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Mackey functors

A Mackey functor M for a finite group G
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Mackey functors

A Mackey functor M for a finite group G consists of the following data:
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Mackey functors

A Mackey functor M for a finite group G consists of the following data:
e for H < G, an abelian group M(H).
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Mackey functors

A Mackey functor M for a finite group G consists of the following data:
e for H < G, an abelian group M(H).
e for H< K < G, a restriction homomorphism r[_f : M(K) — M(H)
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Mackey functors
A Mackey functor M for a finite group G consists of the following data:

e for H < G, an abelian group M(H).
e for H< K < G, a restriction homomorphism r[_f : M(K) — M(H)
K M(H) = M(K).

and a transfer (or induction) homomorphism tj
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Mackey functors

A Mackey functor M for a finite group G consists of the following data:
e for H < G, an abelian group M(H).

e for H< K < G, a restriction homomorphism rf{ : M(K) — M(H)
and a transfer (or induction) homomorphism tf : M(H) — M(K).

e for g € G and H < G, a conjugation homomorphism
cg,H: M(H) — M(8H).
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Mackey functors

A Mackey functor M for a finite group G consists of the following data:
e for H < G, an abelian group M(H).

e for H< K < G, a restriction homomorphism rf{ : M(K) — M(H)
and a transfer (or induction) homomorphism tf : M(H) — M(K).

e for g € G and H < G, a conjugation homomorphism
cg,H: M(H) — M(8H).

These data are subject to transitivity conditions
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Mackey functors

A Mackey functor M for a finite group G consists of the following data:
e for H < G, an abelian group M(H).
e for H< K < G, a restriction homomorphism rf{ : M(K) — M(H)
and a transfer (or induction) homomorphism tf : M(H) — M(K).
e for g € G and H < G, a conjugation homomorphism
cg,H: M(H) — M(8H).

These data are subject to transitivity conditions (for example Ng(H) acts
on M(H), for any H < G)
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Mackey functors

A Mackey functor M for a finite group G consists of the following data:
e for H < G, an abelian group M(H).

e for H< K < G, a restriction homomorphism rf{ : M(K) — M(H)
and a transfer (or induction) homomorphism tf : M(H) — M(K).

e for g € G and H < G, a conjugation homomorphism
cg,H: M(H) — M(8H).

These data are subject to transitivity conditions, triviality conditions
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Mackey functors

A Mackey functor M for a finite group G consists of the following data:
e for H < G, an abelian group M(H).
e for H< K < G, a restriction homomorphism rf{ : M(K) — M(H)
and a transfer (or induction) homomorphism tf : M(H) — M(K).
e for g € G and H < G, a conjugation homomorphism
cg,H: M(H) — M(8H).

These data are subject to transitivity conditions, triviality conditions (for
example H acts trivially on M(H), for any H < G)
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Mackey functors

A Mackey functor M for a finite group G consists of the following data:
e for H < G, an abelian group M(H).
e for H< K < G, a restriction homomorphism rf{ : M(K) — M(H)
and a transfer (or induction) homomorphism tf : M(H) — M(K).
e for g € G and H < G, a conjugation homomorphism
cg,H: M(H) — M(8H).

These data are subject to transitivity conditions, triviality conditions, and
compatibility conditions
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Mackey functors

A Mackey functor M for a finite group G consists of the following data:
e for H < G, an abelian group M(H).
e for H< K < G, a restriction homomorphism rf{ : M(K) — M(H)
and a transfer (or induction) homomorphism tf : M(H) — M(K).
e for g € G and H < G, a conjugation homomorphism
cg,H: M(H) — M(8H).

These data are subject to transitivity conditions, triviality conditions, and
compatibility conditions, e.g. the Mackey formula
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Mackey functors

A Mackey functor M for a finite group G consists of the following data:
e for H < G, an abelian group M(H).
e for H< K < G, a restriction homomorphism rf{ : M(K) — M(H)
and a transfer (or induction) homomorphism tf : M(H) — M(K).
e for g € G and H < G, a conjugation homomorphism
cg,H: M(H) — M(8H).

These data are subject to transitivity conditions, triviality conditions, and
compatibility conditions, e.g. the Mackey formula
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Mackey functors

A Mackey functor M for a finite group G consists of the following data:
e for H < G, an abelian group M(H).
e for H< K < G, a restriction homomorphism rf{ : M(K) — M(H)
and a transfer (or induction) homomorphism tf : M(H) — M(K).
e for g € G and H < G, a conjugation homomorphism
cg,H: M(H) — M(8H).

These data are subject to transitivity conditions, triviality conditions, and
compatibility conditions, e.g. the Mackey formula
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Mackey functors

A Mackey functor M for a finite group G consists of the following data:
e for H < G, an abelian group M(H).
e for H< K < G, a restriction homomorphism rf{ : M(K) — M(H)
and a transfer (or induction) homomorphism tf : M(H) — M(K).
e for g € G and H < G, a conjugation homomorphism
cg,H: M(H) — M(8H).

These data are subject to transitivity conditions, triviality conditions, and
compatibility conditions, e.g. the Mackey formula
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Mackey functors

A Mackey functor M for a finite group G consists of the following data:
e for H < G, an abelian group M(H).
e for H< K < G, a restriction homomorphism rf{ : M(K) — M(H)
and a transfer (or induction) homomorphism tf : M(H) — M(K).
e for g € G and H < G, a conjugation homomorphism
cg,H: M(H) — M(8H).

These data are subject to transitivity conditions, triviality conditions, and
compatibility conditions, e.g. the Mackey formula
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Mackey functors

A Mackey functor M for a finite group G consists of the following data:
e for H < G, an abelian group M(H).
e for H< K < G, a restriction homomorphism rf{ : M(K) — M(H)
and a transfer (or induction) homomorphism tf : M(H) — M(K).
e for g € G and H < G, a conjugation homomorphism
cg,H: M(H) — M(8H).

These data are subject to transitivity conditions, triviality conditions, and
compatibility conditions, e.g. the Mackey formula
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Mackey functors

A Mackey functor M for a finite group G consists of the following data:
e for H < G, an abelian group M(H).
e for H< K < G, a restriction homomorphism rf{ : M(K) — M(H)
and a transfer (or induction) homomorphism tf : M(H) — M(K).
e for g € G and H < G, a conjugation homomorphism
cg,H: M(H) — M(8H).
These data are subject to transitivity conditions, triviality conditions, and
compatibility conditions
Mackey functors for G form an abelian category Mack(G).
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Biset functors
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Biset functors

A biset functor F
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A biset functor F consists of the following data:
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Biset functors

A biset functor F consists of the following data:

e for each finite group H, an abelian group F(H).
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Biset functors

A biset functor F consists of the following data:
e for each finite group H, an abelian group F(H).
e for any pair (K, H) of finite groups
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Biset functors

A biset functor F consists of the following data:
e for each finite group H, an abelian group F(H).
e for any pair (K, H) of finite groups and any finite (K, H)-biset U
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Biset functors

A biset functor F consists of the following data:
e for each finite group H, an abelian group F(H).

e for any pair (K, H) of finite groups and any finite (K, H)-biset U, a
group homomorphism F(U) : F(H) — F(K).
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Biset functors

A biset functor F consists of the following data:
e for each finite group H, an abelian group F(H).
e for any pair (K, H) of finite groups and any finite (K, H)-biset U, a
group homomorphism F(U) : F(H) — F(K).

These data are subject to the following conditions:
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Biset functors

A biset functor F consists of the following data:
e for each finite group H, an abelian group F(H).
e for any pair (K, H) of finite groups and any finite (K, H)-biset U, a
group homomorphism F(U) : F(H) — F(K).
These data are subject to the following conditions:
Q if U= U as (K, H)-bisets
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Biset functors

A biset functor F consists of the following data:
e for each finite group H, an abelian group F(H).
e for any pair (K, H) of finite groups and any finite (K, H)-biset U, a
group homomorphism F(U) : F(H) — F(K).
These data are subject to the following conditions:
Q@ if U= U as (K, H)-bisets, then F(U) = F(U').
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Biset functors

A biset functor F consists of the following data:
e for each finite group H, an abelian group F(H).
e for any pair (K, H) of finite groups and any finite (K, H)-biset U, a
group homomorphism F(U) : F(H) — F(K).
These data are subject to the following conditions:
Q@ if U= U as (K, H)-bisets, then F(U) = F(U').
@ if U= U U U, as (K, H)-bisets
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Biset functors

A biset functor F consists of the following data:
e for each finite group H, an abelian group F(H).
e for any pair (K, H) of finite groups and any finite (K, H)-biset U, a
group homomorphism F(U) : F(H) — F(K).
These data are subject to the following conditions:
Q@ if U= U as (K, H)-bisets, then F(U) = F(U').
@ if U= U U U, as (K, H)-bisets, then F(U) = F(U1) + F(U>).
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Biset functors

A biset functor F consists of the following data:
e for each finite group H, an abelian group F(H).
e for any pair (K, H) of finite groups and any finite (K, H)-biset U, a
group homomorphism F(U) : F(H) — F(K).
These data are subject to the following conditions:
Q@ if U= U as (K, H)-bisets, then F(U) = F(U').
@ if U= U U U, as (K, H)-bisets, then F(U) = F(U1) + F(U>).
@ if Visa (K, H)-biset
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Biset functors

