ON THE ENDOMORPHISMS OF THE CELLULAR HOMOLOGY
COMPLEX Kg,(R) AND ITS GEOMETRIC DECOMPOSITION

ARTHUR GARNIER

ABSTRACT. We use computer algebra techniques on the endomorphism algebra of the
complex Ke, (R) in order to find a geometric decomposition of it.

1. RING THEORETIC BACKGROUND

Fix a field k£ and a k-algebra A and recall the following basic facts about local rings and
idempotents :

Lemma 1.1. [DK80, Lemma 3.2.1] If I is a nil-ideal of A, then every idempotent of A/I
can be lifted in a unique way into an idempotent of A.

Theorem 1.2. [DK80, Theorem 3.2.2]
The following are equivalent

i) there is a unique maximal (right or left) ideal in A,
i1) the regular (left or right) A-module is indecomposable,
i11) the non-invertible elements of A form a (right or left) ideal,
iv) the algebra A/rad (A) is a division ring.
Under these assumptions, A is said to be a local algebra.

Recall further that, in a ring R, a decomposition of the identity is a collection eq,..., e,
of idempotents of R such that e;e; =0if ¢ # jand ey +--- 4+ €, = 1.

Proposition 1.3. [DK80, Theorem 1.7.2]
For an A-module M, there is a bijective correspondence between decompositions of M as
direct sum of submodules and the decompositions of the identity in the algebra End 4(M).

Corollary 1.4. An A-module is indecomposable if and only if its endomorphism algebra
does not have non-trivial idempotents.

Corollary 1.5. For an A-module M, if End o(M) is local, then M is indecomposable.

Lemma 1.6. (Fitting, 1935) [Zim14, Lemma 1.4.4] Let A be an algebra over a commu-
tative ring, M a noetherian and artinian A-module and u € End 4(M). Then, one has a
decomposition

M=N®a&S,
where uy € End (N) is nilpotent and ujg € End (S5) is an automorphism. Furthermore, one
may take N = ker(u™) and S = im (u") for n > 0.
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Corollary 1.7. If M is an indecomposable noetherian and artinian module over A, then
every endomorphism of M is either an automorphism or is nilpotent.

Corollary 1.8. If M is an indecomposable noetherian and artinian A-module, then End 4(M)
1s local.

Corollary 1.9. Over a noetherian and artinian k-algebra A, a module is indecomposable if
and only if its endomorphism algebra is local.

Remark 1.10. One may note that every result above (except the first two) generalize to
objects in an arbitrary abelian category. We shal apply them in the category of complexes

over the right A-modules : Ch,(A) := Ch(Mod — A).

2. GEOMETRIC DECOMPOSITION OF Kg,(R)
Recall that the cellular homology complex we have found for &3 acting on the real points
X (R) reads
d: d d
Ky ) = ( Zlal! "~ zigal - 2l - 206 )

where
dlz(l—sa 1—sg 1—w0),

—1 1 1 Sa wo — SaS8  SB — SBSa
dy = | g5 — 538 Sa—1 —wp wo 54583 5453 ,
83 8358  Sa—1 Sasg—wo —53 585a
0 Sa 0 1
—588q 0 —wo 0
o 0 588« 1 0
ds = 1 0 0 5854
—54838 Sasg 0 0
0 0  sa8g —Sasp

First, we simplify this complex a little bit. For ¢ € &,, define the permutation matrix
P = (5i’g(j))1§i7j§n and let

P := P(615)(364), P .= P(434), Q := diag(—ssSa, —1, $g5as 58, —Sg, —1), Q' := diag(wo, —sass, —1,1).

Then, set
1i=di=(1-sa 1—53 1—wp),

1—sg -1 wo 1 —wyg 53 -1
/2 = dQP_lQ: -1 1— s, S3 Sa 1 —wo Wo ’
Sa —588¢ 1—sg3 wo -1 1— s,
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So 1 0 0

S 0 0 wo
/. —1 Y Sﬁ 0 _1 0
dy:=Q P P'Q = 0 0

0 1 s 0

0 1 0 -1

and

L (R) = ( 23]t~ 7[65]6 —m 7(5)7 —m 7(655] ) .

