > 11 it corresponds to the extremal solution — the one associated to the
largest A for which existence holds. In contrast, we prove that if the deformation
is sufficiently large then even when N > 10, the extremal solution remains
bounded in many cases.

AMS MATHEMATICS SUBJECT CLASSIFICATION 2000: 35J65, 35B05, 35P30,
35Q55

1 Introduction

We consider the Gelfand problem [G], namely the equation

1
) u=20 on 02,

{ —Au = Xe* in Q)
where Q C R¥ is a bounded open set with smooth boundary and A > 0 is a
parameter.

Equation (1) and many variants have been widely considered in the litera-
ture, see for instance [BCMR, BV, CK, CR, JL, Ma], from which the following
general properties are known :
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Proposition 1.1 There exists \* € (0,00) such that
o (1) has a smooth solution for 0 < X < \*,
e (1) has a unique weak solution for A\ = \*,
o (1) has no solution for X > X\* (even in the weak sense).
Above we have used the following definition : a function u € L'(Q) is a weak

solution to (1) if e*dist(x, 92) € L' () and

f/uAC:/\/e“C, V¢ € C*(Q), ¢ =0 on 09Q.
Q Q

It is also known that for 0 < A < A*, there exists a minimal solution wuy
which is smooth. u) depends smoothly on A and is monotone increasing with
respect to this parameter. Also, u) is stable in the sense that the linearized
operator at uy is positive, i.e.

fsz [Vl - /\fsz et p?

2 inf > 0.
@) peCs®(9) Jo ¥?
The monotone limit v* := limy ~x« uy is the weak solution for A = A* and
satisfies
3) [ < [ vk, veecr@.
Q Q

It is then natural to ask the following question: given a smooth bounded
domain, is ©* a smooth solution?

Joseph and Lundgren [JL] studied the case where  is a ball and completely
determined the structure of the radial solutions of (1). In particular, they
showed that if 2 = B; then u* is bounded if and only if N < 10, and in the
case N > 10 then uv* = log ﬁ and A* = 2(N — 2). It was shown later in [CR]
and [MiP] that if N < 10 then for any smooth and bounded domain Q, the
extremal solution u* is bounded. Brezis and Vézquez [BV] gave an interesting
alternative proof of u* = log ﬁ when 2 = Bj in the case N > 10, making use
of Hardy’s inequality, which we recall below : if N > 3 then

N —2)? 2
W2E [ Eas [ ver veecr@™),

~ 2?7

Thus far, the ball in dimension N > 10 is the only domain where it is known
that u* is singular.

In this work we consider (1) in a domain that is sufficiently close to a ball
in the following sense. Let ¢ : B; — RY be a C? map, t > 0 and define

QG ={z+tp(x):x€ B}



gelfand-davila-dupaigne.tex April 25, 2006 3

We choose henceforth ¢ so small that €; is a smooth bounded domain diffeo-
morphic to By and we consider the Gelfand problem in €, :

(4)

—Au = Xe" in
u=20 on 0€);.

Our main result is the following

Theorem 1.2 Let N > 11. Given t > 0 small, let u*(t) denote the extremal
solution to (4) (defined by Proposition 1.1).

Then there exists to = to(N,¢) > 0 such that if t < to, u*(t) is singular. In
addition, there exists £(t) € By such that ||u(z,t) — log WHLOQ(Q” — 0 as
t— 0.

In fact, one can construct a singular solution of Problem (4) in any dimension
N >4

Theorem 1.3 Let N > 4. Then there exists to = to(N,¢) > 0 and a curve
t— (A(t), u(t)), defined fort € [0,t0), such that (A(t), u(t)) is a solution to (4)
and A\(0) = 2(N —2), u(0) = log ﬁ Moreover u(t) is singular and there exists
&(t) € By such that ||u(z,t) — logm\hm(m) —0ast—0.

The behaviour of the singular solution at the origin is characterized as follows :
Corollary 1.4 Fiz t < ty and let (A(t),u(t),&(t)) denote the solution of (4)
given by Theorem 1.3. Then,

(2O -
) ulet) = g +1n (39 ) + ello — €0

where lims_,q €(s) = 0.

Remark 1.5 If N > 5, the curve t — (A\(t),&(¢),u(t)) given by Theorem 1.3 is
differentiable in the following sense : for any x & £([0,to)), the limit

u(z,t + 1) — u(z,t)
T—0 T

exists.

Theorem 1.2 is a consequence of this more general result and is obtained
thanks to a lemma of Brezis and Vézquez [BV] which asserts that a singular
solution in H' which is stable must be the extremal solution.

Remark 1.6 The natural restriction on the dimension in Theorem 1.2 should
perhaps be N > 10 . We do not know whether Theorem 1.2 holds in dimension
N =10.
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A similar result (which proof we omit) can be obtained for power-type non-
linearities : given p > 1, consider the problem

(6)

—Au=A1+4+u)? in
u=20 on 0€);.

When t = 0, i.e. when the domain is the unit ball, it is known (see e.g. [BV])
that the extremal solution is unbounded and given by u* = |z|~2/(P=1) — 1 if

and only if N > 11 and
4
N>6+—+4 ).
p—1 p—1

Theorem 1.7 Let N > 11 and p > 1 such that

We have :

4
N>6+—+4,/—.
p—1 p—1

Given t > 0 small, let u*(t) denote the extremal solution to (6). Then there
exists tg = to(N, 1, p) > 0 such that if t < to, u*(t) is singular. In addition,
there exists £(t) € By such that |Ju(z,t) — (|z — &(t)|~2/ -1 — Dllze ;) — 0
ast— 0.

Concerning Theorem 1.3, we point out the work of Rébai [Rel], who pro-
duced singular solutions of (1) in the ball, having a prescribed singularity at a
point £ # 0 sufficiently close to the origin, whenever N = 3. According to the
author, this result was also proved by H. Matano.

When the boundary condition is not prescribed (i.e. u = 0 may not hold
on 01), Pacard [Pal] proved that for NV > 10, there exist a (dumbbell shaped)
domain € and a positive solution v of —Au = e in ) having prescribed sin-
gularities at finitely many points. Rebal [Re2] extended this result to the case
N = 3. Bidaut-Véron and Véron [BVV] also obtained non-radial singular solu-
tions in O = R3.

When the exponential nonlinearity is replaced by f(u) = u®, Mazzeo and
Pacard proved that for any exponent « lying in a certain range and for any
bounded domain €2, there exist solutions of —Au = u® in Q with v = 0 on 912,
with a non-removable singularity on a finite union of smooth manifolds without
boundary. Further results in this direction are provided in [Re3, Pa2] and their
bibliography.

Returning to (1), one may be tempted to conjecture that if £ is any smooth
bounded domain and N > 10, u* is singular. But if  is an annulus it is easily
seen that with no restriction on N the extremal solution u* is smooth. This
lead Brezis and Vazquez [BV] to stating the following question : is it true that
if N > 10 and 2 is a convex smooth, bounded domain then u* is singular?
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Added in proof : after completing this work, we have been informed that this
question had already been answered by N. Dancer (see [D] p. 54-56).

As in [D], we provide a negative answer to the question of Brezis and Vazquez
by considering some thin domains. Let 2 C RY be a bounded open set with
smooth boundary. We assume furthermore that 2 is convex and 92 is uniformly
convez, i.e. its principal curvatures are bounded away from zero. Write RY =
RM x RM and z = (z1,72) € RY with 2y € RM | 25 € R™2. For e > 0 set

(7) Qe ={z = (y1,e92) : (y1,92) € Q}

and consider the Gelfand problem in ).:

8
®) u =0 on Jf)..

{ —Au = Xe" in Q.
Theorem 1.8 Let N = Ny + Ny > 10. Given € > 0, let u¥ be the extremal
solution to (8).

If Ny < 9 then there exists eg = €o(N,Q) > 0 such that if € < e, ul is
smooth.

The proof of Theorem 1.8 is given in Section 4.

Remark 1.9 Let Q = By in dimension N > 11 and let Q. be as in (7) with
Ny = 1. Combining Theorems 1.2 and 1.8 we can say that for € close to 1, u*
1s singular while for € close to 0, u* is regular.

The proof of Theorem 1.2 is based on the study of the following model
equation

9
) u=~0 on 0B

{ —Au = Xe" + f(z,t) inB
where B = B;(0) C RY with N > 11. Here f : O x R — R is a smooth function
such that f(-,0) = 0.

For each t > 0, there exists an extremal parameter A\*(¢) and an extremal
solution u*(¢).

Theorem 1.10 Let u*(t) denote the extremal solution to (9). There exists
to =to(N, f) > 0 such that if t < to and N > 11 then u*(t) is singular.

Let us sketch the main idea of the proofs of Theorems 1.2 and 1.10. For
simplicity we do this for (9) assuming that for all ¢ the function x — f(x,t) is
radially symmetric so that u*(¢) may only be singular at the origin.

We know that «*(0)(z) = log # and A*(0) = 2(N — 2). Assume that u*(¢)
and A*(¢) are differentiable functions of ¢, differentiate (9) with respect to ¢
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du* o AN

and evaluate at ¢ = 0. Writing for convenience v = i (0), i (0) and
c¢* =2(N —2) we find
c* 1 af
“Av——v=N—"—"F5+ =(2,0) inB
(10) N e @0
v=0 on 0B.
(N-2)*

Since in dimension N > 11 we have ¢* < by Hardy’s inequality the

1 )
operator —A — \;ﬁ is invertible in H}(Q2). This suggests that the extremal
solution of (9) can be constructed (for small t) by means of the implicit function
theorem and we shall indeed use a similar scheme.

