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Introduction

Enumerate the number of solutions of a geometric problem ?

How many lines intersect four given lines in 'general position’ ?

Answer : Two. But how do we do this?
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Hermann Schubert found a way of doing such calculations with
symbolic notations. The letters represent some kind of
condition and we doo 'boolean’ calculus with these notations.

Introduction

In a 'configuration space’, if x denotes a condition on elements
of this space and y denotes another condition, then x + y is
the condition that x OR y is satisfied, and x - y is the condition
that x AND y are satisfied.
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In this way, one can write a given condition in terms of 'basic
conditions’ and eventually get the number of solutions to the
problem given in the first place.

Introduction

This is called Schubert calculus.

Gives amazing results : There are 3264 conics that are tangent
to 5 given conics !

Rigorous foundations of this? Hilbert’s problem 15!
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Figure — The 27 lines contained in the Clebsch cubic
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Notation Condition Dimension
First example : N N N
the projective p the point lies on a given plane 2
space P N . . . A
’ Pg the point lies in a given line 1
P the point itself is given 0

We have the formula
p*> = pg.

But for this, the planes must be in 'general position’. We note
a fruitful ambiguity here...
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First example : .
the projective In the same way, we get the following formulae :

space P3

p> = ppg, ppg =P, p>=P.



Setting the stage

e Consider the Grassmann variety G := G(1,3). This is the set of
Schubert lines in P2 and it is a smooth projective variety over C. It also
PRSI  Can be seen as the set G(2,4) of 2-planes of C*.

Choose a flag P C g C e C P3.

Basic conditions on lines :

Second

e Notation Condition Dimension
S anii g the line cuts a given line 3

Ze the line lies in a given plane 2

8p the line contains a given point 2

gs the line belongs to a given pencil 1

G the line itself is given 0

Let Qg (resp. Qe, Qp, Qs and Qg) the set of lines satisfying
condition g (resp. ge, &p, & and G).
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pamenss  \\/e have the following diagram of inclusions

Second

P
example : the QG — Qs Qg I g
e

S
of lines in P*

Q
grassmannian \
Q

and this is a (minimal) cellular decomposition of G.
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grassmanniajn
of lines in P°

Figure — Schubert cycles Q, €., 2, and €,
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First write g2 in terms of basic conditions.

Take g and g’ two lines in general positions. With the
notations above, one has

Second
example : the

grassmannian Qg m Qg/ f— QP U Qe.

. . 3
of lines in P*

Then, we get (since intersections are transversal) :

g2 =g +g (1)
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example : the
grassmanniajn
of lines in P°

Figure — How to see that g% = g + g,




The four lines problem 'solved’
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88p — 8s, BBe = 8s; 88s — G.

Multiplying (1) by g, we get
Second

example : the g3 = g8 + ggp — 2g57

grassmannian
. . 3
of lines in P*

Multiplyging by g again, we obtain
gt =2gg. = 2G.

This means that there are 2 lines that cut two given lines in P3.
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There is a fundamental principle in Schubert calculus, called
the Principle of conservation of number.

It says that the number of solutions to an enumerative problem
Second remains unchanged when the parameters vary, provided that

example : the

grassmannian the number Of SO|Uti0nS |S Stl” f|n|te

. . 3
of lines in P*

... a bit like the number of roots of a (one variable) polynomial
is unchanged when the coefficients vary, provided that it
doesn’t become zero.



Prinzip der Erhaltung der Anzahl
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tangent spaces and transversal intersections... We apply it to
the following moderately degenerate case :

Arthur Garnier

Second

example : the
grassmannian
of lines in P?




Algebraic topology flavour
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If X and Y are 'condition loci' in a configuration space (like
Second Qg C G above for instance) and if [X] and [Y] denote the

example : the

grassmannian symbolic notation for conditions, then one has (in general

. . 3
of lines in P*

position)
X]-[Y] =[x V],

This lets us guess that cohomology and intersection theory
have something to do with it!
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(LU Let X € Top be a topological space. Take, for n >0, C,(X,Z)
to be the free abelian group generated by singular simplicies

o: A" — X.

These can be turned into a chain complex using differentials
On: Co(X,Z) — Ch—1(X,Z) and the homology of this, written
H.(X,Z), is the singular homology.

