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Mackey functors (Green)

A Mackey functor M for a finite group G consists of the following data:

for H ≤ G , an abelian group M(H).

for H ≤ K ≤ G , a restriction homomorphism rKH : M(K )→ M(H)
and a transfer (or induction) homomorphism tKK : M(H)→ M(K ).

for g ∈ G and H ≤ G , a conjugation homomorphism
cg ,H : M(H)→ M(gH).

These data are subject to transitivity conditions, triviality conditions, and
compatibility conditions
Mackey functors for G form an abelian category Mack(G ).
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Biset functors

A biset functor F consists of the following data:

for each finite group H, an abelian group F (H).

for any pair (K ,H) of those finite groups and some finite
(K ,H)-bisets U, a group homomorphism F (U) : F (H)→ F (K ).

These data are subject to the following conditions:

1 if U ∼= U ′ as (K ,H)-bisets, then F (U) = F (U ′).

2 if U = U1 t U2 as (K ,H)-bisets, then F (U) = F (U1) + F (U2).

3 if V is a (K ,H)-biset and U is an (H,G )-biset, then
F (V ) ◦ F (U) = F (V ◦ U), where V ◦ U = V ×H U.

4 if IdH is the (H,H)-biset H, then F (IdH) = IdF (H).

Example of “some”: p-groups, for a prime number p.
Example of “some”: left-free bisets, or bi-free bisets.
Biset functors defined over “some” groups with “some” bisets as
morphisms form an abelian category F some,some .
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Conjugation bisets

Fix a finite group G . When H,K ≤ G , a conjugation (K ,H)-biset U is a
biset such that for each u ∈ U, there exists g = gu ∈ G such that

∀(k, h) ∈ K × H, ku = uh⇒ k = gh.

Let ConjGK ,H denote the full subcategory of (K ,H)-bisets consisting of

conjugation (K ,H)-bisets, and BGK ,H its Grothendieck (Burnside) group.
Examples:

Let U be a sub-(K ,H)-biset of KGH . Then ku = uh⇔ k = uh, for
u ∈ U, so U is a conjugation (K ,H)-biset. In particular:

when K ≤ H, the (K ,H)-biset H is denoted by ResHK .
when H ≤ K , the (K ,H)-biset K is denoted by IndK

H .
when K = gH, for g ∈ G , the (K ,H)-biset gH is denoted by Cnjg ,H .

When L,K ,H ≤ G , if V is a conjugation (L,K )-biset and U is a
conjugation (K ,H)-biset, then V ×H U is a conjugation (L,H)-biset.

for K ,H ≤ G , any conjugation (K ,H)-biset is isomorphic to a disjoint
union of conjugation bisets of the form IndK

gA ◦ Cnjg ,A ◦ ResHA .
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Mackey functors and biset functors

Fix a finite group G . Then:

let “some” denote the subgroups of G .

let “some” denote conjugation (K ,H)-bisets, for K ,H ≤ G .

Set FG = Fsome,some . If F ∈ FG :

1 for any H ≤ G , set MF (H) = F (H).

2 for H ≤ K ≤ G , define

{
rKH = F (ResKH ) : MF (K )→ MF (H),
tKH = F (IndK

H ) : MF (H)→ MF (K ).
for H ≤ G and g ∈ G , define cg ,H = F (Cnjg ,H) : MF (H)→ MF (gH).

Then MF is a Mackey functor for G .

Question: Let M be a Mackey functor for G . Is there a biset functor F
such that M ∼= MF ?
Answer: No in general. If g ∈ CG (H), then gH ∼= H as (H,H)-biset,
hence Cnjg ,H ∼= Cnj1,H ∼= IdH . Hence cg ,H = IdMF (H), and CG (H) acts
trivially on MF (H), for any H ≤ G .
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L
}} AA

K H

, KGH
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IndK
K∩gH ◦ Cnjg ,Kg∩H ◦ ResHKg∩H .
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Conjugation invariant Mackey functors

Definition (Hambleton-Taylor-Williams 2010)

Let G be a finite group. A Mackey functor M for G is said to be
conjugation invariant if CG (H) acts trivially on M(H), for any H ≤ G .
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Mackey functors revisited (Dress)

Let G be a finite group. Let G -set denote the category of finite G -sets.
Let Z-Mod denote the category of abelian groups.