As observed by Brezis [B] one must be careful in this situation. To illustrate
the difficulty, let Q@ = B in dimension N > 10 and F'(A\ u) = —Au — Ae". Then,

informally, D, F(\*,u*) = —A — % As mentioned earlier this operator is

invertible from Hg(B) to H~*(B) if N > 11 (and one may use another space if
N = 10). Nonetheless, by Proposition 1.1, there are no solutions to F'(A,u) = 0
for A > A*. As observed in [BV], this phenomenon can be thought of as a lack
of appropriate functional spaces to set up the implicit function theorem: good
spaces for the linear operator seem to be HE(B) and H~1(Q2) but u — e is not
well defined from HE(Q) to H1(Q) (recall that N > 10). See [BC] for similar
situations in other nonlinear problems.

Going back to (10) we observe that besides the difficulty mentioned above,
this equation apparently does not give any information on A’. Thinking of )" as
a given parameter we will examine closer equation (10) in Section 2 and we will
show that there exists a unique va*lue of X for which the solution v is bounded.

dA
This is the good value of X' =

7 (0). Then for small ¢ we look for a solution
to (9) of the form

1
u(z) = log I + ¢.

Writing A = A*(0) 4+ u equation (9) is equivalent to

1 .
(€¢—1—¢)+MW€¢+f($7t) in B
6=0 on OB

where the unknowns are ¢, u. The objective is to find for ¢ small a solution
with [|¢[|ze(py and |p| small. This can be done using a fixed point theorem,
where at each iteration we select the good value of p, i.e. the one for which
the solution is bounded. We explain this and prove Theorems 1.2 and 1.10 in
Section 3.
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2 A linear equation with the inverse square po-
tential

We study the linear equation

& .
(11) _M)_Ix—f\zd):g " b

¢=h ondB,

where B = B1(0), £ € B and c is any real number. Later on, we shall state
results in more general domains, which we are able to prove only for values of ¢
in a restricted range.

As mentioned in the introduction, we would like to obtain bounded solu-
tions of equations of the form (11). In general, this cannot be achieved without
assumptions on the data. For example, if ¢ > 0 and g, h are nonnegative func-
tions, ¢, if it exists (and is nontrivial), is always singular (this was first observed
by Baras and Goldstein [BG]. See also [D]). We will establish a result saying
that if the functions g and h satisfy orthogonality conditions with respect to
appropriate functions then (11) is uniquely solvable in a suitable space.

Such conditions will not come as a surprise to the reader, taking into account
that the operator L = —A— ﬁ is symmetric and that it has a non trivial kernel,
as the following paragraph shows:

2.1 The kernel of L = —A — ﬁ

Recall the following properties of the Laplace-Beltrami operator —A on the
sphere SNV~1. The eigenvalues of —A on SN~ are given by

Me=k(N+k—2), k>0

See [BGM]. Let my denote the multiplicity of Ay and ¢r;, I = 1,...,my the
eigenfunctions associated to A\p. We normalize these eigenfunctions so that

{ok1:k>0,1=1,...,myg} is an orthonormal system in L?(SV~1). We choose
the first functions to be
1 Z] N 1/2
$0,1 = Wa P11 = (fSN_l xlg)l/Q = (|SN1|> x;, l=1,...,N.
We seek solutions of
(12) —Aw — ﬁw =0 iR\ {0}
x

of the form w(z) = f(r)pk.i(c), where r = |z| and o = x/r for z € RV \ {0}.
This is equivalent to asking that f solves the following ordinary differential
equation :

N -1 c— N

(13) '+ f+

" 2 f=0, for r > 0.
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Equation (13) is of Euler type and it admits a basis of solutions of the form
—af + . s e .
f(r) =r"%, where a;_ are the roots of the associated characteristic equation,

i.e.
N —2 N —2\2
Oz:ktz 3 i\/( 5 ) —c+ M.

Note that af may have a nonzero imaginary part only for finitely many k’s. If
ko is the first integer k& such that af € R then

- - + +
...<ozk0+1<ozk0§ §04k0<04,€0+1<...7

whereas, if k < kg, we denote the imaginary part of oz,i' by
N -2\?

For k >0,1=1,...,mg, we have just found a family of real-valued solutions of
(12), denoted by w' = wy ;, wy = wy ; and defined on R™ \ {0} by

. _ @ x
if (852)2 —c+ M > 0 w'(z) = || ;90’“’1(

),

||

- r
w?(x) = ||~ @k,l(r);

z|
. _ _N-2 xr
1f(¥)2—0+)\k=01 w'(z) = |z~ 73 10g|$\¢k,l(m)7
(14) N-—2 X
w?(z) = |z|~ 7% wk,z(m),
N

£ 72)2 et A <O wl(.’L‘) — |J)|_¥ sin(by, log ‘ﬂ)@k,l(%)a

v ‘

_N-2 x
wQ(x) = |z|” 2 : cos(by log |z|) w1 (7).

]

Each of the functions Wy, ; defined by

(15)

if (#)2 —c+ A, >0 Wi(x) =
if (852)2 —ct N <00 Wi(a) =

then solves (12) and
Wiilop = 0.
2.2 Functional setting

Our results are stated for functions behaving like a power of |z — &|. More
precisely, we shall work in the following functional setting (see [Rel, BP, CHS]).
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Given 2 a smooth domain, £ € Q, k> 0,0 < a < 1,0 < r < dist(z, 90Q)/2
and u € CF*(B\ {€}) we define :

loc

k

X . vk _ Vk
sup ZTJ|VJU(CC)| + phte sup [Viu(z) - uy)|
r<la—gl<or 25 r<jo—¢l,ly—¢|<2r |z -yl

Let d = dist(&,0Q) and for any v € R let

= l[ullora@\pyae) + suP T ulkare:
o<r <7

Define the space
Cre(@) = {u e Gt (Q\{ED) ¢ Ilullramen < oo}

One can easily check that C’ ( ) is a Banach space. It embeds continuously
in the space of bounded functlons whenever v > 0.

From now on, given h € C(9B) and g € C(B \ {£}), we shall say that a
function ¢ € C’k a( ) (k > 2) solves (11) whenever the boundary condition
#lop = h holds and ~Ad(x) - Eepd(r) = g(x) for all w € B\ {¢}.

2.3 The case £ =0
In the case {2 = B and £ = 0, we have the following

Lemma 2.1 Let c,v € R and assume
(16) 3k, such that a, €R and — ap, <v<-—ap ..

Let g € CSfQ,O(B) and h € C**(9B) and consider

c .
—A(b—W(b:g in B

¢=h ondB.

(17)

Then (17) has a solution in C,i’g(B) if and only if

oW,
(18) /nglz/ Rkl R =0,k V=1, .. my.
B ' ap  On

Under this condition the solution ¢ € Cfg‘ (B) to (17) is unique and it satisfies

(19) [6ll2,0,0,0.8 < C( —2,0:8 + [[hllcz2.eo8))

where C' is independent of g and h.
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Remark 2.2 Under the hypotheses of Lemma 2.1 we have

_ N -2
(20) v > _Oékl Z _T7
where the last inequality follows from the discussion in Section 2.1. This implies
that the integrals in the left hand side of (18) are finite.

Remark 2.3 By taking k1 sufficiently large, one can choose v > 0 in the above
lemma. In particular, the corresponding solution ¢ is bounded.

Corollary 2.4 Assume (16), (17), (18) hold. Assume in addition that v > 0.
If |x|g is continuous at the origin, then so is ¢.

Proof of Lemma 2.1. Write ¢ as

oo myg

o(z) = Zz¢k,l(r)wk,z(a), r=ro,0<r<1,0ecsVN!

k=0 I=1
Then ¢ solves —A¢ — ﬁqﬁ =g in B\ {0} if and only if ¢y ; satisfies the ODE

N -1 C — >\k
(21) Z,l + . ¢;€7l + 2 Prl=—gr; 0<r<l1,

forall k >0and l =1,...,mg, where
g1 (r) = / g(ro)pri(o)do, 0<r<1,0e SN
SN—l

Note that if ¢ € Ci’g‘ (B) then there exists a constant C' > 0 independent of
such that

(22) |pri(r)] < Crv.

Furthermore, ¢ = h on 9B if and only if ¢y (1) = hy, for all k, I, where

hiy = / h(o)pr,(o) do.
SN*I

Step 1. Clearly, supg<;<; t*"|gr,(t)| < oo and observe that (18) still holds
when g is replaced by gi 1%, and h by hi k. We claim that there is a unique
¢r, that satisfies (21), (22) and

(23) Gri(1) = hiy.

We also have

(24) |pr.1 ()] < Cpr” < SUI<)1 t2_”|gkﬁl(t)|) , O<r<l1.
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Case k=0,...,k. A solution to (21) is given by:

eifoi, R
1 r s N-—2 ) s
(25) Gr(r) = 5/0 s(;) sin (bk log ;)gk,g(s) ds,
° ifoz;l = a;l = %:
TS\ N s
(26) Pra(r) :/o 5(;) log (;)gk,z(s) ds,

OifakiJ e R, ail;&¥:

en o0 =g ()" - () ot

In each case, (24) holds and (23) follows from (18).

Concerning uniqueness, suppose that ¢ ; satisfies (21) with gz; = 0 and

(23) with hy; = 0. Then ¢, is a linear combination of the functions w', w?

defined in (14). By (16), (20) and (24), ¢, has to be zero.
Case k > ky + 1. Observe that (21) is equivalent to

~ A —C ~ 5 .
—Adp + rxﬁ%,l =gry in B\ {0},

where ¢ () = ¢ri(|z]) and Gri(x) = gr(|z]). Since af € R we must have
Ak — ¢ > —(¥52)% and hence the equation
- Ap —C -~
~A¢p 1+ —5 ki =Gry in B
(28) ||

dr1=hy; on dB,

has a unique solution QNSM € H, where H is the completion of C§°(B) with the
norm

)\k—c
lel?{=/B|W|2+ =

|x
see [VZ].