A biset functor F consists of the following data:
e for each finite group H, an abelian group F(H).
e for any pair (K, H) of finite groups and any finite (K, H)-biset U, a
group homomorphism F(U) : F(H) — F(K).
These data are subject to the following conditions:
Q@ if U= U as (K, H)-bisets, then F(U) = F(U').
@ if U= U U U, as (K, H)-bisets, then F(U) = F(U1) + F(U>).
@ if Visa (K, H)-biset and U is an (H, G)-biset
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Biset functors

A biset functor F consists of the following data:
e for each finite group H, an abelian group F(H).
e for any pair (K, H) of finite groups and any finite (K, H)-biset U, a
group homomorphism F(U) : F(H) — F(K).
These data are subject to the following conditions:
Q@ if U= U as (K, H)-bisets, then F(U) = F(U').
@ if U= U U U, as (K, H)-bisets, then F(U) = F(U1) + F(U>).
@ if Vs a (K, H)-biset and U is an (H, G)-biset, then
F(V)o F(U)=F(VoUl)
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Biset functors

A biset functor F consists of the following data:
e for each finite group H, an abelian group F(H).
e for any pair (K, H) of finite groups and any finite (K, H)-biset U, a
group homomorphism F(U) : F(H) — F(K).
These data are subject to the following conditions:
Q@ if U= U as (K, H)-bisets, then F(U) = F(U').
@ if U= U U U, as (K, H)-bisets, then F(U) = F(U1) + F(U>).
@ if Vs a (K, H)-biset and U is an (H, G)-biset, then
F(V)o F(U)=F(VoU), where VolU=V xy U.
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Biset functors

A biset functor F consists of the following data:
e for each finite group H, an abelian group F(H).
e for any pair (K, H) of finite groups and any finite (K, H)-biset U, a
group homomorphism F(U) : F(H) — F(K).
These data are subject to the following conditions:
Q@ if U= U as (K, H)-bisets, then F(U) = F(U').
@ if U= U U U, as (K, H)-bisets, then F(U) = F(U1) + F(U>).
@ if Vs a (K, H)-biset and U is an (H, G)-biset, then
F(V)o F(U)=F(VoU), where VolU=V xy U.
Q if ldy is the (H, H)-biset H
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Biset functors

A biset functor F consists of the following data:
e for each finite group H, an abelian group F(H).
e for any pair (K, H) of finite groups and any finite (K, H)-biset U, a
group homomorphism F(U) : F(H) — F(K).
These data are subject to the following conditions:
Q@ if U= U as (K, H)-bisets, then F(U) = F(U').
@ if U= U U U, as (K, H)-bisets, then F(U) = F(U1) + F(U>).
@ if Vs a (K, H)-biset and U is an (H, G)-biset, then
F(V)o F(U)=F(VoU), where VolU=V xy U.
Q if Idy is the (H, H)-biset H, then F(ldy) = Idr(n).

Serge Bouc (CNRS-LAMFA) Fused Mackey functors Antalya Algebra Days 2013 3/22



Biset functors

A biset functor F consists of the following data:
e for each finite group H, an abelian group F(H).
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Biset functors

A biset functor F consists of the following data:
o for some finite groups H, an abelian group F(H).
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Biset functors

A biset functor F consists of the following data:
o for some finite groups H, an abelian group F(H).

e for any pair (K, H) of finite groups and any finite (K, H)-biset U, a
group homomorphism F(U) : F(H) — F(K).
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Biset functors

A biset functor F consists of the following data:
o for some finite groups H, an abelian group F(H).

e for any pair (K, H) of those finite groups
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Biset functors

A biset functor F consists of the following data:
o for some finite groups H, an abelian group F(H).

e for any pair (K, H) of those finite groups and some finite
(K, H)-bisets U
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Biset functors

A biset functor F consists of the following data:
o for some finite groups H, an abelian group F(H).

e for any pair (K, H) of those finite groups and some finite
(K, H)-bisets U, a group homomorphism F(U) : F(H) — F(K).
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Biset functors

A biset functor F consists of the following data:
o for some finite groups H, an abelian group F(H).
e for any pair (K, H) of those finite groups and some finite
(K, H)-bisets U, a group homomorphism F(U) : F(H) — F(K).
These data are subject to the following conditions:
Q@ if U= U as (K, H)-bisets, then F(U) = F(U').
@ if U= U; U U, as (K, H)-bisets, then F(U) = F(U1) + F(U>).
@ if Vs a (K, H)-biset and U is an (H, G)-biset, then
F(V)o F(U)=F(VoU), where VolU=V xyU.
Q if Idy is the (H, H)-biset H, then F(ldy) = Idr(n).
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Biset functors

A biset functor F consists of the following data:
o for some finite groups H, an abelian group F(H).

e for any pair (K, H) of those finite groups and some finite
(K, H)-bisets U, a group homomorphism F(U) : F(H) — F(K).

Example of “some”:
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Biset functors

A biset functor F consists of the following data:
o for some finite groups H, an abelian group F(H).

e for any pair (K, H) of those finite groups and some finite
(K, H)-bisets U, a group homomorphism F(U) : F(H) — F(K).

Example of “some": p-groups, for a prime number p.
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Biset functors

A biset functor F consists of the following data:
o for some finite groups H, an abelian group F(H).

e for any pair (K, H) of those finite groups and some finite
(K, H)-bisets U, a group homomorphism F(U) : F(H) — F(K).

Example of “some": p-groups, for a prime number p.
Example of “some”:
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Biset functors

A biset functor F consists of the following data:
o for some finite groups H, an abelian group F(H).

e for any pair (K, H) of those finite groups and some finite
(K, H)-bisets U, a group homomorphism F(U) : F(H) — F(K).

Example of “some": p-groups, for a prime number p.
Example of “some”: left-free bisets, or bi-free bisets.
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Biset functors

A biset functor F consists of the following data:
o for some finite groups H, an abelian group F(H).

e for any pair (K, H) of those finite groups and some finite
(K, H)-bisets U, a group homomorphism F(U) : F(H) — F(K).

Example of “some": p-groups, for a prime number p.

Example of “some”: left-free bisets, or bi-free bisets.

Biset functors defined over “some” groups with “some” bisets as
morphisms form an abelian category Fsome, some-
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Conjugation bisets
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Conjugation bisets

Fix a finite group G.
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Conjugation bisets

Fix a finite group G. When H, K < G, a conjugation (K, H)-biset U
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Conjugation bisets

Fix a finite group G. When H, K < G, a conjugation (K, H)-biset U is a
biset such that for each u € U
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Conjugation bisets

Fix a finite group G. When H, K < G, a conjugation (K, H)-biset U is a
biset such that for each u € U, there exists g = g, € G such that

V(k,h) € K x H, ku= uh=
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Conjugation bisets

Fix a finite group G. When H, K < G, a conjugation (K, H)-biset U is a
biset such that for each u € U, there exists g = g, € G such that

V(k,h) € K x H, ku= uh=>k=%h.
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Conjugation bisets

Fix a finite group G. When H, K < G, a conjugation (K, H)-biset U is a

biset such that for each u € U, there exists g = g, € G such that
V(k,h) € K x H, ku=uh= k=2h.

Let Conj;f,H denote the full subcategory of (K, H)-bisets consisting of

conjugation (K, H)-bisets
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Conjugation bisets

Fix a finite group G. When H, K < G, a conjugation (K, H)-biset U is a

biset such that for each u € U, there exists g = g, € G such that
V(k,h) € K x H, ku=uh= k=2h.

Let Conj;f,H denote the full subcategory of (K, H)-bisets consisting of

conjugation (K, H)-bisets, and B,%H its Grothendieck (Burnside) group.
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Conjugation bisets

Fix a finite group G. When H, K < G, a conjugation (K, H)-biset U is a
biset such that for each u € U, there exists g = g, € G such that
V(k,h) € K x H, ku=uh= k=2h.

Let Conjfg_H denote the full subcategory of (K, H)-bisets consisting of
conjugatioh (K, H)-bisets, and B,%H its Grothendieck (Burnside) group.
Examples:

@ Let U be a sub-(K, H)-biset of xGp.

Serge Bouc (CNRS-LAMFA) Fused Mackey functors Antalya Algebra Days 2013 4 /22



Conjugation bisets

Fix a finite group G. When H, K < G, a conjugation (K, H)-biset U is a

biset such that for each u € U, there exists g = g, € G such that
V(k,h) € K x H, ku=uh= k=2h.

Let Conjfg_H denote the full subcategory of (K, H)-bisets consisting of

conjugatioh (K, H)-bisets, and B,%H its Grothendieck (Burnside) group.

Examples:

@ Let U be a sub-(K, H)-biset of xGy. Then ku = uh < k ="h, for
uel
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Conjugation bisets

Fix a finite group G. When H, K < G, a conjugation (K, H)-biset U is a

biset such that for each u € U, there exists g = g, € G such that
V(k,h) € K x H, ku=uh= k=2h.

Let Conjfg_H denote the full subcategory of (K, H)-bisets consisting of

conjugatioh (K, H)-bisets, and B,%H its Grothendieck (Burnside) group.

Examples:

@ Let U be a sub-(K, H)-biset of xGy. Then ku = uh < k ="h, for
u € U, so U is a conjugation (K, H)-biset. In particular:
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Conjugation bisets

Fix a finite group G. When H, K < G, a conjugation (K, H)-biset U is a

biset such that for each u € U, there exists g = g, € G such that
V(k,h) € K x H, ku=uh= k=2h.