Definition (Dress)

A Mackey functor M for G is a bivariant functor (M∗,M∗) from G -set to
Z-Mod, such that

1 for any finite G -sets X and Y , the maps

M(X t Y )
(M∗(iX ),M∗(iY )) // M(X )⊕M(Y )
(M∗(iX ),M∗(iY ))

oo

are inverse to each other, where X � � iX // X t Y Y? _
iYoo .

2 if
X

a //

b ��
Y
c��

Z
d
// T

is a cartesian (i.e. pullback) square of finite G -sets, then

M∗(d) ◦M∗(c) = M∗(b) ◦M∗(a).
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Mackey functors revisited (Lindner)

Let SG denote the following category:

the objects of SG are the finite G -sets.

HomSG (X ,Y ) = B
(
G (Y × X )

)
for finite G -sets X and Y , where

B
(
G (Y × X )

)
is the Grothendieck group (Burnside group) of the

category G -set↓Y×X .

composition is induced by pullback, from

D
~~~~~   AAA

Z Y
◦

C
~~}}}   @@@

Y X
=

E
}}{{{{

!!CCCC

D
�����

!!CCCC PB C
}}{{{{

��===

Z Y X

.

the identity morphism of X is
X

}}}}}} AAA
AAA

X X
.

Then a Mackey functor for G is an additive functor SG → Z-Mod.
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Biset functors revisited

Let CG denote the following category:

the objects of CG are the subgroups of G .

if H,K ≤ G , then HomCG (H,K ) is the Grothendieck group BGK ,H of

the category ConjGK ,H .

composition in CG is induced by the composition of bisets.

the identity morphism of H ≤ G is the (H,H)-biset H.

Then the category FG is equivalent to the category of additive functors
from CG to Z-Mod.
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Conjugation bisets revisited

Recall that when H,K ≤ G , a conjugation (K ,H)-biset U is a biset such
that for each u ∈ U, there exists g = gu ∈ G such that

∀(k, h) ∈ K × H, ku = uh⇒ k = gh.

Equivalently U is a (K ,H)-biset such that there exists a morphism of
(K ,H)-bisets U → KGH :

→ if U is a conjugation (K ,H)-biset, then for each u ∈ [K\U/H],
choose gu as above, and define a map α : U → G by α(kuh) = kguh, for
u ∈ [K\U/H], k ∈ K , h ∈ H.

← if β : U → G is a map of (K ,H)-bisets, then for any u ∈ U

∀(k , h) ∈ K × H, ku = uh⇒ kβ(u) = β(u)h⇒ k = gh, for g = β(u).
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Let K ,H ≤ G . There is an obvious forgetful functor U
α
��

KGH

 ∈ (K ,H)-biset↓KGH
7→ U ∈ ConjGK ,H

which induces a surjective group homomorphism

B(KGH) // // BGK ,H .

This is compatible with the composition, if

 V
β��

LGK

 ◦
 U

α
��

KGH

 =


V ×K U

β×Kα��
G ×K G

µ
��

G
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From subgroups to G -sets

Moreover KGH is the restriction to (K ,H) of the (G ,G )-biset G .

Lemma

Let Γ be a finite group, and Λ be a subgroup of Γ. Let X be a finite Λ-set,
and let Y = IndΓ

ΛX . Then the categories Λ-set↓X and Γ-set↓Y are
equivalent, and in particular

B(ΓY ) ∼= B(ΛX ).

In particular if X = ResΓ
ΛZ for some finite Γ-set Z , then

B
(

Λ(ResΓ
ΛZ )

) ∼= B(Γ(IndΓ
ΛResΓ

ΛZ )
) ∼= B(Γ

(
(Γ/Λ)× Z

))
.

For Γ = G × G op, Λ = K × Hop, and Z = GGG , this gives

B(KGH) ∼= B
(
G

(
(G/K )× G × (G/H)

)
G

)
.
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Additive completion

More generally, one can then consider the following category ΣG :