To show (24), observe that for some constant C' depending only on N, A\
and v,

Aa(r) = 1C ( sup |31 ()] + |hk,z|)

0<t<1

is a supersolution to (28) and — Ay is a subsolution. To see this, we emphasize
that the condition —a; > v > —(N —2)/2 implies v? + (N — 2)v + ¢ — A\, < 0.
It follows that |¢r(x)] < Ak (|z]) for 0 < |z| < 1.
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To show that qgk,l is uniquely determined, we simply observe that any solu-
tion w of (28) such that |w(z)| < C|z|” must belong to H (where uniqueness
holds). Indeed, by scaling, it can be checked that |Vw(z)| < Clz['~! (see
Claim 1 and (32) below) and this together with (20) implies w € H'(B), which
is contained in H.

The computations above also yield the necessity of condition (18). Indeed,
assuming a solution ¢ € CS:S‘(B) exists, since ¢ ; satisfies the ODE (21) we
see that for £ = 0,...,k; the difference between ¢y ; and one of the particular
solutions (25), (26) or (27) can be written in the form ck,lr_alj +dg 7% . Since
|px1(r)] < Cr” and v > —a,; we have ¢, = di,; = 0 and this implies (18).

Step 2. Define for m > 1

Z{ ZZZQM r)¢ri(o |$|2_V9($)€LOO(B)}

k=0 1

and

Z{hzzzhkz%l hk,zeR}-
I

k=0

Let g, E G, i € Hy, be such that (18) hold. Write g () = > 1t g > 9r,1(r) k(o)
and A, (o) = Y1 hrivk,i(o). Let ¢y, be the unique solution to (21), (22)

and (23) associated to gg, hy, and define ¢, (x) = > 1y > ki(r)pri(0).

We claim that there exists C' independent of m such that

20)  |om(@)| < Cla]” (sgpw"|gm<y>|+s;5|hm|), 0< e < 1.

By the previous step, (29) holds for some constant C' which may depend on
m. In particular, choosing m = k1, we obtain a bound on the first components
o1, k = 0...k;. Hence, it suffices to prove (29) in the case gp; = 0 and
hi;=0,k=0,...,k. Working as in [Rel] (the argument already appeared in
unpublished notes of Pacard), we argue by contradiction assuming that

[6m |2~ |8y = Crm(lgm 121777 |1 (8) + 1Pl L= (05))

where C,,, — 00 as m — oo. Replacing ¢,, by ¢ /[|¢m|z[ V|| L~ (B) if necessary,
we may assume

[l | Loe () = 1,

(30) o
gml2|* ||z (B) + [[AmllL>~@B) — 0 asm — oo.

Let z,,, € B\ {0} be such that |¢,(2p)||zm|™ € [1,1]. Let us show that
Tm — 0 as m — oo. Otherwise, up to a subsequence x,, — xg # 0. By standard
elliptic regularity, up to another subsequence, ¢,, — ¢ uniformly on compact
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sets of B\ {0} and hence

“Ap———¢=0 inB\{0}

||
¢=0 ondB.

Moreover ¢ satisfies |¢(zo)||zo| ™ € [,1] and |¢(z)| < |2|* in B. Writing

d@)= > > dra(r)pri(o),

k>ki+1 1

we see that ¢ solves (13). The growth restriction |¢y;(r)] < Cr” and the
explicit functions w!, w? given by (14) rule out the cases a,f ZR, o = a; and
force ¢r; = ap 7~ . But ¢y (1) = 0 so we deduce ¢5; = 0 and hence ¢ = 0,
contradicting |¢(zo)||zo| ™" # 0.

The above argument shows that z,, — 0. Define r,,, = |2,,| and

VU (1) =7,  dm(rmx), x € By

Then [vm ()| < [z]” in Byjp,,, [vm(52)

Tm

€ [3,1] and
—Avpy,(z) — #vm(x) = rfn_”g(rmx) in By,
But
T 19rm@)| < gm W)IY1* " ()l = 0, as m — oo
by (30). Passing to a subsequence, we have that i — 1z with |zl =1, vy — v
uniformly on compact sets of RY \ {0} and v satisfies

fAv—#v:O in RV \ {0}.

Furthermore, |v(x)| < |z|” in RV \ {0} and |v(xo)| # 0. Write

oo

v(x) = Z Z Vg1 (1) k(o).

k=0 1

Then |vg(r)] < Cpr¥ for r > 0. But vy, has to be a linear combination of
the functions w!, w? given in (14), and none of these is bounded by Cr for all
r > 0. Thus v = 0 yielding a contradiction.

Step 3. Fix an integer d > 3(N —2)/2+ 1. Suppose now that g € C*°(B\ {0})
and |Vig(x)| < Clz|*=?7tfor 0 < |z| < 1 and for i = 0,...,d. Let h € C*°(dB)
such that (18) holds. We will show that there exists ¢ € Cli’g‘ (B) solution to
(17), satisfying the estimate

(31) 6]z~ | L) < C (llglz|* [l L~ (B) + Ikl L~ (08)) -
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To prove this, define for m € N

=3 gra()prilo) and hp(o) =Y hpiprilo
k=0 1 k=0 1
We have
1
Z'g’” |_Z’/ g(ro)ey (o) do :Z)\Tf / g(ro)Apy (o) do
I SN—-1
Cmyr?d

v i (V29 ()| |0kl oo (snv—1)
k T|=Tr

< Cru—zk—2d+2(N—2)7

where we used integration by parts d times to obtain the inequality and the facts:
Me ~ k% as k — oo, o] < CkN=2in SN~ and my < CkN=2, where my, is the
multiplicity of \x, see [ABR]. It follows that g,,(z)|z|>~" converges uniformly
in B to g(a)|o~ and hence [|gumlal2~" | =(5) — 9o~ || () as m — oo.
Similarly A, converges uniformly to » on dB and thus lim,, oo |[hm|| L~ @B) =
17| (0B)-

Now ¢m € G, and h,, € H,, verify the orthogonality conditions (18). By
the previous step, the associated solution ¢,, satisfies

[ @mlz| ™[5y < C (llgmla*" || LBy + |PmllL=o8)) -

Using elliptic regularity, up to a subsequence, ¢, — ¢ uniformly in B\ {0},for
some ¢ satisfying the equations —A¢ — ﬁqﬁ =gin B\ {0}, ¢ = h on OB and
the estimate (31).

Claim 1 : ¢ is a solution to the equation in the whole ball B.
To see this, it suffices to prove that
(32) IVo(z)| < Clz|”~! for z € Bys.

Recall that v — 1 > —%. This implies that ¢ € H'(B) and thus solves the
equation in B (since cap({0}) = 0 whenever N > 3).
Let wg € By s, d = |zo| and for x € Bg,4, v(z) = ¢(x0 + dx). Then,

cd? .
—Av — mv =d*g(xo +dz) in Bsy.
Observing that 0 < W < 16¢, it follows by elliptic regularity that for some

constants C' independent of d,

90(0)] < C (Idg(zo + do) | 5,0 + [0 (5,00 )
< O (lgle~ o) + 19121~ o (5))
< Claol” (gl <o) + 1#ll = (om) -
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where we used (31) in the last inequality. Hence, |Vé(xo)| < C'|xo|" !, which
is the desired result.

Step 4. We assume now that g € Cgf‘z,o(B) and h € C*%(dB) satisfy (18).
For ¢ > 0 let h. be the convolution product of h with a standard mollifier
on the sphere dB. Let p. be a standard mollifier in RV and define g.(z) =
|z|"2p-(z) * (g|x|>7"), where g is first extended by zero outside B. Since
g(z)|x]>~v € L>®(B), we have g. € C=(B \ {0}) and

Vige(2)] < C(i,€) | 727"
Moreover, g. — g a.e. in B, h. — h a.e. ase — 0 on 9B and
gele > sy < llgle* ez and [he|lL=(om) < |hllL=(om)-

From this and (18), we deduce that for all k =0,...,k and I =1,..., my,

oW,
/gEWk,l—/ he L L0 ase—0.
B OB

on
Let
i g (o 22
;) = ———— 9Why — h
il faBWkng;’z'l B ) oB c on
and
~ k1 myg
he=he+ > aif) Wi
k=0 1=1

Then g., h. satisfy the orthogonality conditions (18). Let ¢, € Ci’g (B) denote
the solution to (17) with data g., h.. We have

| pelz| ™ L3y < C (||ge|$|27V||L°°(B) + ||7le||Loc(aB)>
< C (lglz* 2B + b= a8)) -

As in the previous step, from here we deduce that ¢ = lim._.g ¢. is a solution
to (17) with data g, h. In addition, (31) holds.
Finally, the estimate (19) is obtained by scaling, working as in Claim 1. O

Proof of Corollary 2.4. Let («,) denote an arbitrary sequence of real numbers
converging to zero, g(x) = |z|?g(z) and ¢, (x) = ¢(anx) for & € By /4, (0). Then
¢, solves

c g(anx .
— WQS” = g( ) m Bl/an, (0)

||
Also, (¢,) is uniformly bounded so that up to a subsequence, it converges in
the topology of C1*(RY \ {0}) to a bounded solution ® of

_Ad)n

c g(0 .
—Afb—mpszkip) in RV \ {0}.
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Now @ + §(0)/c is bounded and solves (12), so it must be identically zero. Tt
follows that the whole sequence (¢,,) converges to —g(0)/c. Let now (z,,) denote
an arbitrary sequence of points in R converging to 0 and a,, = |z,|. Then,
o(zy) = cbn(l;f—:l) and up to a subsequence, ¢(x,) — —g(0)/c. Again, since the
limit of such a subsequence is unique, the whole sequence converges.

2.4 The case £ #0

As we observed earlier, one cannot expect to obtain bounded solutions of (11)
for general data g and h. But Lemma 2.1 suggests that one can modify the
data so that the necessary orthogonality conditions hold. This is what we prove
below, in the more general case where £ may be chosen different from the origin.

Let indeed ¢y > 0 and n € C*°(R) such that 0 <15 <1, n # 0 and supp(n) C

[i %] For £ € By, we construct functions Vi ¢ (k> 1,1=1,...,my) as
z—§
(3) Visela) = nlle — EDWia(rsn),
2
We prove :
Proposition 2.5 Assume
(34) Jkq such that ay, € R and  — oy <v < —ayp .