Let Conjfg_H denote the full subcategory of (K, H)-bisets consisting of

conjugatioh (K, H)-bisets, and B,%H its Grothendieck (Burnside) group.

Examples:

@ Let U be a sub-(K, H)-biset of xGy. Then ku = uh < k ="h, for
u € U, so U is a conjugation (K, H)-biset. In particular:
o when K < H, the (K, H)-biset H is denoted by Res}/.
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Conjugation bisets

Fix a finite group G. When H, K < G, a conjugation (K, H)-biset U is a

biset such that for each u € U, there exists g = g, € G such that
V(k,h) € K x H, ku=uh= k=2h.

Let Conj;f,H denote the full subcategory of (K, H)-bisets consisting of

conjugation (K, H)-bisets, and BE,H its Grothendieck (Burnside) group.

Examples:
@ Let U be a sub-(K, H)-biset of xGy. Then ku = uh < k ="h, for
u € U, so U is a conjugation (K, H)-biset. In particular:
o when K < H, the (K, H)-biset H is denoted by Res//.
e when H < K, the (K, H)-biset K is denoted by /nd,’_f.
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Conjugation bisets

Fix a finite group G. When H, K < G, a conjugation (K, H)-biset U is a
biset such that for each u € U, there exists g = g, € G such that

V(k,h) € K x H, ku=uh= k=¢h.
Let Conjg ;, denote the full subcategory of (K|, H)-bisets consisting of
conjugatioh (K, H)-bisets, and BE,H its Grothendieck (Burnside) group.
Examples:

@ Let U be a sub-(K, H)-biset of xGy. Then ku = uh < k ="h, for
u € U, so U is a conjugation (K, H)-biset. In particular:
o when K < H, the (K, H)-biset H is denoted by Res//.
e when H < K, the (K, H)-biset K is denoted by /nd,’_f.
o when K =&H, for g € G, the (K, H)-biset gH is denoted by Cnj, 4.
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Conjugation bisets

Fix a finite group G. When H, K < G, a conjugation (K, H)-biset U is a

biset such that for each u € U, there exists g = g, € G such that
V(k,h) € K x H, ku=uh= k=2h.

Let Conj;f,H denote the full subcategory of (K, H)-bisets consisting of

conjugation (K, H)-bisets, and BE,H its Grothendieck (Burnside) group.

Examples:
@ Let U be a sub-(K, H)-biset of xGy. Then ku = uh < k ="h, for
u € U, so U is a conjugation (K, H)-biset. In particular:
o when K < H, the (K, H)-biset H is denoted by Res//.
e when H < K, the (K, H)-biset K is denoted by /nd,’_f.
o when K =&H, for g € G, the (K, H)-biset gH is denoted by Cnj, 4.

@ When L, K,H < G, if V is a conjugation (L, K)-biset

Serge Bouc (CNRS-LAMFA) Fused Mackey functors Antalya Algebra Days 2013 4 /22



Conjugation bisets

Fix a finite group G. When H, K < G, a conjugation (K, H)-biset U is a

biset such that for each u € U, there exists g = g, € G such that
V(k,h) € K x H, ku=uh= k=2h.

Let Conj;f,H denote the full subcategory of (K, H)-bisets consisting of

conjugation (K, H)-bisets, and BE,H its Grothendieck (Burnside) group.

Examples:
@ Let U be a sub-(K, H)-biset of xGy. Then ku = uh < k ="h, for
u € U, so U is a conjugation (K, H)-biset. In particular:
o when K < H, the (K, H)-biset H is denoted by Res//.
e when H < K, the (K, H)-biset K is denoted by /nd,’_f.
o when K =&H, for g € G, the (K, H)-biset gH is denoted by Cnj, 4.
@ When L, K,H < G, if V is a conjugation (L, K)-biset and U is a
conjugation (K, H)-biset
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Conjugation bisets

Fix a finite group G. When H, K < G, a conjugation (K, H)-biset U is a
biset such that for each u € U, there exists g = g, € G such that

V(k,h) € K x H, ku=uh= k=2h.

Let Conj;f,H denote the full subcategory of (K, H)-bisets consisting of
conjugation (K, H)-bisets, and BE,H its Grothendieck (Burnside) group.
Examples:

@ Let U be a sub-(K, H)-biset of xGy. Then ku = uh < k ="h, for
u € U, so U is a conjugation (K, H)-biset. In particular:
o when K < H, the (K, H)-biset H is denoted by Res//.
e when H < K, the (K, H)-biset K is denoted by /nd,’_f.
o when K =&H, for g € G, the (K, H)-biset gH is denoted by Cnj, 4.
@ When L, K,H < G, if V is a conjugation (L, K)-biset and U is a
conjugation (K, H)-biset, then V xy U is a conjugation (L, H)-biset.
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Conjugation bisets

Fix a finite group G. When H, K < G, a conjugation (K, H)-biset U is a

biset such that for each u € U, there exists g = g, € G such that
V(k,h) € K x H, ku=uh= k=2h.

Let Conj;f,H denote the full subcategory of (K, H)-bisets consisting of

conjugation (K, H)-bisets, and BE,H its Grothendieck (Burnside) group.

Examples:
@ Let U be a sub-(K, H)-biset of xGy. Then ku = uh < k ="h, for
u € U, so U is a conjugation (K, H)-biset. In particular:
o when K < H, the (K, H)-biset H is denoted by Res//.
e when H < K, the (K, H)-biset K is denoted by /nd,’_f.
o when K =&H, for g € G, the (K, H)-biset gH is denoted by Cnj, 4.
@ When L, K,H < G, if V is a conjugation (L, K)-biset and U is a
conjugation (K, H)-biset, then V xy U is a conjugation (L, H)-biset.

e for K, H < G, any conjugation (K, H)-biset
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Conjugation bisets

Fix a finite group G. When H, K < G, a conjugation (K, H)-biset U is a
biset such that for each u € U, there exists g = g, € G such that

V(k,h) € K x H, ku=uh= k=2h.

Let Conjfg_H denote the full subcategory of (K, H)-bisets consisting of
conjugation (K, H)-bisets, and BE,H its Grothendieck (Burnside) group.
Examples:

@ Let U be a sub-(K, H)-biset of xGy. Then ku = uh < k ="h, for
u € U, so U is a conjugation (K, H)-biset. In particular:
o when K < H, the (K, H)-biset H is denoted by Res//.
e when H < K, the (K, H)-biset K is denoted by /nd,’_f.
o when K =&H, for g € G, the (K, H)-biset gH is denoted by Cnj, 4.
@ When L, K,H < G, if V is a conjugation (L, K)-biset and U is a
conjugation (K, H)-biset, then V xy U is a conjugation (L, H)-biset.
e for K, H < G, any conjugation (K, H)-biset is isomorphic to a disjoint
union of conjugation bisets of the form Indf, o Cnj; 4 © Resk.
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Mackey functors and biset functors
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Mackey functors and biset functors

Fix a finite group G. Then:
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Mackey functors and biset functors

Fix a finite group G. Then:
@ let “some” denote the subgroups of G.
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Mackey functors and biset functors

Fix a finite group G. Then:
@ let “some” denote the subgroups of G.
@ let “some” denote conjugation (K, H)-bisets, for K, H < G.
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Mackey functors and biset functors

Fix a finite group G. Then:

@ let “some” denote the subgroups of G.

@ let “some” denote conjugation (K, H)-bisets, for K, H < G.
Set 6 = Fsome,some-
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Mackey functors and biset functors

Fix a finite group G. Then:

@ let “some” denote the subgroups of G.

@ let “some” denote conjugation (K, H)-bisets, for K, H < G.
Set F¢ = fsome’some. If Fe Fg:

Serge Bouc (CNRS-LAMFA) Fused Mackey functors Antalya Algebra Days 2013 5/



Mackey functors and biset functors

Fix a finite group G. Then:

@ let “some” denote the subgroups of G.

@ let “some” denote conjugation (K, H)-bisets, for K, H < G.
Set F¢ = fsome’some. If Fe Fg:

@ for any H < G, set Mg(H) = F(H).
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Mackey functors and biset functors

Fix a finite group G. Then:

@ let “some” denote the subgroups of G.

@ let “some” denote conjugation (K, H)-bisets, for K, H < G.
Set F¢ = fsome’some. If Fe Fg:

@ for any H < G, set Mg(H) = F(H).

Q o for H<K<<G
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Mackey functors and biset functors

Fix a finite group G. Then:

@ let “some” denote the subgroups of G.

@ let “some” denote conjugation (K, H)-bisets, for K, H < G.
Set F¢ = fsome’some. If Fe Fg:

@ for any H < G, set Mg(H) = F(H).

@ o for H< K < G, define { rf; = F(Resf;) : Mp(K) — Mg(H)
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Mackey functors and biset functors

Fix a finite group G. Then:

@ let “some” denote the subgroups of G.

@ let “some” denote conjugation (K, H)-bisets, for K, H < G.
Set F¢ = fsome’some. If Fe Fg:

@ for any H < G, set Mg(H) = F(H).
rl = F(Resf) : Me(K) — Mg(H),

Q o for H< K <G, defme{ tﬁzF(/ndﬁ):MF(H)%MF(K).