the objects of ΣG are the finite G -sets.

if X and Y are finite G -sets, then Y × G × X is a (G ,G )-biset, and
HomΣG

(X ,Y ) = B
(
G (Y × G × X )G

)
.

the composition in ΣG is induced by S
d
������

f ��
e
��;;;;

Z G Y

◦
 R

a
������

c
��

b
��;;;;

Y G X

=

 (S ×e,a R)/G
u

xxrrrrrrr
w
��

v

&&LLLLLLL

Z G X



where u
(
(s, r)G

)
= d(s), v

(
(s, r)G

)
= b(r), w

(
(s, r)G

)
= f (s)c(r).

the identity morphism of the G -set X is

 G × X
i

||yyyyy
k ��

j

""EEEEE

X G X

,

where i(g , x) = gx , j(g , x) = x , k(g , x) = g .

Serge Bouc (CNRS-LAMFA) Fused Mackey functors Antalya Algebra Days 2013 13 / 22



Additive completion

More generally, one can then consider the following category ΣG :

the objects of ΣG are the finite G -sets.

if X and Y are finite G -sets, then Y × G × X is a (G ,G )-biset, and
HomΣG

(X ,Y ) = B
(
G (Y × G × X )G

)
.

the composition in ΣG is induced by S
d
������

f ��
e
��;;;;

Z G Y

◦
 R

a
������

c
��

b
��;;;;

Y G X

=

 (S ×e,a R)/G
u

xxrrrrrrr
w
��

v

&&LLLLLLL

Z G X



where u
(
(s, r)G

)
= d(s), v

(
(s, r)G

)
= b(r), w

(
(s, r)G

)
= f (s)c(r).

the identity morphism of the G -set X is

 G × X
i

||yyyyy
k ��

j

""EEEEE

X G X

,

where i(g , x) = gx , j(g , x) = x , k(g , x) = g .

Serge Bouc (CNRS-LAMFA) Fused Mackey functors Antalya Algebra Days 2013 13 / 22



Additive completion

More generally, one can then consider the following category ΣG :

the objects of ΣG are the finite G -sets.

if X and Y are finite G -sets, then Y × G × X is a (G ,G )-biset, and
HomΣG

(X ,Y ) = B
(
G (Y × G × X )G

)
.

the composition in ΣG is induced by S
d
������

f ��
e
��;;;;

Z G Y

◦
 R

a
������

c
��

b
��;;;;

Y G X

=

 (S ×e,a R)/G
u

xxrrrrrrr
w
��

v

&&LLLLLLL

Z G X



where u
(
(s, r)G

)
= d(s), v

(
(s, r)G

)
= b(r), w

(
(s, r)G

)
= f (s)c(r).

the identity morphism of the G -set X is

 G × X
i

||yyyyy
k ��

j

""EEEEE

X G X

,

where i(g , x) = gx , j(g , x) = x , k(g , x) = g .

Serge Bouc (CNRS-LAMFA) Fused Mackey functors Antalya Algebra Days 2013 13 / 22



Additive completion

More generally, one can then consider the following category ΣG :

the objects of ΣG are the finite G -sets.

if X and Y are finite G -sets, then Y × G × X is a (G ,G )-biset

, and
HomΣG

(X ,Y ) = B
(
G (Y × G × X )G

)
.

the composition in ΣG is induced by S
d
������

f ��
e
��;;;;

Z G Y

◦
 R

a
������

c
��

b
��;;;;

Y G X

=

 (S ×e,a R)/G
u

xxrrrrrrr
w
��

v

&&LLLLLLL

Z G X



where u
(
(s, r)G

)
= d(s), v

(
(s, r)G

)
= b(r), w

(
(s, r)G

)
= f (s)c(r).

the identity morphism of the G -set X is

 G × X
i

||yyyyy
k ��

j

""EEEEE

X G X

,

where i(g , x) = gx , j(g , x) = x , k(g , x) = g .

Serge Bouc (CNRS-LAMFA) Fused Mackey functors Antalya Algebra Days 2013 13 / 22



Additive completion

More generally, one can then consider the following category ΣG :

the objects of ΣG are the finite G -sets.

if X and Y are finite G -sets, then Y × G × X is a (G ,G )-biset
(u(y , g , x)v = (uy , ugv , v−1x), for u, v , g ∈ G , y ∈ Y and x ∈ X )

the composition in ΣG is induced by S
d
������

f ��
e
��;;;;

Z G Y

◦
 R

a
������

c
��

b
��;;;;

Y G X