Then there exists eg > 0 such that if || < €p and gy € CS?(B) satisfies
llgo — 1l (B) < €0,

then given any g € CB:?(B) and h € C**(OB), there exist unique ¢ € ng(B)
and po, prg €R (k=1,...,k, 1 =1,...,my) solution to

c b ,
5 | AT gt T ep TP T kiVeas B
¢o=nh on OB.
Moreover we have for some constant C > 0 independent of g and h
k1 my
(36) [ llzamen + ol + YD |kl < Cllglo,ames + [hllczaom)-
k=1 1=1

Proof. We work with 0 < [£] < €9 where €¢g € (0,1/2) is going to be fixed later
on, small enough. Let R =1 — 2¢g. This implies in particular that Br(§) C B.

We define an operator Ty : C*%(dBg(£)) — CL*(0BR(£)) x R as follows:
given ¢y € C*%(0Bg(€)), find ¢ € Cf? (Bgr(&)) and 7o, Y, the unique solution
to

k1 myg
C

% .
(37) —Ad - m¢1 0 e + I;;%,ZVJCM in Bp(&)

1 = o on dBRr(§).
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and set Ty(¢g) = (%,VO). This can be done (see Step 1) by adjusting the
constants vy and v, in such a way that the orthogonality relations (18) in
Lemma 2.1 are satisfied. Similarly, there is a unique ¢; € C’i’?(BR(f)) and Ao,
Yk, such that

(38)
C g g k1 mp
- - ~ . ) |
—A¢y — |z — €2 1= |z — €2 + 7% iz — &P + ;;vk,lvm,g in Br(¢)
d1=0 on OBg(§).

Given ¢1,70 as in (38), we define ¢y by

7 c 1 g ~ 9o .
—Agps — |x—§|2¢2 ~ o ep +W0|m_ in B\ Bg(¢)

) : &7
(39) % - % on 9Br(€)
¢2 = h on 0B.

We also define an operator Ty : C1*(0Bg(€)) x R — C**(0Bg(£)) by

To(V, %) = 2loBr(e)

where ¢4 is the solution to

c

—Agy — m¢2 = Vomiiofp in B\ Br()
(40) % — on OBR(€)
92 =0 on 0B

As we shall see later (see Step 2), equations (39) and(40) possess indeed a unique
solution if £ is sufficiently small, because the domain B\ Br(§) is small.

We construct a solution ¢ of (35) as follows: choose ¢g € C**(0Bg(£)), let
¢1 be the solution to (37) and let ¢3 be the solution to (40) with ¥ = %ﬂl and
7o from problem (37) . Then set

4 $1+ 1 in Br(€)
b2+ d2 in B\ Br(6),

and po =0 + Yo, ki = Vi1 + Vi,.. If we have in addition

(41) 61+ ¢1 = 2 + B2 on 0Bg(§),

then ¢, po and pg,; form a solution to (35).
With this notation, solving equation (35) thus reduces to finding ¢g €
C?%(0Bg(€)) such that (41) holds i.e.

Ty 0 Ti(¢o) + ¢o = ¢ in IBg(E).
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The fact that this equation is uniquely solvable (when ¢ is small) will follow
once we show that ||Tz|| — 0 as ¢g — 0, while ||T}]|| remains bounded.

Step 1. Given ¢y € C* ”‘(833(5)) there exist o and 7, such that (37) has a
unique solution ¢; in C ¢ (0BR(£)).

In this step we change variables y = © — ¢ and work in Br(0). Solving for
7o in the orthogonality relations (18) yields

R faBR d)OaWOO( )

(42 = T oy + O Woa(B)

and a computation, using [|go — 1|z (By) < €o shows that

/ 90y + &)yl *Wo (%) = RHN2C(N, ) + Ofeo),

=)
Br R
where C'(N, ¢) # 0. In particular this integral remains bounded away from zero
as R— 1 (R=1-2¢ and ¢y — 0) and hence 7, stays bounded.
Regarding 7x,; we have
3Wk ! (

(43) il = R faBR (0) d’O
’ Jpam

% [, 90y + Oyl > Wi (%)
(lyD Wi (5)? '

and we observe that fB (lyl)Wi,1(%)? is a positive constant depending on k, [
and R (which stays bounded away from zero as R — 1). Using Lemma 2.1, it
follows that ||T}|| remains bounded as R — 1 i.e. when ¢y — 0.

Step 2. For £ small enough equation (40) is uniquely solvable and ||T3|| < C|&].
Let zg = 1 — [z[>. Then 20(|70| supp\ g (¢ % +8UPypLe) |¥])) is a positive
supersolution of (40). This shows that this equation is solvable and that for its
solution ¢2 we have the estimate |¢2| < C|¢|(|v0| + supsp,e) |¥]). This and
Schauder estimates yield ||z c2.a@px6)) < ClEI(0l + ¥ |lc2e @8R (), Wwhich
is the desired estimate.

Finally, estimate (36) follows from (19) and formulas (42), (43). O

2.5 Differentiability

Suppose now that for each ¢ € B, we have functions go(-,§), g(-,§) € CB:?(B)
and h(-, &) € C*%(0B). By Proposition 2.5, there is a unique ¢(-,£) € Ci?(B)
solution to (35). We want to investigate the differentiability properties of the
map & — ¢(-, ).

Proposition 2.6 Assume the following conditions:

Jk1 such that o € R and  — oy, <v < —ap .y,
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N
(44) v > —? +2

v—1#—ay .
Let g9 > 0 and for § € B, let go(+,€),9(-,&) € Cig(B) be such that
(45) Ao = 696’1]18120(\Igo('»ﬁ)lll,a,u,s;B + 1Dego (- §)llo,ap—1.68) < 00
and
A= sup (l9(;llawes +[1Deg(-€)llo.ar—1.68) <00
<o
Let h(-,€) € C3*(0B) with
zlgjo(||h('7€)||c3(63) + [ Deh (-, &)llc20(0m)) < oo

Let ¢(-,€) denote the solution to (35). Then there exists € > 0 and a constant
C such that if eg < & and if ||go(-, &) — 1| (B) < €0, |t| < €0 and &1,& € B,
then

(46) [p(- + &2, €2) — D + &1, &) l2,a,0-1,0:B,,, < Clé2 — &1
Moreover the map § € B, — ¢(+;§) is differentiable in the sense that

(47) Dela, On = lim (6w, & +70) — 6(2,))  exists for all z € B\ {€)

andn € RN . Purthermore D¢o(-,€) € Cifﬁ,g(B): the maps & € Be, — po, bk, €
R are differentiable and

kl mi
IDeb (- )20 -1.6:8 + [ Deptol + DD | Depni]
(48) k=11=1
<Clg(; Ollo,awen + [1Deg(-, )llo,aw—1.68

+ 1R ) ez @am) + |1 Deh(-, )| 020 am))-

Remark 2.7 For simplicity we have stated Proposition 2.6 under the assump-
tion v —1 # —ap . A similar result also holds if v — 1 = —ay, but estimate
(46) has to be replaced by :

[o(- +&2,82) — o(- + &1, &) ll2,0,0-1,0B, . < Cl&2 — &1l

where v —§ < v < v for some § > 0 and with the constant C' now depending on
v. Similarly, (48) is replaced by

k1 mg

IDed (-, )ll2.05-1.6:8 + [Deptol + D D | Depuei]

=1 1=1
< C(lgC,Ollo,ame;B + [1Deg (-, ) lo,a,p-1,6:8 + 1A E)lc20 a8y + [1Deh(-, )l c200m))-



gelfand-davila-dupaigne.tex April 25, 2006 20

Proof. We change coordinates y = x — £ € B — £. Then (35) is equivalent to
finding ¢ € Ci’g (B — &) such that

k)l mi
+¢, +
*Aéf’*j _ W §£)+Mo oly 255 +ZZMleklo
[l [yl ly|
(49) y y Yy k=11=1
in B-¢
¢="nh(y+&¢) on 0B —¢&.
This equation can also be seen as the fixed point problem :
(50) To(T1 (¢, €), &) + d2(y; ) = o, $o € C**(0BR)

where R =1 — 2¢g and :
e the operator 71 : C**(0Bg) x B, — CY“*(0Br) x R is defined by
T1(bo,€) = (¢1,70) and @1, Yo, Yk, is the unique solution in C’f”g‘(B —¢) to

k1 my

c +
—A¢1—W¢1— y| |2€§ + 3> WiViso inBg

k=11=1
1= ¢o on 0Bp :

Ty : CY(IBR(€)) X R x B, — C2*(9Bg(€)) is defined by
T5(¥,70,&) = d2lo,

(51)

where ¢ is the solution to

A@l;'?@%gf)(ﬂf’f) in (B—€)\ Br
(52) % =v on 0Bpr
¢ =0 on 0B — ¢

e bs (2;€) is the solution defined in (39) and can be computed by solving for
o1 € Ci’?(BR(ﬁ)) and o, Y, such that

(53)
_ c ~ + , ~ + ki my
—A¢1—72¢51=g(y 2§£)+%goy 255 + 3 AkiVeso in Bg
m m PSP
Q~51=0 on (9BR,

and then gzNSQ is given by
(y+€7£) ~ gO(y+§;€)

_A(;;Q | |2(£2 |y|2 + Y0 |y|2 in (B - g) \BR
54 9 ¢
(54) % = % on 0Bgr

$2 = h(y + &) on 0B —¢.
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We shall derive the following Lipschitz estimate for 77, where we write

(615 &),7) = Ti(0, &) (i =1,2) :

1 2
A+ 70)|+ZZ|7()—7M

=1 1=1
< Clé = &

(55) (&) — d1(+ 1)

Indeed, by formulas (42) and (43) and condition (44) we deduce

(56) e =40+ Z Z WD =4 < Clés - &l

k=11=1
Now write 7 = &2 — &1, ¢ = 7¢1("52);¢1("51). Then
(2) (1)

¢ |y|2¢_ 7|:70|290(y+£27£2) TO|290(y+§1a§1)

kl mi )
+ZZ kl Wkl Vi,i,0 in Br
k=11=1
o=0 on OBg.