Serge Bouc (CNRS-LAMFA) Fused Mackey functors Antalya Algebra Days 2013 5/



Mackey functors and biset functors

Fix a finite group G. Then:
@ let “some” denote the subgroups of G.
@ let “some” denote conjugation (K, H)-bisets, for K, H < G.
Set F¢ = fsome’some. If Fe Fg:
@ for any H < G, set Mg(H) = F(H).
. rf = F(Resf) : Mg(K) — Mg(H
Q@ o for H< K < G, define { t% _ Fglndg)): M:((H))—> M,:F((K)).’

e for H< Gandge G
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Mackey functors and biset functors

Fix a finite group G. Then:

@ let “some” denote the subgroups of G.

@ let “some” denote conjugation (K, H)-bisets, for K, H < G.
Set F¢ = fsome’some. If Fe Fg:

@ for any H < G, set Mg(H) = F(H).

. rf = F(Resf) : Mg(K) — Mg(H
Q@ o for H< K < G, define { t% _ Fglndg)): M:((H))—> M,:F((K)).’
o for H< G and g € G, define ¢g,y = F(Cnjg,1) : Mr(H) — Mg(8H).
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Mackey functors and biset functors

Fix a finite group G. Then:

@ let “some” denote the subgroups of G.

@ let “some” denote conjugation (K, H)-bisets, for K, H < G.
Set F¢ = fsome’some. If Fe Fg:

@ for any H < G, set Mg(H) = F(H).

K KY .
. ri; = F(Res[y) : Mp(K) — Mg(H),
Q o for H< K <G, defme{ tﬁzF(/ndﬁ):MF(H)%MF(K).
o for H< G and g € G, define ¢g,y = F(Cnjg,1) : Mr(H) — Mg(8H).
Then Mg is a Mackey functor for G.
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Mackey functors and biset functors

Fix a finite group G. Then:

@ let “some” denote the subgroups of G.

@ let “some” denote conjugation (K, H)-bisets, for K, H < G.
Set F¢ = fsome,some- If Fe Fg:

Q for any H < G, set Me(H) = F(H).

. K = F(Resl) : Mg(K) — Mg(H),
Q@ o for H< K <G, define { t’g _ FE/nd,'?)): M;((H))ﬁ M,.—F((K)).
o for H< G and g € G, define ¢g.y = F(Cnjg,1) : Mr(H) — Mg(8H).

Then Mg is a Mackey functor for G.
In particular, the Mackey formula follows from
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Mackey functors and biset functors

Fix a finite group G. Then:

@ let “some” denote the subgroups of G.

@ let “some” denote conjugation (K, H)-bisets, for K, H < G.
Set F¢ = fsome,some- If Fe Fg:

Q for any H < G, set Me(H) = F(H).

. K = F(Resl) : Mg(K) — Mg(H),
Q@ o for H< K <G, define { t’g _ FE/nd,'?)): M;((H))ﬁ M,.—F((K)).
o for H< G and g € G, define ¢g.y = F(Cnjg,1) : Mr(H) — Mg(8H).

Then Mg is a Mackey functor for G.
In particular, the Mackey formula follows from

L

Ve N

vV K H, kGu= || KeH
gE[K\L/H]
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Mackey functors and biset functors

Fix a finite group G. Then:

@ let “some” denote the subgroups of G.

@ let “some” denote conjugation (K, H)-bisets, for K, H < G.
Set F¢ = fsome,some- If Fe Fg:

Q for any H < G, set Me(H) = F(H).

. K = F(Resl) : Mg(K) — Mg(H),
Q@ o for H< K <G, define { t’g _ FE/nd,'?)): M;((H))ﬁ M,.—F((K)).
o for H< G and g € G, define ¢g.y = F(Cnjg,1) : Mr(H) — Mg(8H).

Then Mg is a Mackey functor for G.
In particular, the Mackey formula follows from

L

Ve N

VK H, kGy= I_I
g€[K\L/H]

Serge Bouc (CNRS-LAMFA) Fused Mackey functors Antalya Algebra Days 2013 5/22



Mackey functors and biset functors

Fix a finite group G. Then:

@ let “some” denote the subgroups of G.

@ let “some” denote conjugation (K, H)-bisets, for K, H < G.
Set F¢ = fsome,some- If Fe Fg:

Q for any H < G, set Me(H) = F(H).

. K = F(Resl) : Mg(K) — Mg(H),
Q@ o for H< K <G, define { t’g _ FE/nd,'?)): M;((H))ﬁ M,.—F((K)).
o for H< G and g € G, define ¢g.y = F(Cnjg,1) : Mr(H) — Mg(8H).

Then Mg is a Mackey functor for G.
In particular, the Mackey formula follows from

L

PEREN
vV K H, kGy= I_I ResggﬂH
gE[K\L/H]
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Mackey functors and biset functors

Fix a finite group G. Then:

@ let “some” denote the subgroups of G.

@ let “some” denote conjugation (K, H)-bisets, for K, H < G.
Set F¢ = fsome,some- If Fe Fg:

Q for any H < G, set Me(H) = F(H).

. K = F(Resl) : Mg(K) — Mg(H),
Q@ o for H< K <G, define { t’g _ FE/nd,'?)): M;((H))ﬁ M,.—F((K)).
o for H< G and g € G, define ¢g.y = F(Cnjg,1) : Mr(H) — Mg(8H).

Then Mg is a Mackey functor for G.
In particular, the Mackey formula follows from

L

7/ AN
VK H, kGuy= |_| Cnjg kerH © Resisnp
gE[K\L/H]
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Mackey functors and biset functors

Fix a finite group G. Then:

@ let “some” denote the subgroups of G.

@ let “some” denote conjugation (K, H)-bisets, for K, H < G.
Set F¢ = fsome,some- If Fe Fg:

Q for any H < G, set Me(H) = F(H).

. K = F(Resl) : Mg(K) — Mg(H),
Q@ o for H< K <G, define { t’g _ FE/nd,'?)): M;((H))ﬁ M,.—F((K)).
o for H< G and g € G, define ¢g.y = F(Cnjg,1) : Mr(H) — Mg(8H).

Then Mg is a Mackey functor for G.
In particular, the Mackey formula follows from

L

7/ N
VK H, kGu= || Indqe o Cnjgksnm o Resgeny.
ge[K\L/H]
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Mackey functors and biset functors

Fix a finite group G. Then:
@ let “some” denote the subgroups of G.
o let denote conjugation (K, H)-bisets, for K, H < G.
Set F¢ = .7:50,7767 M F e Fg:
@ for any H < G, set Mg(H) = F(H).
. rf = F(Resf) : Mg(K) — Mg(H),
Q@ o for H< K < G, define { t‘% _ Fglndf’:)): M:((H))—> /\/I,:F((K))
o for H< G and g € G, define ¢g,y = F(Cnjg,1) : Mr(H) — Mg(8H).
Then Mg is a Mackey functor for G.

Question:

v,
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Mackey functors and biset functors

Fix a finite group G. Then:
@ let “some” denote the subgroups of G.
o let denote conjugation (K, H)-bisets, for K, H < G.
Set F¢ = .7:50,7767 M F e Fg:
@ for any H < G, set Mg(H) = F(H).
. rf = F(Resf) : Mg(K) — Mg(H),
Q@ o for H< K < G, define { t‘% _ Fglndf’:)): M:((H))—> /\/I,:F((K))
o for H< G and g € G, define ¢g,y = F(Cnjg,1) : Mr(H) — Mg(8H).
Then Mg is a Mackey functor for G.

Question: Let M be a Mackey functor for G.

v,
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Mackey functors and biset functors

Fix a finite group G. Then:

@ let “some” denote the subgroups of G.

o let denote conjugation (K, H)-bisets, for K, H < G.
Set F¢ = .7:50,7767 M F e Fg:

@ for any H < G, set Mg(H) = F(H).

@ o for H<K <G, define { ! g - Egﬁfg)) : /\Aﬂ/l:((l!j)): AA/;,,_-F((E)).’

o for H< G and g € G, define ¢g,y = F(Cnjg,1) : Mr(H) — Mg(8H).

Then Mg is a Mackey functor for G.
Question: Let M be a Mackey functor for G. Is there a biset functor F
such that M = Mg?

v,
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Mackey functors and biset functors

Fix a finite group G. Then:

@ let “some” denote the subgroups of G.

o let denote conjugation (K, H)-bisets, for K, H < G.
Set F¢ = .7:50,7767 M F e Fg:

@ for any H < G, set Mg(H) = F(H).

@ o for H<K <G, define { ! g - Egﬁfg)) : /\Aﬂ/l:((l!j)): AA/;,,_-F((E)).’

o for H< G and g € G, define ¢g,y = F(Cnjg,1) : Mr(H) — Mg(8H).

Then Mg is a Mackey functor for G.
Question: Let M be a Mackey functor for G. Is there a biset functor F
such that M = Mg?
Answer: No in general.

v,
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Mackey functors and biset functors

Fix a finite group G. Then:

@ let “some” denote the subgroups of G.

o let denote conjugation (K, H)-bisets, for K, H < G.
Set F¢ = .7:50,7767 M F e Fg:

@ for any H < G, set Mg(H) = F(H).