Cohomological

Jjustifications

Applying the Hom functor to C.(X,Z), we get a cochain
complex C*(X,Z) = Hom (C.(X,Z),Z) whose cohomology is
the singular cohomology H*(X,Z) of X. This gives a functor

H*(—,7) : Top — Apsraded,



Reminder on singular cohomology

Enumerative

geometry & fimRLe
e Definition

calculus

There is a product
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—U~—: H(X,Z) x H™(X,Z) = H™™(X,Z),

called the cup product.

This makes H*(X,Z) into a graded Z-algebra. This additional
law gives the cohomology a richer structure and it's a finer
invariant than cohomology seen as a graded abelian group.

Cohomological
Jjustifications

Thus, we get a functor

* raded
H*(~,Z) : Top — AlgEeed.
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Is there a link between homology and cohomology ?

In fact, if M is a real C*-manifold of dimension n, under
certain technical hypothesis (closed, compact and orientable),
then one has the Poincaré duality : there are isomorphisms

Cohomological V0 < k < n, Hk(M,Z) E) Hn_k(M,Z).

Jjustifications

In particular, this holds for complex projective algebraic
varieties...
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Cohomological
Jjustifications

Fundamental class of a subvariety

Definition

If X is a smooth projective variety, and V is a closed irreducible
subvariety, then there is a fundamental class

[V] & H2dim V(X,Z).

This is a canonical generator of Hpgim v(V/,Z).

Using Poincaré duality, we get a dual class [V]* € H*(X,Z),
where ¢ = codimx (V). This will be crucial in what follows.



Vector bundles and characteristic classes
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Given an algebraic variety X, a vector bundle & of rank r on X
is a triplet £ = (E, p, X) with E and p algebraic, p surjective
and 'locally trivial’, such that, for all x € X, p~1(x) is a
C-vector space of dimension r.

Arthur Garnier

Coromatoned The tautological bundle 7, on P” of rank 1 : take
petiiosill £ = {((,x) € P" x C™; x €} and p :=pry : (£, %) — L.

.

Definition

A section of a vector bundle £ = (E, p, X) is a morphism
s : X — E such that pos = idx.

A\




Vector bundles and characteristic classes
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B To 2 vector bundle & of rank r on an algebraic variety X, one
can associate Chern classes (that are characteristic classes)
ci(€) € H¥(X,Z) for 0 < i < r, characterized by the following
properties :

x (&) =1,

* For f : Y — X continuous, we have ¢;(f*(§)) = f*(ci(€)),
P « If €= & @€, then c(€) = Ty Gi(E) U (€7,
* If 7, is the tautological line bundle over P", then

c1(tn) = [H]*, with [H]* the dual class of the hyperplane

P and ¢i(7,) =0 if i > 1.
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Let £ be a v.b. of rank r over X.
* The Euler class of & is e(&) := c,(£).

* The Segre classes of ¢ are the classes s;(¢) € H?(X,Z)
_ such that s(§) := Y, si(§) is a formal inverse of the total
Pr Chern class c(§) := >, ci(§).




The cohomology ring of G = G(1, 3)

Enumerative

geometry & Let n = (E, p,G) be the tautological bundle over G, with
A E={(l,x)eGxC*; xe(} and p = pr;y.

B \\Ve have its Chern classes ¢; := ¢;(n) € H%(G,Z) for

0 <i <2, and its Segre classes s; := sj(n) for 0 < j < 4,

intertwined by the equation

l+a+ca)l+si+s2+s3+s)=1

Cohomological
Jjustifications

This gives
51 = —a,
So = C12 — C2,
S3 = 2C1C — c13,
ss=cf —3cicr+c3
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Enumerative
geometry &
Schubert
calculus

Arthur Garnier

We have an isomorphism of rings

H*(G,Z) ~ Zle, e} /(cf’ —2c100,C3 — c2cp)-

Cohomological
Jjustifications



Cohomological translation of geometric conditions

et Recall the notations g, ge, 85, 8s, G and the corresponding

Schubert subvarieties g, Qe,Qp, Qs, Q6. We aim to find the dual classes
of these subvarieties, called the Schubert (dual) classes.

Arthur Garnier

Let's investigate the case of Q4. Choose a basis (v1, v», v3, v4)
of C*, g := Vect(v1, v») and g the associated trivial v.b. or
rank 2 on G. If e = G x C* is the trivial bundle, then n—e
and let

pin—e—» 5/§
If X(¢p) is the singular locus of ¢, i.e.
4
Y(p) = {EGQ’; ker(cpvg:é—)C /g) #0},

then we see that

Cohomological

Jjustifications
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R |f \2() is the second exterior power of ¢, then

N(p) € Homs, (N() A2 (= /)

~T (g,/\z(n)* ® A2 (E /g)) ~ (G, N(n)").