By (36) we have

(y +&2,82) — ( )90(y+§1751)’

T

— g0y +&1,&1) ‘
pn

(2)
6ll2.a-10:20 < C[| 2

0,a,v—1,0;BRr

<Ct CHQO(,’U +£2,&2)

0,a,v—1,0;BRr

where we have used (56). Using (45), we obtain that

HQO(Z/ +&2,62) —go(y + &1,61) ‘

T

<C
0,a,v—1,0;BRr

This implies (55).
Similarly we have

~ (1 2 ~(1)
+ 158 70)|+ZZIV()—%21

k=11=1

< Cl& =&

7)o, &) — d1(, &)

Using standard local elliptic regularity arguments, applied to u = (;32(',52) -
$2(+,&2) in Bi(—&2) N B1(—&1) \ Br, we have

(58) [@2(-, &) — @2(, &)l 2 (omr) < Clé2 — &1
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and similarly

(59) || To(W 7'70 »52) To(V 770 7fl)||cza(,93R)<C(|fz—fl|+|70 761)|).

Using the fixed point characterization (50) of ¢ and estimates (55), (57), (58)
and (59) we deduce

[Po(+,&2) — Po(+,&1)llc2eaBr) < Clé2 — &1l
The solution ¢ to (49) is then given by

bt ¢1 in B
¢2+¢2 in (B —E)\ Br
and thanks to (55), (57) we obtain (46).

Let us show now that (47) holds. We return to the problem (35), without
translating, and let ¢(-,€) denote the solution to (35). Let = # £ and write

¢>($a§ + 7'77) - ¢(x7§) = ¢(aj7€ + 7—77) - (Z)(J? + 7-7775 + TTI)
+ o+ 70,8+ 1) — ¢(x,€).

Since ¢(-, & + 1) € C ‘e+7n(B) by the mean value theorem

P, §+1n) — e+, E+70)

T

—Vo(x+sn,&E+1n)n

¢(z,§+7n)— ¢(fc+m §+mn) _

for some |s| < |7] and letting 7 — 0 we see that lim,_,o
—Vo(x,&)n. For the other term, changing variables y = x — £ we have

¢+, +7n) = ¢(x,§) _ ¢ly+E&+Tn,E+7m0) — ¢y +§E)
(60) "

_ "y e+ ) — " (y,8)

-
where now ¢'"(-,€) denotes the solution to the shifted problem (49). From
estimate (46) we deduce that

Hcﬁ”(-,fﬂn) - ¢>”(~,£)‘

T

(61) <C

2,a,v—1,0;By /5

with C' independent of 7.

Observe now that the quotient w is uniformly bounded in
B\ By, which can be seen from estimates (55), (57), (58), (59). It follows
from standard local elliptic regularity arguments that this quotient is uniformly
bounded in C**(B\ By 4).

Fix 0 < 8 < a. Then for any sequence 7,, — 0 we can extract a subsequence
(denoted the same) such that 224 =08 onverges in C?P(B\ By,4). Set

Tn

’(/}1 — lim ¢($,€ + Tnn) B ¢<$,§)

n—oo Tn

—de)(l‘a'f)ﬁ in B\Bl/4
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so that 11 € C**(B\ By4). Note that

d)(:l: + TnT), £ + Tnn) _ d)(ﬂf, g)

wl (.f) - nh—>néo T,
(62) = lim Gl S T”T”) —"@=88 e B\ By,

On the other hand from (61) we find 12 € Cff‘l)o(Bl/Q) such that

¢tr(.7§ + Tnn) - d)tT('ag)

Tn

= V2ll2.80-1,0B,, = 0 as 7 — 0.

Set

b(x) = Vi(y+§) ye(B\Bia)—§
Va2 (y) Y € Byyo.

Clearly 1 belongs to C ’ﬁl o(B—&). Moreover by (42), (43) and similar formulas
for o, 4,1 we have that the functions po(€), k(&) are differentiable and hence

CAp— Sy Dag(y+&,8n+ Degy +&,€)n | Opo go(y +&,6)
ly |2 |y|? on |y
ki mp
+M0Dwg(y+£§)n+2Dgg y+&,6)n +ZZ Ot |,
‘y| k=11=1
inB—-¢
¥ =Dyo" (y,&)n+ Deh(y + & € for y € OB - ¢.

The boundary condition is obtained by observing that for fixed z € 9B, we have
¢ (x — €,€) = h(x,€) and differentiating with respect to .

To show the convergence of (60) (as 7 — 0), it suffices to verify that
¢ is uniquely determined. Let po(§), pr,i(€) be the constants associated to
o(+,€) in (35). This equation possesses at most one solution ¢ € Cﬁflyo(B) by
Proposition 2.5.

Estimate (48) now follows from the formulas (42), (43) and the equation
satisfied by D¢¢.

O

2.6 Perturbations of the operator —A — @

We wish to extend Proposition 2.5 to an operator of the form —A — L; — ﬁ

where L; is a suitably small second order differential operator. We will take L,
of the form

(63) Lyw = a;j(x,t)Dijjw + bi(z, t) Dyw + c(z, t)w
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Lemma 2.8 Suppose that the coefficients of Ly satisfy: aij(-,t), bi(-,t), ci(-,t)
are C*(B) and for some C' it holds

lai; (-, )l ce @) + 10: ¢ Dl ga @) + e Dl ca @y < ClE-
Assume

Jk1 such that ap, € R and  — o), <v < —ap .

Then there exists g > 0 such that if |€| < eo, |t| < €0 and go € C’S’?(B) satisfies
lgo — 1| (By < €0, then given any g € CB’?(B) and h € C**(0B), there exist
unique ¢ € Cfg‘(B) and po, preg € R (k=1,..., ki, l=1,...,my) solution to

(64)

kl M
c g 90 .
—A¢p—Lip — ¢ = + 1o + pieiViie inB
TP T - T ¢ Z;ZE ¢
¢o=h on 0B.

Moreover

k1 my
65  N6ll2ames + ol + DD kil < Cllgloawes + [Bllcze@s))-

k=11=1

Proof. Fix h € C*%(9B) and |{| < €, where € is the constant appearing in
Proposition 2.5. For g € C’S:?(B) let ¢ = T(g/|z—&|?) be the solution to (35) as
defined in Proposition 2.5. Then (64) is equivalent to ¢ = T'(g/|x — £|* + Li¢).
Define _
T(¢) = T(g/lx — & + Li9).

We apply the fixed point theorem to the operator T in a ball By of the Banach
space C’fg(B) equipped with the norm || - ||2,a0.0.¢:5-

Note that by Proposition 2.5 we have ||T(g/|2—¢)?)||l2.a.v.e:8 < C(l|9l0.0.v.6:5+
|hl|c2.e(am)). Using this inequality, for [|¢[/2,a,.,.e;8 < R we have

IT(¢)

20068 < Clgllo.arves + 1 Lidlloar—2e8 + Ihlo2~@om)
< C(llgllo,ave + [EIR+ [|hllc2e0m)) < R,
if we first take ¢ so small that C|t| < %, and then choose R so large that
Cllgllo.awes + Ihllc2eon) < 5.
For ||¢1]l2,a,0.6:8 < R, ||¢2]2,0,0.e:8 < R we have
IT(#1) = T(¢2)ll2.00e:8 < CllLi(d1 = d2)l0.00—2.6:5
< Cltfllér — o2

and we see that 7' is a contraction on the ball By of Cf? (B) if ¢t is chosen small
enough. O

2,0,v,§;B>

We now extend the results of the previous section on differentiability to
perturbed operators of the form —A — L; —

_c
le—€*
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Proposition 2.9 Assume the following conditions:

dk1 such that Qg € R and — ap, <V < -—ap
> N +2
US> o
2 )
and
(66) v—1#—ap .

Let g > 0 and for & € B, let go(+,€),9(-,&) € C’i?(B) be such that

Ay = Esup (90,0068 + 1 Dego (-5 E)llo,av—1,6,8) < o0

€B.,

and

A= sup ([9( 0068 + [1Deg()0,aw—1,68) < .

€0

On the operator L, we assume
laii ()l oy + 10:C, Dl oo gy + Nl Dl ez < Clil
Let h(-,&) € C>*(dB) with

sup ([|h(&)llesom) + 1Deh(:, &)l 2 (om)) < oo
€0
and let ¢(-,&) denote the solution to (64). Then there exist & > 0, C' > 0 such
that ifgo < €0, ||90(7€) - 1||L°°(B) < €o, |t‘ < €o and 51752 € B€07 we have

(67) [6( + &2,&2) — o(- + &1, &)ll2,a,0-1,0i8, . < Cl&2 — &l

Furthermore,

1
Ded(e; € = lim + (9 € +tm) — 9(x;€))  eaists Vo € B\ {€}, ¥ € BY,
the maps € € Be,(0) — o, ik € R are differentiable and

[1Ded(; )l 2.00-1.6:8 < Cllg(, E)lo,ve:B + [1Deg (-, €)llo,av—1.6:8

68
(©8) + | (,)lc2a0m) + [Deh(+,€) o2 (08))-

Proof. To prove this result we use again a fixed point argument. Consider
the Banach space X of functions ¢(x, &) defined for z € B, £ € B,, which are
twice continuously differentiable with respect to = and once with respect to &
for x # £, for which the following norm is finite

ollx = Sup ([6(s Oll2.ae;B + [ Ded (- Ell2.0m-1,68)

€B.,
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Let Br denote the closed ball of radius R in X where R > 0 is to be chosen.