Then, we have an isomorphism (P'Q’, P7'Q,1,1) : K, (R) = K, (R) in Ch,(Z[S3]).

Definition 2.1. For an finite group G, we say that a complex C in Ch,(Z[G]) is geometric
if all of its homogeneous components C; are free Z[G|-modules of finite type over Z.
Furthermore, we say that C = C' @ C? is a geometric decomposition of C, if C! and C? are
geometric and if one of them is homotopy equivalent to zero in Ch,(Z[G]). Finally, C is
said ti be geometrically indecomposable if no such decomposition exists.

Remark 2.2. The interest of such definitions relies in cellular decompositions. Indeed,
we see that a cellular homology complex of a free (right) G-space is a geometric comple.
Furthermore, if we can build a cellular ”sub-decomposition” of the decomposition we started
from, then the corresponding complex admits a geometric decomposition. Hence, a geometric
decomposition of a cellular homology complex tells us what are the possible properties of a
potential cellular decomposition sith less cells. Moreover, over a field k, it is unreasonnable
to hope for a cellular homology complex to be indecomposable in Ch,(k[G]), since the reqular
module k[G] (hence every free k[G]-module of finite dimension over k) splits into irreducible
representations of G over k.

We shall now geometrically decompose K := IC’63 (R) into geometrically indecomposable
summands. To do this, we have to search for idempotents in End Chr(Z[63])(IC)‘ Since
group algebras over rings are nasty, we tensor it with a field £ and look for idempotents
in End ¢, (&) (FK), where kK := K ®z k. Then, we try to use the decomposition over
k[S3] to build one over Z[S3]. The natural field to look at in the first place is k = Q. The
strategy is the following (the code is written at the end of this paper):

(1) Implement the algebra End ¢y, (g[e,)) (QK) on GAP 4 ([GAP19])
(2) Seek for idempotents in it (by investigating a basis, or the central primitive idem-
potents...)
(3) For each idempotent e € End oy, (g[es))(QK), compute K° := ker(e) and K' :=
im (e), in such a way that QK = K% @ K1,
(4) See if the complexes above are geometric and if one of the two is homotopic to zero.
(5) Lift, if possible, this decomposition to Ch, (Z[S&3)).
In fact, in (2) above, we could take an endomorphism u which is non-invertible, as well as
1—wu. Then, since objects have finite length in Q[S3] (thats why we have to deal with fields),
there is an n > 0 such that for m > n, one has ker(u") = ker(v") and im (¢™) = im (u™).
Then, we can set K? := ker(u") and K! := im (u") in (3).
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Define
0 0 0 000
00 0 0 0 0 0 000
oo 0o o A o =ss we 000
U0 0wy ses | € Pz B, wi= g T g 0 0
00 0 0 0 1 —s455 0 0 0
0 0 0 000
and

u = (u,uz,0,0) € End ¢y, (zs4)) (K),
(it was found in the basis of the endomorphism algebra over Q

). Then w is obviously
non-invertible, as well as 1 — u since 1t(O 0 14wy O) € ker(1 — ug

). Observe that

0 0 0 0 00

000 O 0 0 0 0 00

o000 o] 0 —sgsa 100 0
3710 01 so |7 2|0 s —wg 0 0 O
000 O 0 Sa —-sg 0 0 0

0 0 0 0 00

and hence, e := u? is an idempotent endomorphism and therefore X = ker(e) @ im (e).

Denote 63' the ”simplified” cells such that
IC3 = Z[Gg] <€“;’, e ,ei> >~ 2[63]4

ICQ = Z[Gg] <6%, e ,e%> >~ Z[Gg]ﬁ

K1 =Z[83] (e}, €3, e3) ~ Z[S3]?

Ko = Z[S3] (°) ~ Z[&3]
with &3 acting on the right on the cells eé.