@ o for H<K <G, define { ! g - Egﬁfg)) : /\Aﬂ/l:((l!j)): AA/;,,_-F((E)).’

o for H< G and g € G, define ¢g,y = F(Cnjg,1) : Mr(H) — Mg(8H).

Then Mg is a Mackey functor for G.
Question: Let M be a Mackey functor for G. Is there a biset functor F
such that M = Mg?
Answer: No in general. If g € C(H)

v,
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Mackey functors and biset functors

Fix a finite group G. Then:

@ let “some” denote the subgroups of G.

o let denote conjugation (K, H)-bisets, for K, H < G.
Set F¢ = .7:50,7767 M F e Fg:

@ for any H < G, set Mg(H) = F(H).

@ o for H<K <G, define { ! g - Egﬁfg)) : /\Aﬂ/l:((l!j)): AA/;,,_-F((E)).’

o for H< G and g € G, define ¢g,y = F(Cnjg,1) : Mr(H) — Mg(8H).

Then Mg is a Mackey functor for G.
Question: Let M be a Mackey functor for G. Is there a biset functor F
such that M = Mg?
Answer: No in general. If g € Cg(H), then gH = H as (H, H)-biset

v,
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Mackey functors and biset functors

Fix a finite group G. Then:

@ let “some” denote the subgroups of G.

o let denote conjugation (K, H)-bisets, for K, H < G.
Set F¢ = .7:50,7767 M F e Fg:

@ for any H < G, set Mg(H) = F(H).

@ o for H<K <G, define { ! g - Egﬁfg)) : /\Aﬂ/l:((l!j)): AA/;,,_-F((E)).’

o for H< G and g € G, define ¢g,y = F(Cnjg,1) : Mr(H) — Mg(8H).

Then Mg is a Mackey functor for G.
Question: Let M be a Mackey functor for G. Is there a biset functor F
such that M = Mg?
Answer: No in general. If g € Cg(H), then gH = H as (H, H)-biset,
hence Cnj, y = Cnji,p = Idy.

v,
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Mackey functors and biset functors

Fix a finite group G. Then:

@ let “some” denote the subgroups of G.

o let denote conjugation (K, H)-bisets, for K, H < G.
Set F¢ = .7:50,7767 M F e Fg:

@ for any H < G, set Mg(H) = F(H).

@ o for H<K <G, define { ! g - Egﬁfg)) : /\Aﬂ/l:((l!j)): AA/;,,_-F((E)).’

o for H< G and g € G, define ¢g,y = F(Cnjg,1) : Mr(H) — Mg(8H).

Then Mg is a Mackey functor for G.
Question: Let M be a Mackey functor for G. Is there a biset functor F
such that M = Mg?
Answer: No in general. If g € Cg(H), then gH = H as (H, H)-biset,
hence Cnjg v = Cnji 5 = Idy. Hence ¢z = ldy(h)

v,
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Mackey functors and biset functors

Fix a finite group G. Then:

@ let “some” denote the subgroups of G.

o let denote conjugation (K, H)-bisets, for K, H < G.
Set F¢ = .7:50,7767 M F e Fg:

@ for any H < G, set Mg(H) = F(H).

@ o for H<K <G, define { ! g - Egﬁfg)) : /\Aﬂ/l:((l!j)): AA/;,,_-F((E)).’

o for H< G and g € G, define ¢g,y = F(Cnjg,1) : Mr(H) — Mg(8H).
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such that M = Mg?
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trivially on Mg (H), for any H < G.
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conjugation invariant if Cg(H) acts trivially on M(H), for any H < G.

Let Mack®(G) denote the subcategory of Mack(G) consisting of
conjugation invariant Mackey functors.

Serge Bouc (CNRS-LAMFA) Fused Mackey functors Antalya Algebra Days 2013 6 /22



Conjugation invariant Mackey functors

Definition (Hambleton-Taylor-Williams 2010)

Let G be a finite group. A Mackey functor M for G is said to be
conjugation invariant if Cg(H) acts trivially on M(H), for any H < G.

Let Mack®(G) denote the subcategory of Mack(G) consisting of
conjugation invariant Mackey functors.

Recall that F¢ denotes the category of biset functors defined on
subgroups of G, with conjugation (K, H)-bisets as morphisms.
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Conjugation invariant Mackey functors

Definition (Hambleton-Taylor-Williams 2010)

Let G be a finite group. A Mackey functor M for G is said to be
conjugation invariant if Cg(H) acts trivially on M(H), for any H < G.

Let Mack®(G) denote the subcategory of Mack(G) consisting of
conjugation invariant Mackey functors.

Recall that F¢ denotes the category of biset functors defined on
subgroups of G, with conjugation (K, H)-bisets as morphisms.

Theorem (Hambleton-Taylor-Williams 2010)

The functor F — MF is an equivalence of categories Fc — Mack®(G).
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Let G be a finite group. Let G-set denote the category of finite G-sets.
Let Z-Mod denote the category of abelian groups.

Definition (Dress)
A Mackey functor M for G is a bivariant functor (M*, M,) from G-set to
7Z-Mod, i.e.

@ M* is a contravariant functor G-set— Z-Mod.

@ M, is a covariant functor G-set— Z-Mod.
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Let G be a finite group. Let G-set denote the category of finite G-sets.
Let Z-Mod denote the category of abelian groups.

Definition (Dress)

A Mackey functor M for G is a bivariant functor (M*, M,) from G-set to
Z-Mod, i.e.

@ M* is a contravariant functor G-set— Z-Mod.

@ M., is a covariant functor G-set— Z-Mod.
o M*(X) = M,(X) for any finite G-set X.
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Let Z-Mod denote the category of abelian groups.

Definition (Dress)
A Mackey functor M for G is a bivariant functor (M*, M,) from G-set to
Z-Mod, such that

@ for any finite G-sets X and Y, the maps
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(M. (ix ), M« (iv))

Serge Bouc (CNRS-LAMFA) Fused Mackey functors Antalya Algebra Days 2013 7/22



Mackey functors revisited

Let G be a finite group. Let G-set denote the category of finite G-sets.
Let Z-Mod denote the category of abelian groups.

Definition (Dress)
A Mackey functor M for G is a bivariant functor (M*, M,) from G-set to
Z-Mod, such that
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Z-Mod, such that

@ for any finite G-sets X and Y, the maps
(M~ (ix),M*(iv))
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Z-Mod, such that

@ for any finite G-sets X and Y, the maps
(M~ (ix),M*(iv))

M(XUY) M(X) @ M(Y)
(M*(iX)vM*(iY?)

are inverse to each other, where X % _ x 1y ¥ by .
X3y
Q if b}  Jc is a cartesian (i.e. pullback) square of finite G-sets, then
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Let S denote the following category (of spans of G-sets):
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Let S¢ denote the following category:
o the objects of S are the finite G-sets.
o Homg (X,Y)=B(c(Y x X)) for finite G-sets X and Y, where

B(c(Y x X)) is the Grothendieck group (Burnside group) of the
category G-set |y, x.
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o Homg (X,Y)=B(c(Y x X)) for finite G-sets X and Y, where
B(c(Y x X)) is the Grothendieck group (Burnside group) of the
category G-set |y, x.

@ composition is induced by pullback
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Let S¢ denote the following category:
@ the objects of S¢ are the finite G-sets.

o Homg (X,Y)=B(c(Y x X)) for finite G-sets X and Y, where
B(c(Y x X)) is the Grothendieck group (Burnside group) of the
category G-set |y, x.

@ composition is induced by pullback, from

E

PAEN
z/ \Yoyz \X— /D\/C\
z Y X
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Mackey functors revisited

Let S¢ denote the following category:
@ the objects of S¢ are the finite G-sets.

o Homg (X,Y)=B(c(Y x X)) for finite G-sets X and Y, where
B(c(Y x X)) is the Grothendieck group (Burnside group) of the
category G-set |y, x.

@ composition is induced by pullback, from

E
PN
Y/ N o v N = D [PB] C
NN
Z Y X

X
@ the identity morphism of X is /7 X\
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Mackey functors revisited

Let S¢ denote the following category:
@ the objects of S¢ are the finite G-sets.

o Homg (X,Y)=B(c(Y x X)) for finite G-sets X and Y, where
B(c(Y x X)) is the Grothendieck group (Burnside group) of the
category G-set |y, x.

@ composition is induced by pullback, from

E
PN
/N o /N = D C
NN
V4 Y X
X
@ the identity morphism of X is /7 X\

Then a Mackey functor for G
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Mackey functors revisited

Let S¢ denote the following category:
@ the objects of S¢ are the finite G-sets.

o Homg (X,Y)=B(c(Y x X)) for finite G-sets X and Y, where
B(c(Y x X)) is the Grothendieck group (Burnside group) of the
category G-set |y, x.

@ composition is induced by pullback, from

g E\
/ N o g N\ = D C
N S

z Y v X J/ N
z 14 X

X
@ the identity morphism of X'is ~ X\ .
X X
Then a Mackey functor for G is an additive functor S¢ — Z-Mod.
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Let C; denote the following category:
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o if H K < G, then Hom¢ (H, K) is the Grothendieck group Bﬁ,,_,
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Let C; denote the following category:
@ the objects of C¢ are the subgroups of G.
e if H,K < G, then Home_(H, K) is the Grothendieck group Bﬁ,,_, of
the category Conj,cjo.
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Let C; denote the following category:
@ the objects of C¢ are the subgroups of G.
e if H,K < G, then Home_(H, K) is the Grothendieck group Bﬁ,,_, of
the category Conj,cjo.