For § S Bem g(vg) € 02,7?(3)7 h(7§) € 03,04(83) let ¢ = T(g(,§)/|$ - 5‘275)
be the solution to (35) as defined in Proposition 2.5 with go(-, £) in place of go.
Let T : Br — X be defined by T(¢) = T(g(+,&)/|z — &> + Lig(+,€),€). Then

IT(¢)

20,68 < Clllgllo.aven + 1 Lidllo.ar—2.68 + |hllc2e@68))
< C(llgllo,ave + [EIR+ [|hllc2em)) < R,

if |t| is small and R large. Moreover from (48) we have

IDT(8)|2.00-1,68 < Cllgllo.ow.e:s + I Degllo.aw—1.6:5
+ 1 Le@llo,av—2.68 + [ LeDedllo,av—3.68
+ [|h (-, §)lc2a0m) + [ Deh(+, ) oz (0m))
(69) < C(A+ |l x + [1h(-€)llc2a@m) + I1Deh (-, E) | c2.88))
<R

if we take ¢ small enough and then R large. Taking the supremum over £ € B,
then yields the estimate

IT()x <R V|o|x <R

That 7T is a contraction is proved in a similar manner as in the previous Lemma.
For ||¢41]lx < R, ||¢=2]lx < R we have

I T(61) — f(¢2)”2,a,u,§;3 < C||Li(d1 — 92)l|0,a,v—2.6:B
S C|t| ||¢1 - ¢2H2,(x,u,§;Bv
and using (48)
IDe(T(¢1) — T(62)l|2,0—1,68 < CUILe(b1 — b2)ll0,0—2.65

+ HLtD5(¢1 - 452)”0,0471/*3,5;3)
< Clt]]|or — d2]|x,

and it follows that
IT(¢1) — T(2)||x < Cltll¢1 — bol x-

Thus T is a contraction on the ball Bg of X if t is chosen small enough.
To prove (68) we observe that, if ¢ = T(¢) then as in (69) we have

I Dedll2,a0—1,6:8 = || DeT()
< Clgllo.avesn +11Degllo.ar—1.e8
+ [t llo.a.v:8 + 1 Dedllo,ave:8)
+ A E) ez ) + [1Deh(-, )l c2aam))-
Combining this and (65) we deduce (68).

|2,0,0-1,6;B
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2.7 Additional results when 0 < ¢ < &=2° 2)

The purpose of this section is to extend Lemma 2.1 to a general bounded, smooth
domain Q of RN, N > 3 and general ¢ € ), by redefining the functions Wy
which appear in (18). For this we restrict ourselves to values of ¢ in the range

(v —2)

0
<c< 1

which guarantees o, < % <af.
Take g € CV 2.0() N H71(Q) and h € C%*(09).

L. (N—2)2 .
Hardy’s inequality and the condition ¢ < T) ensure that equation
A ———p=g nQ
(70) |z — ¢
¢=nh on 0§,

has a unique solution ¢ € H!(Q). If we do not impose a restriction on ¢ of the
form ¢ € H*(Q) then uniqueness in (70) is lost, see for instance [D, DD].

We define Wy, ; ¢, which will play the same role as in (18), to be smooth
functions in Q \ {&} satisfying

AWklg | §| Wkl§ IHQ\{f}
(71) Wiie=0 on 99
-

Wie(x) ~ [a — fl_‘"’ts@k,z(ﬁ) z~§

Let indeed
. T —
(72 Wese(o) = o = €% pra(Fi—gy) = viacla),
where 1y, ¢ € H'(Q) is the unique solution to
A e — E £|2¢k Le = in O
T —
Yrpe = | — fak+<,0k,l(|x_§|) on 0.

Observe that for C > 0 large enough, Clz — &|7% and —C|z — &|7% are
respectively a super and a subsolution of the above equation, whence by the
maximum principle (which is valid in virtue of Hardy’s inequality and the re-

striction ¢ < (N 2° ), | < Clz — &7 and Wy, ¢ satisfies (71).

Remark 2.10 If Q = B1(0) and £ = 0, our definition is consistent with (15),
since

o x ot i x
(73)  Ypue = || ’“tﬂk,z(m) and  Wiie = (Jz[~ %% —|z] ’“)s%z(m)~
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Theorem 2.11 Let ¢ € R and assume
(74) k1 > ko —og >V > o

Let Q a smooth bounded domain of RN, N >3,£€Q, g€ C’ng,&(Q)QH’l(Q)
and h € C**(0R). If

oW,
(75) /ng,lé:/ h—FLE k=0, kM =1,...,ms
Q o0 on
then there exists a unique ¢ € Ci’?(Q) N HY Q) solution to

(76)
¢=h on 09,
and it satisfies
(77) [¢ll2,0,0,0 < C(llgllo,a,v—2,0 + [l c2e08))

where C' is independent of g and h.

By translating the domain we consider from now on £ = 0. By Lemma
2.1, a straightforward scaling argument implies that Theorem 2.11 holds when
Q= Bp(0) and £ = 0. In this case W} ;o takes the form

(78) W) = ()™ - (B) ™) D,

This is obtained by scaling the functions in (73) and is the same as in definition
(72) except for a multiplicative constant.

Proof of Theorem 2.11. As mentioned earlier, we shall give the proof in the
case £ = 0. Take R > 0 small such that Br(0) C Q. Then the unique solution
¢ € HY(Q) of (76) satisfies (77) if

— ow,
(79) /ngJ: "t Wk =0,.. ki, VI =1,...,mp,
Br 9Br on

where ,VIV/;CJ is defined in (78). Since Wk,l satisfies

—~— c —_— .
—Akal - WW]C’Z = 0 m RN \ {0},

multiplying this equation by ¢ and integrating in Q\ Br we obtain

Wiy | —~ 0¢ Wi —
(80) /asz( o ¢_Wk’l5n)_/f}3n o ¢—/Q\BRQWk,l
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where n denotes the exterior normal vector to 92 and dBg. Adding (79) and
(80) we see that (79) is equivalent to

Wit , = 06, [ —
(81) /asz( o @ Wk,zan)f/Qng,z-

Let 5, € H'(Q) be the solution to

-~ C -~ .
— Aty — ka,l =0 in
&k,l = Wk,l on Jf).

Multiplying this equation by ¢ and integrating by parts yields

Oy, 00~ [ -
/asz( o Qb*%'l/)k,l)*/ggwk,b

Subtracting this equation from (81) we obtain that (79) is equivalent to

8(%,1—%,1) B ~ ~
/OQ T(b*/ﬂg(wl@,l — i)

Up to multiplicative constant Wk,l —1[%,1 is the same as Wy, ; o as defined in (72).
O

3 Solution to the nonlinear equation
We first study (4). Recall
Y ={z+tY(z):z € By}
where ¢ is small and ¢ : B; — RY a C? map.
We change variables to replace (4) with a problem in the unit ball. The map

id + t1p is_invertible for ¢ small and we write the inverse of y = z + ti(x) as
x =y + ty(y). Define v by

u(y) = v(y + t)(y)).
Then
Ayu=Azv+ L

where L; is a second order operator given by

- 5 7 2o
LtU:%Z%wk%—HZU 8¢k+tzzv 61/1381/%.
ik g ik i3,k

“r oy? TR dy; Oy,
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We look for a solution of the form
1
v(z) =log——= +¢, A=c"+upu,
() = lo8 I

where ¢* = 2(N — 2). Then (4) is equivalent to

(82)
—A¢ — L — Iz i*€|2¢ =z i*g‘z(@d) —1-9¢)+ Iz f€|2e¢
—|—Lt(10g ﬁ) in B
¢ = flogﬁ on 0B.

We observe that if N > 4 then N —1 < ¢* < 2N and hence o] >0, ay <0.
We fix from now on ¥ = 0 and k; = 1. We may thus apply Proposition 2.5
and Lemma 2.8, since (34) is satisfied. In dimension N > 5, since (44) and (66)
hold, we may also apply Propositions 2.6 and 2.9.
We simplify our notation and write

va,g = Vl’g)g £: 1,...,N,

where Vi 4 ¢ is defined in (33).

Define
~ 1
f($7 t) = Lt ( lOg W)
and note that
(83) (@, t)|z — €2 [lo,a,—2.¢ < CIH-

Concerning (82) we prove :

Lemma 3.1 Write ¢ = ¢* = 2(N — 2). Then there exists eg > 0 such that if
|€] < €, |t] < €q, there exist unique ¢ € Cg:g(B) and po, ..., pun € R such that

(84)
BV S S T S b,
A¢ Ltd) |l‘—§|2¢7 |.’I,‘—§|2(€ 1 ¢)+N0|x_€|2€ +
N
+f($7t)+ZMiVi,g in B
i=1
1
¢ = —log m on 0B.

If N > 5, we have in addition that :
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e the map £ € B, — &(-, &) is differentiable in the sense that

D, n = lim ~(6(,€ + 1) — 6(x,€)) eaists for all € B\ {¢}

and n € RV,
o for v < 0 small, Ded(-,€) € Cgf‘lé(B), the maps § € B, — po, i € R
are differentiable and there exists a constant C independent of € such that

k1 myg

(85) 1Ded (-, ) |2,0,0—1,6:8 + | Depo] + Z Z | Depire] < C.
k=11=1

Proof.

Case N > 5.

Let ¢y be as in Lemma 2.8. Consider the Banach space X of functions
¢(z,€) defined for z € B, £ € B, which are twice continuously differentiable
with respect to x and once with respect to & for x # £ for which the following
norm is finite

[¢llx = sup [|6(,€)ll2,0,0,6;8 + A Ded (-, §)l2,0,-1,68:
¢eB.,

where A > 0 is a parameter to be fixed later on and 7 < 0 is close to zero.
Let Br = {¢ € X |||¢]|x < R}. Using Lemma 2.8 we may define a non-linear
map F' : Br — X by F(¢) = ¢, where ¢(+,&) is the solution to (64) with

(86) 9= cle’ ~1=0) +lo—¢Ffwt).  m=c’  h=—los .