=

 (S ×e,a R)/G
u

xxrrrrrrr
w
��

v

&&LLLLLLL

Z G X



where u
(
(s, r)G

)
= d(s), v

(
(s, r)G

)
= b(r), w

(
(s, r)G

)
= f (s)c(r).

the identity morphism of the G -set X is

 G × X
i

||yyyyy
k ��

j

""EEEEE

X G X

,

where i(g , x) = gx , j(g , x) = x , k(g , x) = g .

Serge Bouc (CNRS-LAMFA) Fused Mackey functors Antalya Algebra Days 2013 13 / 22



Additive completion

More generally, one can then consider the following category ΣG :

the objects of ΣG are the finite G -sets.

if X and Y are finite G -sets, then Y × G × X is a (G ,G )-biset, and
HomΣG

(X ,Y ) = B
(
G (Y × G × X )G

)
.

the composition in ΣG is induced by S
d
������

f ��
e
��;;;;

Z G Y

◦
 R

a
������

c
��

b
��;;;;

Y G X

=

 (S ×e,a R)/G
u

xxrrrrrrr
w
��

v

&&LLLLLLL

Z G X



where u
(
(s, r)G

)
= d(s), v

(
(s, r)G

)
= b(r), w

(
(s, r)G

)
= f (s)c(r).

the identity morphism of the G -set X is

 G × X
i

||yyyyy
k ��

j

""EEEEE

X G X

,

where i(g , x) = gx , j(g , x) = x , k(g , x) = g .

Serge Bouc (CNRS-LAMFA) Fused Mackey functors Antalya Algebra Days 2013 13 / 22



Additive completion

More generally, one can then consider the following category ΣG :

the objects of ΣG are the finite G -sets.

if X and Y are finite G -sets, then Y × G × X is a (G ,G )-biset, and
HomΣG

(X ,Y ) = B
(
G (Y × G × X )G

)
.

the composition in ΣG is induced by S
d
������

f ��
e
��;;;;

Z G Y

◦
 R

a
������

c
��

b
��;;;;

Y G X

=

 (S ×e,a R)/G
u

xxrrrrrrr
w
��

v

&&LLLLLLL

Z G X



where u
(
(s, r)G

)
= d(s), v

(
(s, r)G

)
= b(r), w

(
(s, r)G

)
= f (s)c(r).

the identity morphism of the G -set X is

 G × X
i

||yyyyy
k ��

j

""EEEEE

X G X

,

where i(g , x) = gx , j(g , x) = x , k(g , x) = g .

Serge Bouc (CNRS-LAMFA) Fused Mackey functors Antalya Algebra Days 2013 13 / 22



Additive completion

More generally, one can then consider the following category ΣG :

the objects of ΣG are the finite G -sets.

if X and Y are finite G -sets, then Y × G × X is a (G ,G )-biset, and
HomΣG

(X ,Y ) = B
(
G (Y × G × X )G

)
.

the composition in ΣG is induced by S
d
������

f ��
e
��;;;;

Z G Y

◦
 R

a
������

c
��

b
��;;;;

Y G X

=

 (S ×e,a R)/G
u

xxrrrrrrr
w
��

v

&&LLLLLLL

Z G X



where u
(
(s, r)G

)
= d(s), v

(
(s, r)G

)
= b(r), w

(
(s, r)G

)
= f (s)c(r).

the identity morphism of the G -set X is

 G × X
i

||yyyyy
k ��

j

""EEEEE

X G X

,

where i(g , x) = gx , j(g , x) = x , k(g , x) = g .

Serge Bouc (CNRS-LAMFA) Fused Mackey functors Antalya Algebra Days 2013 13 / 22



Additive completion

More generally, one can then consider the following category ΣG :

the objects of ΣG are the finite G -sets.

if X and Y are finite G -sets, then Y × G × X is a (G ,G )-biset, and
HomΣG

(X ,Y ) = B
(
G (Y × G × X )G

)
.

the composition in ΣG is induced by S
d
������

f ��
e
��;;;;

Z G Y

◦
 R

a
������

c
��

b
��;;;;

Y G X

=

 (S ×e,a R)/G
u

xxrrrrrrr
w
��

v

&&LLLLLLL

Z G X


where (S ×e,a R) = {(s, r) ∈ S × R | e(s) = a(r)}

, with right
G -action defined by (s, r)g = (sg , g−1r), for g ∈ G

the identity morphism of the G -set X is

 G × X
i

||yyyyy
k ��

j

""EEEEE

X G X

,