Define K* := ker(e) and K' := im (e). We see then K§ = Z[S3] (e}, €3, e3s, — €3) and
K5 = Z|S3] (€3, €3, ek, e, €5 + e3spsa). Let f§ = e3sq — €} and fZ = €3 + e3spsa. We
compute

\

1003y 2 2 2. . 2
d3(e3) = —e3 — eqwo + €558 =: g
and since u3(e3) = e, we obtain

Ki = ( 2[&3) (e3) — > Z[&3] (gB) —= 0 —0 ) :

where the first map sends e§ to gg. In order to get the induced differentials of K¥, we
compute
dy(f§) = dy(e3) + dy(e3)spsa = ei(sp — 1) + €3 — €35a

and
dy(f3) = dy(€3)sa — ds(e}) = — fiwo + €i(sas8 — wo) + 35550 + €
and hence
o A &1 =d"
’Ck_<IC§ > K —> Ky — 1/C0>,
where IC’§ = 7Z[63] <e‘z’,e%,f§’>, Kk = VAIGH <e%, fg,ei,eg,e@ and
So 1 0
1—s3 sg—1 1—wyg 83 —1 Sq O —wo
=1 -1 1 Sa l—wo wo |, =10 0 sus5—wo
Sa —Sa wo -1 1—s4 0 1 588a
0 1 1
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Furthermore, the identity of complex K’ is easily seen to be homotopic to zero, and hence
K* is homotopy equivalent to zero. Therefore, the decomposition

K=KxFeoK
is geometric.
Now, we continue with K’ := K¥ instead of K. Define

$38a 0 0 0 O
sasg wp 0 35 0 0 0 O
ué = 0 0o 0], u/2 = 0 00 0 0],
0 0 0 0 0000
0 00O
u' = (uh,uh,0,0) and € := (u')3. Then (¢')? = ¢’ and
100 0O
1 s O 100 0O
W)3=10 0 0], @);=|[00000].
0 0 O 0 00 O0O
000 O0O

We have K’ = ker(e’) @ im (¢/) and, defining g2 := (e? + f&)sq = 94(e3), we get
(’C/)z = 1im (e/) = ( Z[Gg] <€§’> — Z[Gg] <g%> —0——0 ) ,

where the first map sends €3 to g2. If we let f} := e$s, — €3 and compute

O5(f7) = 0(€])sa — G4(e3) = f5 — €3 — €3,
then we obtain

1

5 6// 6//:d/
K" := (K')* := ker(¢') = (/cg s K = K —— IC())

where Kf = Z[S3] <ff’,fg’>, Ky = Z[S3] <fg,e?l,eg,e%> and

1 —w
sg—1 1—wy sp -1 B
5&/ = 1 Sy 1—wp wo , 5g _ _01 Sa‘iﬁ . wo
—Sa wo -1  1-s54 1 61 @
Finally, define
1 000
v (1 —wo » 10 000
“3'<0 0)’ 271100 0]
-1 0 0 0

e = (uf,u},0,0) . Then (”)? = ¢” and we have K" = ker(e”) @ im (¢”). Letting g3 :=
—fewo + €3(sasp — wo) + €2s5sa + €& = 84 (f3), we get

(IC//)i = 1m (6//) = ( Z[Gg] <fg’> —_— Z[Gg] <g%> ——0——0 ) ,
where the first map sends f3 to g5. If we let f3 := f} + fowo and compute

83 (f3) = 05 (f2) + 05 (f§)wo = €3(s5 — 1) + €3(sa — 1) + eg(wo — 1),
then we obtain

s1=d,
KO = (K")* := ker(e") = (/Cg i K9 o K1 = Ko )
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where KY = Z[&3] (f3), K3 = Z[S3] (€3, €2, ¢§) and