If s, : G — E(A?(n)*) is the corresponding section, then one
Cohomological has

Jjustifications

Q, = £(p) = 5, (0).
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GRERSRER  /n this setting, one has
[s; ()] == PD([s;;* (0)]) = e(A*(n)").

This is the link between geometry and cohomology that we
need here!

Here, this finally leads to
Xg = [Q]" = [E()]" =[5, (0)]" = e(A*(n)")

= a(\(n)") = —a(\*(n) = —a(n) = si.

Cohomological
Jjustifications



Cohomological translation of geometric conditions
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In a similar fashion, we can compute the other Schubert classes
and obtain the following recapitulation :

Symbolic notations || — | g | & | 8 | &s G
Schubert cycles G| Q| Q2 | Qe | Qs | Q¢
Cetiwalegiel Schubert classes 1| s1| s | | sie c22

Jjustifications




Finally, a girl is no one...
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We recover the fact that two lines cut four given lines in
general position : If the four lines gi,..., g4 are in general
position, that is they meet transversally, then we have that the
cup product is Poincaré dual to intersection, i.e.

Arthur Garnier

[le n---N Qg4]* = [Qg1]* U---u [Qg4]* = ([Qg]*)4 = X;

whence, by the previous computations,

Cohomological

Jjustifications

Xg =5t =cf =2cc =2c3 = 2X¢

hence the result.
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Recall that a Lie group K is a C*°-manifold, endowed with the
structure of a group, such that the map K x K — K,
(x,y) = xy~ ! is a smooth map.

Arthur Garnier

The Lie algebra of K is the tangent space t := T.K.

Take K a compact connected semisimple Lie group, T a
maximal torus (i.e. a maximal subgroup isomorphic to (S)").
Let G be a complexification of K, and B a Borel subgroup of
G. By lwasawa decomposition, one has a diffeomorphism

Relationship
with flag
varieties of Lie

groups G/B ~ K/T,

and this is called the flag variety of K (or G). This is a smooth
projective variety.
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If K= SU(n), then T ~ (S!)", G = SL,(C) and we can take
B to be the upper triangular matrix group. Then

G/B ~ F{,

where

Sietlstz;n;hip Fl = {(Fl, 500 Fn) : Fi C (Cn, F; C F,'+1, dim F; = I}
varieties of Lie

groups



The Weyl group and Schubert classes
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Definition
With the above notations, let

W = Nk(T)/T.

Arthur Garnier

It is a finite group, called the Weyl group of K. It is a Coxeter
group. )

It acts naturally on K/ T, as well as on the root system of K.

Relationship
with flag
varieties of Lie

G The Weyl group of SU(n) is the symmetric group &,,.
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G Ve have the Bruhat decomposition

G = |_| BwB,
weW

hence, we also have a decomposition

G/B= || BwB/B.
weW

Relationship
with flag Furthermore, we have an isomorphism of algebraic varieties
varieties of Lie
groups

Yw e W, BwB/B ~ C{"),
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Relationship
with flag
varieties of Lie

groups

The Weyl group and Schubert classes

Definition
The (Zariski) closure of BwB/B in G/B, written Y,, = BwB/B
and is called the Schubert variety associated to w € W.

This is a closed irreducible subvariety of G/B, and if
= [Yy]* € HAK(G)-Uw))(G /B, 7Z) is the dual class, called
a Schubert class, then

H*(G/B,Z) = € Z(X

weW

'Same’ problem as for G : decompose products of classes into
a linear combination of elementary classes. This is the structure
constants problem.
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Relationship

with flag
varieties of Lie
groups

Grassmanians as incomplete flag varieties

If P is the stabilizer of a k-vector subspace of C”, then one has
G(k,n) ~ GL,(C)/P.

Such a P is a maximal parabolic subgroup. It contains a
conjugate of B. In general, a parabolic subgroup of G is a
subgroup that contains a conjugate of the chosen Borel.

Definition

In the general setting, the variety G/P is projective; and is
called an incomplete flag variety.

The Grassmannian is thus an example of partial flag manifold,
hence the name Schubert calculus for the geometry of G/B
and, more generally, G/P...
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Relationship
with flag
varieties of Lie
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