We shall choose later on R > 0 small. Observe that in Lemma 2.8 the constants
C in (65) and €g associated to gy = e, stay bounded and bounded away from
zero respectively as we make R smaller, since e™% < ¥ < et for 1) € Bp.

Let us show that if ¢ is small then one can choose R small and A > 0 small
so that F': B — Bgr. Indeed, let 1» € B and ¢ = F(v). Then by (65), (83)

we have

18]l2.0.0.65 < Cllle(e? =1 =) + |z — &P f (2. ) l0,00.65 + €])

87
0 < OB + ]+ | < 5

provided R is first taken small enough and then |¢| and |£| < €g are chosen small.
Similarly, recalling Remark 2.7,

| Dedll2.am-1.68 < C(llele? —1 =) + |z — €2 F (2, 1) |l0,a.0.6:8
+|leDe(e? — 1 — ) + De(|lz — €2 f(, 1) [|o,a,—1,6:8 + 1)
R? R

< 2 ik < v
<CR*+t+ 3 —|—1)72/\,



gelfand-davila-dupaigne.tex April 25, 2006 32

if we choose now A small enough.

Next we show that F' is a contraction on Bgr. Let 91, 1o € Br and ¢y =
F(¢y), £ =1,2. Let uy), 1 =20,...,N be the constants in (64) associated with
¥e. By (65) and repeating the calculation in (87)

N
(88) Sl < R
=0

Let ¢ = ¢1 — ¢2. Then ¢ satisfies

(89)
c et —1—1y  e¥2—1—1hy ) e1 _ o2
—A¢—L¢—¢=c( - ) W
REENPIE |z — & |z — &2 O Jz—¢P?
Y1
(1) (2) €
+ (1o’ — p
( 0 0 ) ‘SL’ . 6‘2
N
-3 - P na
i=1
¢=0 on 0B.
Apply (65) with gg = %, h =0 and
et — 11— e¥2—1—1h @) eh1 _ o2
90 = - S
0 o )
to conclude that
N
1 2
(91) I6ll2,00,6 + 3 18 = 1 < Cllgllo,moe-
i=0

Using (88), we have in particular that | ué2)| < R and it follows from (90) and
(91) that

(92) 61 = d2ll2.0.06 < CR[¢1 =2
Thanks to (68) we also have the bound

IDe(¢1 — ¢2)ll1,a.-1.68 < C(le? — 1 — (€ — ¥2)l0,0,0,:8
+ |De(e? — 1 — (€ — ¥2))lo,ar—1.6:8
(93) < CR|Y1 — Y2ll2,0,0,0:8 + CR||[De(1b1 — 12)|

Combining (92), (93) we obtain

|F (1) — F(i2)|x < CRlYr — 2| x-

This shows that F' is a contraction if R is taken small enough.

2,0,0,¢-

0,a,0—1,§;B
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Case N = 4. In this case (44) fails for v = 0 and estimates like (67) or (68) may
not hold. So we work with the Banach space X of functions ¢(z, ) which are
twice continuously differentiable with respect to x and continuous with respect
to & for x # &, for which the norm

[¢llx = sup [l¢(-,€)
€€B.,

2,a,0,§;B

is finite. Working as in the previous case, we easily obtain that F' is a contraction
on some ball Bg of X.
O

Proof of Theorem 1.3. We define the map (&,t) — ¢(&,t) as the small
solution to (84) constructed in Lemma 3.1 for ¢, £ small. We need to show that
for ¢ small enough there is a choice of € such that y; =0fort=1,...,N. Let

(94) Vi(@;€) = Wi(z —Om(lz =€), j=0,...,N,
where 71 € C*®°(R) is a cut-off function such that 0 <y <1,
r)=0forr <1,
(95) 771( ) = 81
m(r)=1forr> 7.

Multiplication of (84) by ‘A/J(x, £) and integration in B gives

. T 1 OVi(x:)
/B(_A‘/j(x7§>_[/t‘/]<x7§) lxiagVJ(Jc’f))QﬁJr/aBlog PRy Jan
995 .
a 0B, %ij(x’g)

— [ € e 1 O (e e* o
N
+Lﬂmﬁu@+;mLW&ma
When ¢ = 0 the matrix A = A(§) defined by

Ai,j(g)z/Bvi,J/j(x;g) fori,j=1...N

is diagonal and invertible and by continuity it is still invertible for small £. Thus,
we see that pu; =0 for i =1,..., N if and only if

(96) Hj(fat):()v ijla"'aNa
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where, given j =1,..., N,

: - ¢ 1 Vi (a ¢ o
H(et) = [ (e = 1= V@) + o [ ST

o )0 (@ ) — L oV(:9) 5 0
R e e Tk M L
- [ A6 - L) - TN,
B |z — &
If this holds, then pq(€,t) = -+ = pn(&,t) = 0 and @(&, t) is the desired solution

to (82) (with u in (82) equal to ug(&,t)).
Observe that

0 1 aVi(x;6) / OV, (x;0)
_ 1 J — J
Ok [AB %= on L:o on© on

19 aV(x:¢)
+ [ 1 a0
/aB %o P& on  le=o

(97) _ / 2, Vi 0).

For j =1,...,N we have W ;(z) = (\:v|7O‘J+ - |x\*°‘;)g0j(|i) for x € 0B, and

x|

OW+ _ N !
hence %5 (x) = (o — o )pj(x) = W zj .
Case N > 5. By Lemma 3.1, ¢(-,£) is differentiable with respect to £&. We
may then compute the derivatives of the other terms of H;. For instance

9 ¢ é (. _
37&/3 ‘x_£|2(e —1-¢)Vj(z;) —0.t—0 =0

because the expression above is quadratic in ¢ and the computation can be
justified using estimate (85).
Similarly

o e® ~
a6 | |x—£|2Vj(I’f)Lo -

Finally, using that ¢|;=¢ = 0 and integration by parts, we find

A AR A=A
Z GO0 | (=AV, — LV, — S V) -
Ok |Jop, On '’ B( ! T af? ) £=0,t=0
v, d¢ 9 ¢ 06
= | 4L [ AL € 99y
/aB N T It o MR A

(98)
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But when £ =0, f satisfies
¢ c 0¢p Oug 1 Z 5#1
o 298 2
(99) 0 |2 06 & |xf?
g—g; =2z on 0B

since at £ =0, ¢ =0 and p; = 0 for 0 < i < N. By the conditions (18) we find

g‘—gOannd

(100) om _ oy Jon "5ty
= 1 .
o, fB VioWi: W =

The integral above is zero whenever i # k and thus, using (99), (100) in (98)
we obtain

0

8€k |: 9B, 8n
> oW1 i
aV; ~
= / Tyt — fank Ov /Vk,OVjZO
B

op OV fB Vi oW1k

C =~
90y, / ~AV; — LV, - W‘/})¢:| =

£€=0,t=0

thanks to (95). This and (97) imply that the matrix ( 2(0, 0)) ~is invertible.

We may then apply the Implicit Function Theorem, to conclude that there
exists a differentiable curve t — £(t) defined for [¢| small, such that (96) holds
for £ = £(t). Letting v(z) = logm + ¢(x,&(t)) for x € B and u(y) =
v(y + t1(y)) for y € Qy, we conclude that u is the desired solution of (4).

Case N = 4. Lemma 3.1 yields no information on the differentiability of ¢
and p; with respect to €. In particular, we may not apply the Implicit Function
Theorem as above. We use instead the Brouwer Fixed Point Theorem as follows.
Define H = (Hy,...,Hy) and

1 OWje
[z =& on

B(¢) = (By,...,By) with B;() = / log ————
y (97), B is differentiable and DB(0) is invertible. (96) is then equivalent to
£=G(9),
where
G(§) = DB(0)™ (DB(0)¢ — H(&.1)).

To apply the Brouwer Fixed Point Theorem it suffices to prove that for ¢, p
small, G is a continuous function of £ and G : B, — B,. This is the object of
the next two lemmas.
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Lemma 3.2 G is continuous for t, & small.
Proof. Observe first that for ¢, { small such that ||¢[| ;- p) < R we have

6]l o= () < Clle(e” =1 =) + | — & f(a, )| L= (m) + [€])
< C(R[|9ll L= (s + [t + [€]),

and we deduce (taking R smaller if necessary)

(101) 18]l () < C(It] + [€])-
Similarly
(102) il < Ot + [€l), Vi=0,...,N.

Now let & — &, or = &(&k, t) ugk) be the solutions and parameters associated
to (84). By (101) and equation (84) and using elliptic estimates we see that (¢x)
is bounded in C1'* on compact sets of B\ {¢}. By passing to a subsequence we
may assume that ¢, — ¢ uniformly on compact sets of B\ {¢} and by (102)
that ugk) — pi. Then ¢ is a solution of (84) with [|¢|z~p) < R and with
parameters £ and p;. This solution is unique by Lemma 3.1 and this shows that
in fact, the complete sequence converges. Then all terms in the definition of
H (¢, t) converge. In fact

et —1 — ¢p ~ e? —1— ¢ )
/307|33—§|2 Vj(a:,f)—>/807|x_£|2 Vi(z,&) ask — oo,

by dominated convergence, because

6¢"—1—¢kA C
ppere W@4<m—w'

Similarly
(103) u(k)/ e’ Vi(x,€) — p / ’ Vi(z,€) ask — oo
T 2 7a\ — Mo T 2 a\ - .
¢ Jple—¢P’ Ble—¢P*
Lemma 3.3 If p > 0 and |t| are small enough then G : B, — B,,.

Proof. By (101)

#&) _ 1 — =N
/?e_f@wwokcwﬁﬂmsam+ﬂﬁ
B |9C §|

Let o > 0 to be fixed later. From (103) we have

e~
[ eS| <o
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if ¢t and £ are small enough. Also
IDB(0)¢ - B(§)| < CI¢P*,

and

[ w0 < cn

B

for some constant C. Thus if || < p and p is small we have
GO < C(p* + 1t +0p).