1 —wg 83 -1 sg—1
52 = Sa 1-— wo wo y 53 = Sa — 1
wo -1 1—s4 wy — 1

Moreover, we have isomorphisms of complexes
K~ (KN~ (K ~ Z(3) = (Z[Gg} L Z[63] —=0—0 >

and hence these complexes are homotopy equivalent to zero (we denote by Z(j) the complex
with idz[s,) between degrees j and j —1 and 0 everywhere else).  The trick of using GAP

to find idempotents doesn’t give any new decomposition over Z. The other idea is to try
to express the degree 2 differential as a block matrix, using manipulations on rows and
columns, in a ’Smith normal form’ fashion. Of course the Smith normal form doesn’t make
sense in M3(Z[S3]), but one could use the same manipulations. For short, let

1 0 0 0 0 wo
L=|-1 —wy 0|, C:=|0 s3 —sasg
-1 =584 Sa -1 1 —1
and
~ _ 0
6 =0 L1 (0 5083 —1 54— sa55) , 03:=C"155 = 585 —1 |,
585q — W
_ 1 0 0
0 :=LoC = [0 —1—5g5q,+53 —S3+ 80 —5a53+1
0 —1—wy 2+ 8q — Sass
Then, we have an isomorphism
1
2[63] 2> 763 —2 - Z2[6s)F - 7[6s]
or s
Z|G3] — Z[G3]? —— Z[63]3 —— Z[G3]
53 02 51
and this list complex is isomorphic to (we abuse the notations)
Kla 2(2),
with K1 given by
1. 53 2 52 2 o1
Kl:=| Z[63] —= Z[G3]* —— Z[S3]* —— Z[G3)]
where
< _ B <~  (sg—885a—1 54 —83—Sasg+1 <~ [ $8Sa—1
51_(56“85 1 sa sa35), 52_( —1 —wo 2+ 54 — 553 » 03 = $85a —wo )’

We can simplify this a bit further : write P := <_01 D and @Q = <_$8‘8'B (1)>, then
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we have

2(65] — 2S5 2 2[5 o 7Sy

lwo i” lQ l
2[63] *1> Z[63]2 *1> Z[63]2 *1> 2[63]
é‘3 52 61
and then we let

1. B B 1. [SaSg+ 885« — wo sg—1— 354,583 1. fwo—1
61 T (wo Sﬁ ]. Sfj), (52 «— ( 1+w0 1—|—sa—5a3ﬂ—w0)’ 63 «— < 3

and

Kt = (Z[eg] O g 2 zies2 s 26y ) |

We now claim that the complex K! is geometrically indecomposable. To see this, we
can have a look at elementary invariants of matrices. Recall that we have the canonical
basis B := {1,504, 58,5058, S350, Wo} of Z[G3] and we denote by Mat‘(w) the matrix of
the left multiplication by w in the basis B. For a given homomorphism of right Z[&3]-
modules Z[G3]™ — Z[G3]™ if it is represented in the canonical basis B of Z[&3] by the
matrix d = (d;j)ij € Mp,m(Z[63]) and if we decompose d; j == ), e, di’;w € Z[S3] in B,
then denoting d,, := (d;f’j)i,j € My, m(Z), then the corresponding homomorphism of abelian

groups Z%™ — 75" is represented (in the canonical basis) by the matrix

Kro(d) := Y  dy ®x Mat!(w) € Men 6m(Z),
weS3
where ®x is the Kronecker tensor product of matrices.
Here, it may be computed that the elementary invariants of the matrix Kro(83) are 1 and
0, apprearing five times each, and 2 appearing twice. If one could remove again a geometric
factor, it would only be Z(2) and this would imply that 1 appears at least six times in the
invariants of Kro(d3), which is not the case.

Remark 2.3. It could even be computed that there is exactly one geometric dcomposition
of K' over F3 and that no such decomposition exists over Fy. One can also see that there is
no complex of the form Fa[S3] — Fa[S3] — F2[S3] — Fo[S3] with the required homology.