where i(g , x) = gx , j(g , x) = x , k(g , x) = g .

Serge Bouc (CNRS-LAMFA) Fused Mackey functors Antalya Algebra Days 2013 13 / 22



Additive completion

More generally, one can then consider the following category ΣG :

the objects of ΣG are the finite G -sets.

if X and Y are finite G -sets, then Y × G × X is a (G ,G )-biset, and
HomΣG

(X ,Y ) = B
(
G (Y × G × X )G

)
.

the composition in ΣG is induced by S
d
������

f ��
e
��;;;;

Z G Y

◦
 R

a
������

c
��

b
��;;;;

Y G X

=

 (S ×e,a R)/G
u

xxrrrrrrr
w
��

v

&&LLLLLLL

Z G X


where (S ×e,a R) = {(s, r) ∈ S × R | e(s) = a(r)}, with right
G -action defined by (s, r)g = (sg , g−1r), for g ∈ G

the identity morphism of the G -set X is

 G × X
i

||yyyyy
k ��

j

""EEEEE

X G X

,

where i(g , x) = gx , j(g , x) = x , k(g , x) = g .

Serge Bouc (CNRS-LAMFA) Fused Mackey functors Antalya Algebra Days 2013 13 / 22



Additive completion

More generally, one can then consider the following category ΣG :

the objects of ΣG are the finite G -sets.

if X and Y are finite G -sets, then Y × G × X is a (G ,G )-biset, and
HomΣG

(X ,Y ) = B
(
G (Y × G × X )G

)
.

the composition in ΣG is induced by S
d
������

f ��
e
��;;;;

Z G Y

◦
 R

a
������

c
��

b
��;;;;

Y G X

=

 (S ×e,a R)/G
u

xxrrrrrrr
w
��

v

&&LLLLLLL

Z G X


where u

(
(s, r)G

)
= d(s), v

(
(s, r)G

)
= b(r), w

(
(s, r)G

)
= f (s)c(r).

the identity morphism of the G -set X is

 G × X
i

||yyyyy
k ��

j

""EEEEE

X G X

,

where i(g , x) = gx , j(g , x) = x , k(g , x) = g .

Serge Bouc (CNRS-LAMFA) Fused Mackey functors Antalya Algebra Days 2013 13 / 22



Additive completion

More generally, one can then consider the following category ΣG :

the objects of ΣG are the finite G -sets.

if X and Y are finite G -sets, then Y × G × X is a (G ,G )-biset, and
HomΣG

(X ,Y ) = B
(
G (Y × G × X )G

)
.

the composition in ΣG is induced by S
d
������

f ��
e
��;;;;

Z G Y

◦
 R

a
������

c
��

b
��;;;;

Y G X

=

 (S ×e,a R)/G
u

xxrrrrrrr
w
��

v

&&LLLLLLL

Z G X



where u
(
(s, r)G

)
= d(s), v

(
(s, r)G

)
= b(r), w

(
(s, r)G

)
= f (s)c(r).

the identity morphism of the G -set X is

 G × X
i

||yyyyy
k ��

j

""EEEEE

X G X

,

where i(g , x) = gx , j(g , x) = x , k(g , x) = g .

Serge Bouc (CNRS-LAMFA) Fused Mackey functors Antalya Algebra Days 2013 13 / 22



Additive completion

More generally, one can then consider the following category ΣG :

the objects of ΣG are the finite G -sets.

if X and Y are finite G -sets, then Y × G × X is a (G ,G )-biset, and
HomΣG

(X ,Y ) = B
(
G (Y × G × X )G

)
.

the composition in ΣG is induced by S
d
������

f ��
e
��;;;;

Z G Y

◦
 R

a
������

c
��

b
��;;;;

Y G X

=

 (S ×e,a R)/G
u

xxrrrrrrr
w
��

v

&&LLLLLLL

Z G X



where u
(
(s, r)G

)
= d(s), v

(
(s, r)G

)
= b(r), w

(
(s, r)G

)
= f (s)c(r).

the identity morphism of the G -set X is

 G × X
i

||yyyyy
k ��

j

""EEEEE

X G X



,

where i(g , x) = gx , j(g , x) = x , k(g , x) = g .

Serge Bouc (CNRS-LAMFA) Fused Mackey functors Antalya Algebra Days 2013 13 / 22



Additive completion

More generally, one can then consider the following category ΣG :

the objects of ΣG are the finite G -sets.