First fix o such that Co < 1. We can then fix p > 0 so small that C(p>*+0p) < £.
Then, for [¢| small, |G(£)| < p. O

Proof of Corollary 1.4. We have just constructed a solution ¢ € Cg:g‘ (B) of

(82), when ¢ = &(t). Change variables and let ¢(y) = ¢(z), where 2 = y+t)(y)
for y € ;. Then,

YO

1
A rE

Sy A n——— inQ
e + yn|xi£‘2 n 2y

| 2

Letting € = € + t(€) and ¢(y) = ¢(y) + In ‘liigz, the above equation can be

rewritten as \ (0
t
Ay = (ZQew— ( 22 in 0,
ly —¢ ly —¢
where we used the fact that A, lnﬁ = —%. Since v is bounded, it
follows by Corollary 2.4 and the fixed point characterization of ¢ that v is
continuous at y = £. Define the sequence (¢,,) by

b =6 (o= +E),  forye@imn@-§+E

Clearly, (1,,) converges pointwise to the constant ¥ (§). Also, v, solves

(104) —Awmzz—ﬂgf&%— A“Z in Q".
ly — &7 ly — &2
Away from y = §~ , the right-hand side in the above equality remains bounded.

It follows by elliptic regularity that up to a subsequence, (,) converges to 1/)(5 )
in the topology of C°°(R¥ \ {¢}). In particular, passing to the limit for y # ¢

in (104), we obtain
At) w0

= —€ ~ s
ly —£J? ly —&J?

whence 1(£) = In %. Since the solution u(t) of (4) we constructed is given by

u(t) =In ﬁ + 1), we just have proved Corollary 1.4.
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Proof of Theorem 1.2. We recall that if u € H'(2) is an unbounded solution
of (1) such that

/Q |V|? > )\/Q evp? for all ¢ € C5°(2),

then A = A* and w = w*. This result is due to Brezis and Vazquez, see [BV].
Given t > 0 small, let v = wu(t) denote the solution of (4) obtained in
2
Theorem 1.3. Since N > 11, 2(N — 2) < % and it follows from Theorem
1.3 that if ¢ is chosen small enough,

N —2)?

Hufln

/\(t)e \w—él(f)\2‘|L00(Qt) < (

Hence for ¢ € C§(£2),

A w 2 (N_2)2 902 2
(”/Qf s / PO S/RN Vel

in virtue of Hardy’s inequality. Hence, u(t) is the extremal solution of (4).

4 u* is bounded for some thin domains

Proof of Theorem 1.8. We assume by contradiction that for a sequence
€5 \. 0, we have u ¢ L*>(€);). Let M > 0 be a constant to be fixed later. By

J
continuity, we can select a number A; with 0 < A; < AZ such that the minimal

solution wu; of (8) with parameter \; satisfies

(105) maxu; = M.

€5

Define
v (y1,Y2) = uj(y1,€5Y2)-
Then v; is defined in Q and satisfies
(106) 7(€?Ay1 + A, ) = s?)\je”j in Q
v; =0 on 09,

where A, denotes the Laplacian with respect to the variables y;, ¢ = 1,2.
For some constant Cy we have

(107) P

Indeed, let pe denote the first eigenvalue for —A in Q. with Dirichlet boundary
condition and ¢. > 0 the associated eigenfunction, that is

—Ap, = pepe  in Q)
e =0 on 0€2..
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We normalize . so that [[pc||r2(.) = 1. Multiplying (8) by ¢. and integrating

by parts we find
ﬂe/ Ul pe = /\Z/ QU;@a
Q. Q.

Since e* > wu for all u € R, it follows that A} < p.. But changing variables
(x1,22) = (y1,€y2) we find

,U _ 1nf fQE ‘VSDP _ mf fQ ‘Vy1¢|2 + 5L2|vy2'¢|2
pecE @) Jo. 9P wecE @) Jov?
p#0 P#0

Fixing ¢ € C§°(Q2), ¥ # 0 we deduce p. < % Note that Cy = Co(Q2, N) does
not depend on M.
Next we show that for some constant C' independent of j

(108) Vvl oo (@) < C.

For this, using the uniform convexity of 2, find R > 0 large enough so that for
any yo € 0N) there exists zg € R such that the ball Br(2o) satisfies Q C Br(20)
and yo € 0Bg(z0). For convenience write for € > 0

Le =2Ay, + Ay,

Define ((y) = R% — |y — 20|? so that ¢ > 0 in Q and —L.¢ = 2eN; + 2N,
(this can be computed easily by shifting so that zy is at the origin and writing
|(y1,92)1* = |y1]* + |y2[?). From (107) we have the uniform bound 3\; < C. Tt
follows from (106) and the Maximum Principle that v; < C¢ with C independent
of j and yo. Since v;(yo) = {(yo) = 0, this in turn implies that

(109) |Vui(yo)l < C Yy, yo € ON.

Recall that the minimal solution u; is strictly stable in the sense that the lin-
earized operator w — —Aw — Aje"w has a positive first eigenvalue (ie. (2)
holds). By changing variables, the same holds true for the linearization of (106)
at vj, i.e. the operator w +— —L. w — S?Aje”jw has a positive first eigenvalue.
This implies that we have the Maximum Principle in the form: if w € C?(Q)
satisfies — L., w — E?/\je”fw =0in € then

max |w| < max |w|.
Q o0

Applying this to the partial derivatives of v; and using (109), we deduce (108).
By (105), (108) and (107) we can find subsequences, denoted for simplicity (v;),
(g5) and (X;), such that v; — v uniformly in © and e7\; — Ao > 0. Multiplying
(106) by ¢ € C§°(€2) and integrating by parts twice we find

_/glvj(E?Ayl(P"" Ayz@) = E?)‘j/gevj()p'
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Letting j — oo we obtain
—/ VA, @ = )\0/ e'p Yo e C5°(Q).
Q Q

Writing vy, (y2) = v(y1,y2) for (y1,y2) € RM x RN2 N Q, we see that for each
non-empty slice

le = {y2 € RN2 : (ylay2) € Q}a

we have

(110) { —Ay,vy, = Aoe™rin §y,

vy, =0 on 0§y, .

Let y; € Q denote the point of maximum of v;, that is, v;(y;) = maxgv; = M.
For a subsequence, y; — yo € Q as j — oo and since v; converges uniformly to
v, we have M = v;(y;) — v(yo). Since v|pq = 0, we must have yo € .

Let yo = (a,b) and observe that Q, is non-empty since yg € Q. Then
va(y2) = v(a, y2) solves (110) in Q,. Moreover maxg v, = M and v, is weakly
stable in the sense that

(111) o / e < / Vel?, Ve € C5°(Q).
Q Qo

a

To see this, let ¢ € C§°(Q,) and ¥ € C§(RM) be such that y = 1 in a
neighborhood of a and supp(x(y1)¢(y2)) C Q. By stability of u; and changing
variables we have

2\, / e () 2(y) < / o2V () + x(52)* | Vo (32) .

Letting j — oo yields
)\o/QevX(yl)z@(yz)2 < /QX(yl)2|V90(y2)|2~

Choosing a sequence i € C5°(R™M) such that xx = 1 in a neighborhood of a
and supp(xx) C B1/x(a) we obtain (111).

Let ygzn = min{y; : Q,, # 0}, yﬁ,}“)m = max{y; : Q,, # 0}. For any
yf,}”)n <y < y%t)w the slice €, is a smooth open non-empty set and hence for
the problem

(112) { —Ayv=2xe" in Q

v=0 on 0€)y,

there exists a number 0 < A}, < oo such that (see [BCMR, BV, Ma, MiP])



gelfand-davila-dupaigne.tex April 25, 2006 41

e if 0 < A < \j then (112) has a unique minimal solution vy, . Moreover
Uy, x is smooth and characterized as the unique semi-stable solution to
(112), i.e., the unique solution satisfying

A / ePnag? < / Vol?, Ve € G5 (Qy).
Q

Y1 le

If A > A; then (112) has no weak solution.

e If A = )}, then (112) has a unique weak solution vy and v; = limy ~x: vy, A

o If Ny <9 (recall that €, C RV2) then vy, is bounded.

We claim that for any A > 0 there exists M, > 0 depending only on Q and A
such that such for any yggn <y < yr(,}b,)m we have
(113) max vy, x < M.

Y1

That is, we assert that if we have some a priori control on A, the boundedness
of v i if h (1) )

yi 1 is uniform when y,.; < y1 < Ymaz -

Using (107) we have the bound A\g < Cy. Hence, choosing M = M), + 1 at
the beginning of the proof, (113) contradicts (105).
Proof of (113). The argument is the same as in [CR, MiP] but we shall
emphasize that the bound does not depend on yfizn <y < y,(ﬁ()m

For simplicity we write v = vy, ». Let 0 < a < 2 and multiply equation

(112) by e** — 1. Integrating in Q,, we find

(114) Qa/ 2| Vu)? = A
Q

6(204Jr1)v _ ev) ]
v1 Qyy

Using (111) with e*” — 1 yields

(115) )\/ eV(e™ —1)2 < a2/ e | Vul?.
Q

Y1 le

Combining (114) and (115) gives

(1 . g)/ e(2a+1)v < 2/ e(aJrl)v <2 [/
2
Q Q Q

Y1 Y1

a+1
2a+1
a+1

e(2a+1)v‘| |Qy1|17m )

Y1

For 0 < p < 5 we deduce the bound
lellzr,,) <C

with C independent of ygzn <y < yﬁiix
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In dimension Np < 9, we thus have [e”|[1r(q, ) < C for some p > N»/2.
Recalling (112), this shows that [[v][1=(q,, ) < C and the constant is indepen-
(€]

1) . , . .
in < Y1 < Ymaz, as can be seen using Moser’s iteration technique

and working on a large ball U such that ,, C U for all ygzn <y < yéﬁw,

considering all functions on €2, to be extended by zero in U \ ©,. ¢

dent of y
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