@ composition in Cg is induced by the composition of bisets.
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Let C; denote the following category:
@ the objects of C¢ are the subgroups of G.
e if H,K < G, then Home_(H, K) is the Grothendieck group Bﬁ,,_, of
the category Conj,cjo.
@ composition in Cg is induced by the composition of bisets.
@ the identity morphism of H < G is the (H, H)-biset H.
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Biset functors revisited

Let C; denote the following category:
@ the objects of C¢ are the subgroups of G.
e if H,K < G, then Home_(H, K) is the Grothendieck group Bﬁ,,_, of
the category Conj,céH.
@ composition in Cg is induced by the composition of bisets.
@ the identity morphism of H < G is the (H, H)-biset H.

Then the category Fg is equivalent to the category of additive functors
from C¢ to Z-Mod.
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that for each v € U
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Recall that when H, K < G, a conjugation (K, H)-biset U is a biset such
that for each u € U, there exists g = g, € G such that

V(k,h) € K x H, ku=uh= k=¢&h.
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Recall that when H, K < G, a conjugation (K, H)-biset U is a biset such
that for each u € U, there exists g = g, € G such that

V(k,h) € K x H, ku=uh= k=¢&h.

Equivalently U is a (K, H)-biset such that there exists a morphism of
(K, H)-bisets U — k Gy
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Conjugation bisets revisited

Recall that when H, K < G, a conjugation (K, H)-biset U is a biset such
that for each u € U, there exists g = g, € G such that

V(k,h) € K x H, ku=uh= k=¢&h.

Equivalently U is a (K, H)-biset such that there exists a morphism of
(K, H)-bisets U — k Gp:

if U is a conjugation (K, H)-biset, then for each u € [K\U/H],
choose g, as above
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Equivalently U is a (K, H)-biset such that there exists a morphism of
(K, H)-bisets U — k Gp:

if U is a conjugation (K, H)-biset, then for each u € [K\U/H],
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ue [K\U/H], ke K, he H.
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(K, H)-bisets U — k Gp:
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Recall that when H, K < G, a conjugation (K, H)-biset U is a biset such
that for each u € U, there exists g = g, € G such that

V(k,h) € K x H, ku=uh= k=¢&h.

Equivalently U is a (K, H)-biset such that there exists a morphism of
(K, H)-bisets U — k Gp:

if U is a conjugation (K, H)-biset, then for each u € [K\U/H],
choose g, as above, and define a map a: U — G by a(kuh) = kg,h, for
ue [K\U/H], ke K, he H.
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V(k,h) € K x H, ku=uh
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Conjugation bisets revisited

Recall that when H, K < G, a conjugation (K, H)-biset U is a biset such
that for each u € U, there exists g = g, € G such that

V(k,h) € K x H, ku=uh= k=¢&h.

Equivalently U is a (K, H)-biset such that there exists a morphism of
(K, H)-bisets U — k Gp:

if U is a conjugation (K, H)-biset, then for each u € [K\U/H],
choose g, as above, and define a map a: U — G by a(kuh) = kg,h, for
ue [K\U/H], ke K, he H.

if 5: U — G is amap of (K, H)-bisets, then for any u € U

V(k,h) € K x H, ku=uh= kB(u) = B(u)h
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Conjugation bisets revisited

Recall that when H, K < G, a conjugation (K, H)-biset U is a biset such
that for each u € U, there exists g = g, € G such that

V(k,h) € K x H, ku=uh= k=¢&h.

Equivalently U is a (K, H)-biset such that there exists a morphism of
(K, H)-bisets U — k Gp:

if U is a conjugation (K, H)-biset, then for each u € [K\U/H],
choose g, as above, and define a map a: U — G by a(kuh) = kg,h, for
ue [K\U/H], ke K, he H.

if 5: U — G is amap of (K, H)-bisets, then for any u € U

V(k,h) € K x H, ku= uh= kp(u) = p(u)h= k =28h, forg = B(u).
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Let K,H < G.
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Let K, H < G. There is an obvious forgetful functor

U
\La € (K, H)—bisetWGH
k GH
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Let K, H < G. There is an obvious forgetful functor

U
lo | € (K, H)-bisety, g, — U e Conjg
k GH
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Let K, H < G. There is an obvious forgetful functor

U
lo | € (K, H)-bisety, g, — U e Conjg
k GH

which induces a surjective group homomorphism

B(k Gu) —= B .
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Let K, H < G. There is an obvious forgetful functor

U
lo | € (K, H)-bisety, g, — U e Conjg
k GH

which induces a surjective group homomorphism
B(k Gu) —= B .

This is compatible with the composition
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Let K, H < G. There is an obvious forgetful functor

U
lo | € (K, H)-bisety, g, — U e Conjg
k GH

which induces a surjective group homomorphism
B(k Gu) —= B .

This is compatible with the composition, if

74 U
iﬁ o \La =
LGk Kk GH
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Let K, H < G. There is an obvious forgetful functor

U
lo | € (K, H)-bisety, g, — U e Conjg
k GH

which induces a surjective group homomorphism
B(k Gu) —= B .

This is compatible with the composition, if

74 XK U
74 U i//BXKa
lﬁ o J/OC = G XK G
LGk k GH iu
G
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From subgroups to G-sets

Moreover k Gy is the restriction to (K, H) of the (G, G)-biset G.
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Moreover k Gy is the restriction to (K, H) of the (G, G)-biset G.

Let T be a finite group, and \ be a subgroup of T.
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From subgroups to G-sets

Moreover k Gy is the restriction to (K, H) of the (G, G)-biset G.

Let T be a finite group, and N\ be a subgroup of I'. Let X be a finite \-set
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From subgroups to G-sets

Moreover k Gy is the restriction to (K, H) of the (G, G)-biset G.

Let T be a finite group, and \ be a subgroup of I'. Let X be a finite \-set,
and let Y = lndXX = xp X
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From subgroups to G-sets

Moreover k Gy is the restriction to (K, H) of the (G, G)-biset G.

Let T be a finite group, and \ be a subgroup of I'. Let X be a finite \-set,
and let Y = /ndXX.
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From subgroups to G-sets

Moreover k Gy is the restriction to (K, H) of the (G, G)-biset G.

Let T be a finite group, and \ be a subgroup of I'. Let X be a finite \-set,
and let Y = /ndXX. Then the categories N\-set x and -sety are
equivalent
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From subgroups to G-sets

Moreover k Gy is the restriction to (K, H) of the (G, G)-biset G.

Let T be a finite group, and \ be a subgroup of I'. Let X be a finite \-set,
and let Y = /ndXX. Then the categories N\-set x and -sety are
equivalent, and in particular

B(r Y) = B(/\X)

Serge Bouc (CNRS-LAMFA) Fused Mackey functors Antalya Algebra Days 2013 12 / 22



From subgroups to G-sets

Moreover k Gy is the restriction to (K, H) of the (G, G)-biset G.

Let T be a finite group, and \ be a subgroup of I'. Let X be a finite \-set,
and let Y = /ndXX. Then the categories N\-set x and -sety are
equivalent, and in particular

B(r Y) = B(/\X)

In particular if X = Res,KZ for some finite -set Z
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From subgroups to G-sets

Moreover k Gy is the restriction to (K, H) of the (G, G)-biset G.

Let T be a finite group, and \ be a subgroup of I'. Let X be a finite \-set,

and let Y = /ndXX. Then the categories N\-set x and -sety are
equivalent, and in particular

B(r Y) = B(/\X)

In particular if X = Res,KZ for some finite -set Z, then

B(/\(RGS/KZ)) =
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From subgroups to G-sets

Moreover k Gy is the restriction to (K, H) of the (G, G)-biset G.

Let T be a finite group, and \ be a subgroup of I'. Let X be a finite \-set,
and let Y = /ndXX. Then the categories N\-set x and -sety are
equivalent, and in particular

B(r Y) = B(/\X)

In particular if X = Res,KZ for some finite -set Z, then

B(r(Resy2)) = B(r(Ind} Res) Z)) =
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From subgroups to G-sets

Moreover k Gy is the restriction to (K, H) of the (G, G)-biset G.

Let T be a finite group, and \ be a subgroup of I'. Let X be a finite \-set,
and let Y = /ndXX. Then the categories N\-set x and -sety are
equivalent, and in particular

B(r Y) = B(/\X)

In particular if X = Res,KZ for some finite -set Z, then

B(n(ReshZ)) = B(r(Ind\ Resh 7)) = (r((r//\) x Z)).
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From subgroups to G-sets

Moreover k Gy is the restriction to (K, H) of the (G, G)-biset G.

Let T be a finite group, and \ be a subgroup of I'. Let X be a finite \-set,
and let Y = /ndXX. Then the categories N\-set x and -sety are
equivalent, and in particular

B(r Y) = B(/\X)

In particular if X = Res,KZ for some finite -set Z, then

B(n(ReshZ)) = B(r(Ind\ Resh 7)) = (r((r//\) x Z)).

For = G x G°P
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From subgroups to G-sets

Moreover k Gy is the restriction to (K, H) of the (G, G)-biset G.