if X and Y are finite G -sets, then Y × G × X is a (G ,G )-biset, and
HomΣG

(X ,Y ) = B
(
G (Y × G × X )G

)
.

the composition in ΣG is induced by S
d
������

f ��
e
��;;;;

Z G Y

◦
 R

a
������

c
��

b
��;;;;

Y G X

=

 (S ×e,a R)/G
u

xxrrrrrrr
w
��

v

&&LLLLLLL

Z G X



where u
(
(s, r)G

)
= d(s), v

(
(s, r)G

)
= b(r), w

(
(s, r)G

)
= f (s)c(r).

the identity morphism of the G -set X is

 G × X
i

||yyyyy
k ��

j

""EEEEE

X G X

,

where s(g , x)t = (sgt, t−1x), for s, t, g ∈ G and x ∈ X

Serge Bouc (CNRS-LAMFA) Fused Mackey functors Antalya Algebra Days 2013 13 / 22



Additive completion

More generally, one can then consider the following category ΣG :

the objects of ΣG are the finite G -sets.

if X and Y are finite G -sets, then Y × G × X is a (G ,G )-biset, and
HomΣG

(X ,Y ) = B
(
G (Y × G × X )G

)
.

the composition in ΣG is induced by S
d
������

f ��
e
��;;;;

Z G Y

◦
 R

a
������

c
��

b
��;;;;

Y G X

=

 (S ×e,a R)/G
u

xxrrrrrrr
w
��

v

&&LLLLLLL

Z G X



where u
(
(s, r)G

)
= d(s), v

(
(s, r)G

)
= b(r), w

(
(s, r)G

)
= f (s)c(r).

the identity morphism of the G -set X is

 G × X
i

||yyyyy
k ��

j

""EEEEE

X G X

,

where i(g , x) = gx , j(g , x) = x , k(g , x) = g .

Serge Bouc (CNRS-LAMFA) Fused Mackey functors Antalya Algebra Days 2013 13 / 22



Additive completion

More generally, one can then consider the following category ΣG :

the objects of ΣG are the finite G -sets.

if X and Y are finite G -sets, then Y × G × X is a (G ,G )-biset, and
HomΣG

(X ,Y ) = B
(
G (Y × G × X )G

)
.

the composition in ΣG is induced by S
d
������

f ��
e
��;;;;

Z G Y

◦
 R

a
������

c
��

b
��;;;;

Y G X

=

 (S ×e,a R)/G
u

xxrrrrrrr
w
��

v

&&LLLLLLL

Z G X



where u
(
(s, r)G

)
= d(s), v

(
(s, r)G

)
= b(r), w

(
(s, r)G

)
= f (s)c(r).

the identity morphism of the G -set X is

 G × X
i

||yyyyy
k ��

j

""EEEEE

X G X

,

where i(g , x) = gx , j(g , x) = x , k(g , x) = g .

Serge Bouc (CNRS-LAMFA) Fused Mackey functors Antalya Algebra Days 2013 13 / 22



Additive completion

Recall that CG is the category of subgroups of G , where
HomCG (H,K ) = BGK ,H .
The additive completion of CG is equivalent to the quotient ΣG of ΣG

obtained by identifying morphisms f , g ∈ HomΣG
(X ,Y ) such that f − g is

in the kernel of the map φ : B
(
G (Y × G × X )G

)
→ B

(
G (Y × X )G

)
induced by the map R

a
������

c
��

b
��;;;;

Y G X

 7→
 R

a
������ b

��::::

Y X


It follows that the category FG is equivalent to the category of additive
functors ΣG → Z-Mod.
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ΣG revisited

Recall that the objects of ΣG are the finite G -sets, and that

HomΣG
(X ,Y ) = B

(
G (Y × G × X )G

)
.

Now G = IndG×Gop

∆(G) •, thus Y × G × X ∼= IndG×Gop

∆(G) (Y × X ).

Hence B
(
G (Y × G × X )G

) ∼= B(G (Y × X )
)
.

Keeping track of the composition in ΣG shows that ΣG is equivalent to
the category SG of Lindner, hence the additive functors from ΣG to
Z-Mod are the Mackey functors for G .
To describe ΣG in those terms, it remains to see which morphisms in SG
vanish in ΣG .
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ΣG revisited

The morphism f =

(
Zb