In a cohomological purpose, we will just rewrite slightly the complex K° above, by ex-
changing the first two columns of d2 (and hence the first two rows of d3) and this gives

83 1—wy -1 So — 1
51:(1—sa 1—sp 1—w0), do=|1—wy Sa wo , 03=1s3—1
-1 wy 11— sq wo —1

Remark 2.4. Using GAP, we may compute the dimension of the endomorphism algebra of
the above complexes :

dimy (End oy, ([s5)) (KK)) = 187 + 02 char(k)
dimy,(End ¢y, (k[s,)) (FK')) = 133 + 02 char(k)
dimg(End o, (r[e,)) (KK")) = 91 + 62 char(k)

dimy, (End o, (kje,]) (KK")) = 61 4 0 char(s)

dimy, (End ¢y, (ke,]) (BK')) = 31 + 02 char(k)



ARTHUR GARNIER

The discussion above leads then to the

Theorem 2.5. If we denote

29) = 2l - Ziee] —0—0 ) . 22)i= ((0—Zies] -zl
and
k0= ( ziga] -zl -zl - zl] ).
with
83 1 —wg -1 1— s,
(51:(1—5a 1—sg 1—w0), 0o = | 1—wy Sa wo , 03=|1-s5],
-1 wo 1— s, 1—wy
then we have a geometric decomposition
ICG:, (]R) ~ Y D Zz93,
Furthermore, denoting
1 5 5 % 2 0
K=\ Z[63] —=Z|G3)* ——= Z|&3]* —— Z[53]
with
1. B B 1. [Sasg+ 885a — wo sg—1— 354,583 1. fwo—1
Oy = (wo—sp5 1-sp), 52'_< 14+ wo 1+8a—3a33—w0>’ 53'_<sa—1 ’

then the complex K' is geometrically indecomposable and we have
K'~Kle 2(2).
In particular, the induced decomposition
Ke,(R) ~K'® Z(2) @ 2(3)%

is a complete geometric decomposition of the cellular homology complez of X (R).

Corollary 2.6. With the above notations, one has

Z if i=0
Z/27.7/2Z if i=1

Vi >0, H;(K') = Hi(K") = H(X(R),Z) = 0 if i=2
Z if i=3

0 if >4

Moreover, denoting Ho,(Z[&3)]) the homotopy category of complexes of right Z|S3]-modules,
one has isomorphisms of algebras

End f1,, (z(e)) (Ke; (R)) ~ End 11, (z(e,)) (K7), Vj =0, 1.

Corollary 2.7. If, for a given chain complex C we write C°P for the cochain complex with
homogeneous components (CP)* := C_;, then the dual complexr (K°)V := Hom (K°, Z[S3))
with differentials 6; = Hom zg,)(6;, Z[S3]) is a cochain complex isomorphic to (K°)P and
computes the cohomology of X (R).
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Proof. It is known (see [Hat02, Theorem 3.5]) that the cellular cohomology complex is given
by the dual of the cellular homology complex. Hence, we only have to show that

*Kro(8;) = Kro (*6;) , Vi € {1,2,3}.
This is a general fact : the above relation holds for any matrix with coefficients in Z[G] (G
a given finite group) if every entry of the matrix is a linear combination of g € G such that
g% = 1. Indeed, if Mat’ (g) denotes the matrix of the left multiplication by ¢ in the canonical
basis of Z[G], then "Mat’(g) = Mat‘(g~"). Hence, if M = (m;;)ij € Mpm(Z[G]), with
mij =Y, mi ;g and my = (m{;)i; € My m(Z), then, by assumption, m{; = 0 if g> # 1
and hence
def
'Kro(M) = Z ¢ (mg ®K Mate(g)) = Z fmy@xMatf(g) = Ztmg@)KMatf(g) = Kro (‘M) .
geG g2=1 g

Now, a glance at how the differentials of K° were defined in the Theorem finishes the
proof. O

3. THE HOMOLOGY OF X (R)/G3

We may use the complex K! defined above to compute the homology of the quotient space
X (R)/G3, which is in fact a smooth compact 3-manifold, since the action of &3 on X (R) is
free.

First, recall some lemmas

Lemma 3.1. Let G be a finite group, Z a free G-CW-complex and 7 : Z — Z/G the
quotient map. If e C Z is a cell, then we have a homeomorphism

e 7(e).