Let T be a finite group, and \ be a subgroup of I'. Let X be a finite \-set,
and let Y = /ndXX. Then the categories N\-set x and -sety are
equivalent, and in particular

B(r Y) = B(/\X)

In particular if X = Res,KZ for some finite -set Z, then

B(n(ReshZ)) = B(r(Ind\ Resh 7)) = (r((r//\) x Z)).

ForT' =G x G°P, A= K x H°®
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From subgroups to G-sets

Moreover k Gy is the restriction to (K, H) of the (G, G)-biset G.

Let T be a finite group, and \ be a subgroup of I'. Let X be a finite \-set,
and let Y = /ndXX. Then the categories N\-set x and -sety are
equivalent, and in particular

B(r Y) = B(/\X)

In particular if X = Res,KZ for some finite -set Z, then

B(n(ReshZ)) = B(r(Ind\ Resh 7)) = (r((r//\) x Z)).

ForT' =G x G, A= K x H®?, and Z = ¢Gg
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From subgroups to G-sets

Moreover k Gy is the restriction to (K, H) of the (G, G)-biset G.

Let T be a finite group, and \ be a subgroup of I'. Let X be a finite \-set,
and let Y = /ndXX. Then the categories N\-set x and -sety are
equivalent, and in particular

B(r Y) = B(/\X)

In particular if X = Res,KZ for some finite -set Z, then
B(n(ReshZ)) = B(r(Ind\ Resh 7)) = (r((r//\) x Z)).
ForT' =G x G°°, A=K x H°P, and Z = ¢ Gg, this gives

B(kGn) =
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From subgroups to G-sets

Moreover k Gy is the restriction to (K, H) of the (G, G)-biset G.

Let T be a finite group, and \ be a subgroup of I'. Let X be a finite \-set,
and let Y = /ndXX. Then the categories N\-set x and -sety are
equivalent, and in particular

B(r Y) = B(/\X)

In particular if X = Res,KZ for some finite -set Z, then
B(n(ReshZ)) = B(r(Ind\ Resh 7)) = B(r((r//\) x z)).
ForT' =G x G°°, A=K x H°P, and Z = ¢ Gg, this gives

B(k Gr) = B(G((G/K) G % (G/H))G>.
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More generally, one can then consider the following category ¥ ;:
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@ the objects of L are the finite G-sets.
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Additive completion

More generally, one can then consider the following category ¥ ;:
@ the objects of L are the finite G-sets.
e if X and Y are finite G-sets, then Y x G x X is a (G, G)-biset
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Additive completion

More generally, one can then consider the following category ¥ ;:
@ the objects of L are the finite G-sets.

e if X and Y are finite G-sets, then Y x G x X is a (G, G)-biset
(u(y,g,x)v = (uy, ugv,v=ix), for u,v,g € G, y € Y and x € X)
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Additive completion

More generally, one can then consider the following category ¥ ;:
@ the objects of L are the finite G-sets.

e if X and Y are finite G-sets, then Y x G x X is a (G, G)-biset, and
Homs (X, Y) = B(c(Y x G x X)g¢).
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Additive completion

More generally, one can then consider the following category ¥ ;:
@ the objects of L are the finite G-sets.
e if X and Y are finite G-sets, then Y x G x X is a (G, G)-biset, and
Homs (X, Y) = B(c(Y x G x X)g¢).
@ the composition in X ¢ is induced by

S R
VAN Jol VAN )=
Z G Y Y G X
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Additive completion

More generally, one can then consider the following category ¥ ;:
@ the objects of L are the finite G-sets.
e if X and Y are finite G-sets, then Y x G x X is a (G, G)-biset, and
Homs (X, Y) = B(c(Y x G x X)g¢).
@ the composition in X ¢ is induced by

R (S %eaR)/G

S
A A A e P B
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Additive completion

More generally, one can then consider the following category ¥ ;:
@ the objects of L are the finite G-sets.
e if X and Y are finite G-sets, then Y x G x X is a (G, G)-biset, and
Homs (X, Y) = B(c(Y x G x X)g¢).
@ the composition in X ¢ is induced by

e ol e AN
., e o a - "
Z G v Yy 6 X / i \

where (5§ X2 R) ={(s,r) € Sx R | e(s) = a(r)}
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Additive completion

More generally, one can then consider the following category ¥ ;:
@ the objects of L are the finite G-sets.
e if X and Y are finite G-sets, then Y x G x X is a (G, G)-biset, and
Homs (X, Y) = B(c(Y x G x X)g¢).
@ the composition in X ¢ is induced by

e ol e NS
A e o a/. _ u " v
4 G Y Y G X Z/ i/; \X

where (5§ X2 R) ={(s,r) € S x R | e(s) = a(r)}, with right
G-action defined by (s, r)g = (sg, g~ 'r), forg € G
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Additive completion

More generally, one can then consider the following category ¥ ;:
@ the objects of L are the finite G-sets.
e if X and Y are finite G-sets, then Y x G x X is a (G, G)-biset, and
Homs (X, Y) = B(c(Y x G x X)g¢).
@ the composition in X ¢ is induced by

e Vol AN
f. e o a _ w
Z G v Yy ¢ X / i \

where u((s,r)G) = d(s), v((s,r)G) = b(r), w((s,r)G) = f(s)c(r).
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Additive completion

More generally, one can then consider the following category ¥ ;:
@ the objects of L are the finite G-sets.
e if X and Y are finite G-sets, then Y x G x X is a (G, G)-biset, and
Homs (X, Y) = B(c(Y x G x X)g¢).
@ the composition in X ¢ is induced by

R (S %eaR)/G

S
A A A e P B
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Additive completion

More generally, one can then consider the following category ¥ ;:
@ the objects of L are the finite G-sets.
e if X and Y are finite G-sets, then Y x G x X is a (G, G)-biset, and
Homs (X, Y) = B(c(Y x G x X)g¢).
@ the composition in X ¢ is induced by

i ol A EWEN
f € o /¢ = w
zZ G v Yy 6 X z/ ci; \
G x X
@ the identity morphism of the G-set X is /ki \ﬁ
X G X
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Additive completion

More generally, one can then consider the following category ¥ ;:
@ the objects of L are the finite G-sets.
e if X and Y are finite G-sets, then Y x G x X is a (G, G)-biset, and
Homs (X, Y) = B(c(Y x G x X)g¢).
@ the composition in X ¢ is induced by

R (S %eaR)/G

S
A A A e P B

GxX
@ the identity morphism of the G-set X is /ki \ﬁ

X G X
where s(g, x)t = (sgt, t"1x), for s, t,g € G and x € X
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Additive completion

More generally, one can then consider the following category ¥ ;:
@ the objects of L are the finite G-sets.

e if X and Y are finite G-sets, then Y x G x X is a (G, G)-biset, and
Homs (X, Y) = B(c(Y x G x X)g¢).
@ the composition in X ¢ is induced by

S R
VAN Jol VAN )=
G X

Z G Y Y

X
@ the identity morphism of the G-set X is /ki \ﬁ
G

X
where i(g,x) = gx, j(g,x) = x, k(g,x) = &.
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Additive completion

More generally, one can then consider the following category ¥ ;:
@ the objects of L are the finite G-sets.
e if X and Y are finite G-sets, then Y x G x X is a (G, G)-biset, and
Homs (X, Y) = B(c(Y x G x X)g¢).
@ the composition in X ¢ is induced by

Z MDA EHEN
f N o] /¢ = w
zZ 6 v) \y ¢ x z/ ci; \
G x X
@ the identity morphism of the G-set X is /ki \ﬁ '
X G X
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Additive completion

Recall that C¢ is the category of subgroups of G, where
Home (H, K) = B 4.
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Additive completion

Recall that C¢ is the category of subgroups of G, where

Home, (H,K) = BS 4.

The additive comple’tion of Cg is equivalent to the quotient X of > ¢
obtained by identifying morphisms f, g € Homy (X, Y)
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Additive completion

Recall that C¢ is the category of subgroups of G, where

Home, (H,K) = BS 4.

The additive comple’tion of Cg is equivalent to the quotient X of > ¢
obtained by identifying morphisms f, g € Homs (X, Y) such that f — g is
in the kernel of the map ¢ : B(g(Y x G x X)g) — B(c(Y x X)¢)
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Additive completion

Recall that C¢ is the category of subgroups of G, where

Home, (H,K) = BS 4.

The additive comple’tion of Cg is equivalent to the quotient X of > ¢
obtained by identifying morphisms f, g € Homs (X, Y) such that f — g is
in the kernel of the map ¢ : B(g(Y x G x X)g) — B(c(Y x X)¢)
induced by the map

R R
VAN = YN
Y G X Y X
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Additive completion

Recall that C¢ is the category of subgroups of G, where

Home, (H,K) = BS 4.

The additive comple’tion of Cg is equivalent to the quotient X of > ¢
obtained by identifying morphisms f, g € Homs (X, Y) such that f — g is
in the kernel of the map ¢ : B(g(Y x G x X)g) — B(c(Y x X)¢)
induced by the map

R R
NI A
Y X

Y ¢ X

It follows that the category F¢ is equivalent to the category of additive
functors ¥ ; — Z-Mod.
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Recall that the objects of ¥ are the finite G-sets
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Recall that the objects of X are the finite G-sets, and that

Homs (X, Y) = B(6(Y x G x X)g).
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Recall that the objects of X are the finite G-sets, and that
Homs (X, Y) = B(G(Y x G X X)G).