~~~~~ a
  @@@

Y X

)
−

(
Z ′b′

~~||| a′
  AAA

Y X

)
of SG is mapped

to the morphism

(
G × Zβ

yytttt γ ��
α
%%JJJJ

Y G X

)
−

(
G × Z ′β′

yyssss α′

%%KKKK
γ′ ��

Y G X

)
of ΣG ,

where the (G ,G )-action on G × Z is given by s(g , z)t = (sgt, t−1z) for
s, t, g ∈ G and z ∈ Z , and where (β, γ, α)(g , z) =

(
gb(z), g , a(z)

)
.

This gives 0 in ΣG if and only if there is an isomorphism

θ :

(
G × Zβ

yytttt α
%%JJJJ

Y X

)
→

(
G × Z ′β′

yyssss α′

%%KKKK

Y X

)

of (G ,G )-bisets over Y × X .
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ΣG revisited

Equivalently f is equal to

(∗)

(
Zb

~~~~~ a
  @@@

Y X

)
−

(
Zu∗b

~~~~~ a
  @@@

Y X

)

where u : Z → G c is a morphism of G -sets, where G c = G acted on by
conjugation, and (u ∗ b)(z) = u(z)b(z) for z ∈ Z .

Theorem

Let SG be the quotient category of SG , defined for finite G-sets X and Y
by

HomSG (X ,Y ) = B
(
G (Y × X )

)
/K (Y ,X ),

where K (Y ,X ) is the subgroup generated by differences (*).
Then FG is equivalent to the category of additive functors SG → Z-Mod.
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Fused G -sets

Let Z be a G -set. Set ΓG (Z ) = HomG-set(Z ,G c). Then ΓG (Z ) is a group
by pointwise multiplication (u · v)(z) = u(z)v(z), for u, v ∈ ΓG (Z ) and

z ∈ Z by
(u ∗ f )(z) = u(z)f (z) for u ∈ ΓG (Z ), f ∈ HomG-set(Z ,Y ), and z ∈ Z .