In particular, m(e) is a cell in Z/G.

Proof. To fix ideas, we assume that G acts on the right on Z. Define

fieUJeo

geG

and ¢ : e — f the natural inclusion. We claim that the following map

ro f — e

zg (r€e) — w

is well-defined, continuous and defines a retract of «. To see that it is well-defined, assume
that g = yh for z,y € e and for g, h € G. Then ehg~' Ne # () and since the decomposition
is G-cellular, this implies ehg~! = e and, since the action is free, this gives ¢ = h and hence
x = y. Next, if U C e is open, then 7~ 1(U) = |_|g Ug is open in f and it is clear that
r ot = id,, and this is our claim.
Now, f is a free G-space with quotient map |, so by the universal property of the quotient,
there exists a unique 7 : f/G — e such that romy =r. We may also take 7 := my o and we
get that 7 and 7 are homemorphisms, inverse to each other. Hence, we get homeomorphisms

e f/G=n(f)= ] nleg) = | n(e) = n(e).

geG gelG
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From this, we deduce the

Corollary 3.2. If G is a finite group and Z is a free G-CW-complex with cells {eg, e €
E, g € G} (E is a transveral for cells) and w: Z — Z/G is the quotient map, then Z/G is
also a CW-complex with cells {m(e), e € E}.

Proposition 3.3. If G is a finite group, Z is a free G-CW-complex and Ko € Ch,(Z[G]) is
the cellular homology complex of Z, then the induced cellular homology complex of Z/G s
given by Ke @z Z.

Proof. This is obvious, by definition of the induced cellular structure on Z/G. O

Lemma 3.4. For a finite group G, denote aug : Z[G]| — Z the augmentation homomorphism
defined by

aug Zagg ::Zag.
g

geG
If we have a homomorphism of right Z[G]-modules f : Z[G]™ — Z[G]", identified with its
matriz in the canonical basis, then the matriz of the induced homomorphism f ®zq) idz, :
Zm — 7" is given by the matriz aug(f), computed term by term.

Proof. This is straightforward calculation. ([

Proposition 3.5. The cellular homology complez of the induced cellular structure on X (R)/S3
s given by

Ks,(R) Rzjes L = (Z4 d3®id 76 da®id 73 d1®id Z)

where
0 1 0 1
-11 1 1 0 0 _01(1’_118
d1®id:(0 0 O), d®id=10 0 -1 1 1 1], d3®id= 1 0 0 1
1 1 0 0 -1 1 11 0 o
0 0 1 -1
In particular, this complexr reduces to the simpler one
z-2s>7-2-7-2-17
and the homology of X (R)/S3 is the given by
Z if 1=0
Z)2Z if 1=
Vi >0, Hi(X(R)/G3,Z) = Hi(Kg;(R) ®z(s,) Z) = 0 if 1=
Z if 1=
0 if 1>4

10
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Proof. The computation of the differentials d; ® id is direct. Next, the reduction of the
complex Kg,(R) to K gives that Kg,(R) reduces to

2 )
0o 2 0 7

°.7

K'®ge,Z=| Z

and this complex is easily seen to be isomorphic (in Ch(Z)) to

<o z-1t-7 Z)@<Z 0.7 2.7 0 Z>,

hence the result. O

REFERENCES

[DK80]  Yurij Drozd and Vladimir Kirichenko. Finite dimensional algebras. Springer Ver-
lag, 1980.

[GAP19] The GAP Group. GAP — Groups, Algorithms, and Programming. Version 4.10.2.
2019. URL: https://www.gap-system.org).

[Hat02]  Allen Hatcher. Algebraic Topology. Cambridge University Press, 2002.

[Zim14]  Alexander Zimmermann. Representation theory - A homological algebra point of
view. Springer, 2014.

11


https://www.gap-system.org)

	1. Ring theoretic background
	2. Geometric decomposition of KS3(R)
	3. The homology of X(R)/S3
	References