Lemma

Let X ,Y ,Z be finite G-sets. Let u : Z → G c , v : Y → G c , f : Z → Y
and g : Y → X be morphisms of G -sets. Then

(v ∗ g) ◦ (u ∗ f ) =
(
u · (v ◦ f )

)
∗ (g ◦ f ).

Definition

The category G -set of fused G -sets is the quotient category of G -set
defined for finite G -sets X and Y by

HomG-set(X ,Y ) = ΓG (X )\HomG-set(X ,Y ).
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Remarks on fused G -sets

For a G -set Y , set Y I = Y × G c . Then there is a morphism
p : Y I → Y × Y defined by p(y , g) = (y , gy), for y ∈ Y and g ∈ G ,
and a morphism i : Y → Y I defined by i(y) = (y , 1).
The composition p ◦ i is the diagonal map Y → Y × Y .
Two morphisms f , g : X → Y in G -set are identified in G -set if and
only if there exists ϕ : X → Y I such that the diagram

Y I

p��
X

ϕ 77oooooooo
(f ,g)

// Y × Y

is commutative.
Disjoint union of G -sets is a coproduct in G -set: indeed for G -sets
X ,Y , and Z

HomG-set(X t Y ,Z ) ∼= ΓG (X t Y )\HomG-set(X t Y ,Z )
∼=
(
ΓG (X )× ΓG (Y )

)
\
(
HomG-set(X ,Z )× HomG-set(Y ,Z )

)
∼= HomG-set(X ,Z )× HomG-set(Y ,Z ).
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Weak pullback of fused G -sets

Let a 7→ a denote the quotient functor from G -set to G -set.

Lemma

Let a : X → Z and b : Y → Z be morphisms in G -set. Then the pullback
X ×a,b Y = {(x , y) ∈ X × Y | a(x) = b(y)} only depends on a and b, up
to isomorphism in G -set. It will be denoted by X ×a,b Y .

Proposition

1 The square
X ×a,b Y

p

yyrrrrr q

%%LLLLL

X

a &&MMMMMMM Y

bxxqqqqqqq

Z
is a weak pullback in G -set.

2 The category SG is the category of spans of fused G -sets.
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Fused Mackey functors (à la Dress)

Definition

A fused Mackey functor is a bivariant functor G -set→ Z-Mod such that:

1 for any finite G -sets X and Y , the maps

M(X t Y )
(M∗(iX ),M∗(iY )) // M(X )⊕M(Y )
(M∗(iX ),M∗(iY ))

oo

are inverse to each other, where X � � iX // X t Y Y? _
iYoo .

2 if
X

a //
b ��

Y
c��

Z
d
// T

is a weak pullback square in G -set, then

M∗(d) ◦M∗(c) = M∗(b) ◦M∗(a).

Fused Mackey functors form a category Mack f (G ).

Theorem

The categories Mackc(G ), Mack f (G ), and FG are equivalent.
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The fused Mackey algebra

Let ΩG = t
H≤G

G/H. Then:

Theorem (Thévenaz-Webb, B.)

The category Mack(G ) is equivalent to the category µZ(G )-Mod, where
µZ(G ) = B

(
G (ΩG × ΩG )

)
is the Mackey algebra of G .

Theorem

Let µfZ(G ) denote the fused Mackey algebra of G , i.e. the quotient of
µZ(G ) = B

(
G (ΩG × ΩG )

)
by the subgroup generated by differences

(∗)

(
Zb

}}{{{ a
!!CCC

ΩG ΩG

)
−

(
Zu∗b

}}{{{ a
!!CCC

ΩG ΩG

)

Then the category Mack f (G ) is equivalent to µfZ(G )-Mod.
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