Now G = Indg 5" e
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Recall that the objects of X are the finite G-sets, and that
Homs (X, Y) = B(G(Y x G X X)G).

Now G = /ndg(XGgOpo, where A(G) = {(g,g7') | g € G}
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Recall that the objects of X are the finite G-sets, and that
Homs (X, Y) = B(G(Y x G X X)G).

Now G = IndgS™e, thus Y x G x X = Indg 5™ (Y x X).
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Recall that the objects of X are the finite G-sets, and that
Homs (X, Y) = B(G(Y x G X X)G).

Now G = IndgS™e, thus Y x G x X = Indg 5™ (Y x X).
Hence B(c(Y x G x X)¢) = B(c(Y x X)).
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Recall that the objects of X are the finite G-sets, and that
Homs (X, Y) = B(G(Y x G X X)G).

Now G = IndgS™e, thus Y x G x X = Indg 5™ (Y x X).
Hence B(c(Y x G x X)¢) = B(c(Y x X)).
Keeping track of the composition in X
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Recall that the objects of X are the finite G-sets, and that
Homs (X, Y) = B(G(Y x G X X)G).

Now G = IndgS™e, thus Y x G x X = Indg 5™ (Y x X).

Hence B(c(Y x G x X)¢) = B(c(Y x X)).

Keeping track of the composition in X shows that X ¢ is equivalent to
the category S¢ of Lindner
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Recall that the objects of X are the finite G-sets, and that
Homs (X, Y) = B(G(Y x G X X)G).

Now G = IndgS™e, thus Y x G x X = Indg 5™ (Y x X).

Hence B(c(Y x G x X)¢) = B(c(Y x X)).

Keeping track of the composition in X shows that X ¢ is equivalent to
the category S¢ of Lindner, hence the additive functors from ¥ ¢ to
Z-Mod are the Mackey functors for G.
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Recall that the objects of X are the finite G-sets, and that
Homs (X, Y) = B(G(Y x G X X)G).

Now G = IndgS™e, thus Y x G x X = Indg 5™ (Y x X).

Hence B(c(Y x G x X)¢) = B(c(Y x X)).

Keeping track of the composition in X shows that X ¢ is equivalent to
the category S¢ of Lindner, hence the additive functors from ¥ ¢ to
Z-Mod are the Mackey functors for G.

To describe X in those terms
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Recall that the objects of X are the finite G-sets, and that
Homs (X, Y) = B(G(Y x G X X)G).

Now G = IndgS™e, thus Y x G x X = Indg 5™ (Y x X).

Hence B(c(Y x G x X)¢) = B(c(Y x X)).

Keeping track of the composition in X shows that X ¢ is equivalent to
the category S¢ of Lindner, hence the additive functors from X ¢ to
Z-Mod are the Mackey functors for G.

To describe X in those terms, it remains to see which morphisms in S¢
vanish in X ..
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Recall that the objects of X are the finite G-sets, and that
Homs (X, Y) = B(G(Y x G X X)G).

Now G = IndgS™e, thus Y x G x X = Indg 5™ (Y x X).

Hence B(c(Y x G x X)¢) = B(c(Y x X)).

Keeping track of the composition in X shows that X ¢ is equivalent to
the category S¢ of Lindner, hence the additive functors from X ¢ to
Z-Mod are the Mackey functors for G.

To describe X in those terms, it remains to see which morphisms in S¢
vanish in X ..
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. b 4 a b’ z' a’ .
The morphism f = Y\ — 2 N\ of S¢ is mapped
Y X

to the morphism
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. b 4 a b’ z' a’ .
The morphism f = Y\ — 2 N\ of S¢ is mapped
Y X Y X
Z

5 Gx g GxZ"
to the morphism v N - Pk ’v \ of ¢
Y G X Y
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. b 4 a b’ z' a’ .
The morphism f = Y\ — 2 N\ of S¢ is mapped
Y X Y X

| ( ,Gx2Z > < S GxZ )

to the morphism N — 7 ’V ~& of X,
Y G X Y

where the (G, G)-action on G x Z is given by s(g, )t = (sgt, t71z) for

s,t,g€e Gandze Z
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. b 4 a b’ z' a’ .
The morphism f = Y\ — 2 N\ of S¢ is mapped
Y X Y X

5 GxZ g GxZ"

to the morphism N \O‘ — N /v \ of L,
Y G X Y

where the (G, G)-action on G x Z is given by s(g, )t = (sgt, t=1z) for

s,t,g € G and z € Z, and where (3,7, a)(g,z) = (gb(z). g, a(z)).
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. b z a b’ z a’ .
The morphism f = Y\ — 2 N\ of S¢ is mapped
Y X
5 GxZ G xZ o
to the morphism N — /7 V \ of L,
G X

This gives 0 in X if and only if there is an isomorphism

BGXZa G><Z’,
0 : s NN — / \
Y X

of (G, G)-bisets over Y x X.
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Equivalently f is equal to

< b 74 a ) (u*b 74 a )
(+) N | - N
Y X Y X
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Equivalently f is equal to

( b 74 a ) (u*b 74 a )
(+) N | - N
Y X Y X

where u: Z — G€ is a morphism of G-sets
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Equivalently f is equal to

( b 74 a ) (u*b 74 a )
(+) N | - N
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(+) N | - N
Y X Y X

where u : Z — G€ is a morphism of G-sets, where G¢ = G acted on by
conjugation, and (u * b)(z) = u(z)b(z) for z € Z.
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Equivalently f is equal to

( b 74 a ) (u*b 74 a )
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Y X Y X

where u : Z — G€ is a morphism of G-sets, where G¢ = G acted on by
conjugation, and (u * b)(z) = u(z)b(z) for z € Z.

Theorem
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Equivalently f is equal to

( b 74 a ) (u*b 74 a )
(%) PRI I LN
Y X Y X

where u : Z — G€ is a morphism of G-sets, where G¢ = G acted on by
conjugation, and (u * b)(z) = u(z)b(z) for z € Z.

Theorem
Let S be the quotient category of Sg
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Equivalently f is equal to

b z a uxb z a
(%) 2NN I VN,
Y X Y X
where u : Z — G€ is a morphism of G-sets, where G¢ = G acted on by

conjugation, and (u * b)(z) = u(z)b(z) for z € Z.

Theorem

Let S be the quotient category of Sg, defined for finite G-sets X and Y
by
Homs _(X,Y) = B(c(Y x X))/K(Y,X),
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where u : Z — G€ is a morphism of G-sets, where G¢ = G acted on by

conjugation, and (u * b)(z) = u(z)b(z) for z € Z.

Theorem

Let S be the quotient category of Sg, defined for finite G-sets X and Y
by
Homs _(X,Y) = B(c(Y x X))/K(Y,X),

where K(Y, X) is the subgroup generated by differences (*).
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Equivalently f is equal to

( b 74 a ) (u*b 74 a )
(%) PRI I LN
Y X Y X

where u : Z — G€ is a morphism of G-sets, where G¢ = G acted on by
conjugation, and (u * b)(z) = u(z)b(z) for z € Z.
Theorem

Let S be the quotient category of Sg, defined for finite G-sets X and Y
by

Homs (X, Y) = B(c(Y x X))/K(Y, X),

where K(Y, X) is the subgroup generated by differences (*).
Then Fg is equivalent to the category of additive functors S ; — Z-Mod.

v
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Fused G-sets

Let Z be a G-set.
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Let Z be a G-set. Set [¢(Z) = Homg-set(Z, G€).
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Let Z be a G-set. Set [¢(Z) = Homg-set(Z, G°). Then 'g(Z) is a group

by pointwise multiplication (v - v)(z) = u(z)v(z), for u,v € '(Z) and
zeZ
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Let Z be a G-set. Set [¢(Z) = Homg-set(Z, G°). Then 'g(Z) is a group
by pointwise multiplication, e.g. ['¢(G/H) = Cg(H) for H < G
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Let Z be a G-set. Set [¢(Z) = Homg-set(Z, G°). Then 'g(Z) is a group
by pointwise multiplication, and for any G-set Y, this group acts on
HomG_Set(Z7 Y)
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Let Z be a G-set. Set [¢(Z) = Homg-set(Z, G°). Then 'g(Z) is a group
by pointwise multiplication, and for any G-set Y, this group acts on
HomG_Set(Z7 Y) by

(uxf)(z) =u(z)f(z) for ueTg(Z), f € Homg-set(Z,Y), and z € Z.
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Let Z be a G-set. Set [¢(Z) = Homg-set(Z, G°). Then 'g(Z) is a group
by pointwise multiplication, and for any G-set Y, this group acts on
HomG_Set(Z7 Y) by

(uxf)(z) =u(z)f(z) for ueTg(Z), f € Homg-set(Z,Y), and z € Z.

Let X, Y,Z be finite G-sets.
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Let Z be a G-set. Set [¢(Z) = Homg-set(Z, G°). Then 'g(Z) is a group
by pointwise multiplication, and for any G-set Y, this group acts on
HomG_Set(Z7 Y) by

(uxf)(z) =u(z)f(z) for ueTg(Z), f € Homg-set(Z,Y), and z € Z.

Let X,Y,Z be finite G-sets. Let u:Z — G¢
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Let X,Y,Z be finite G-sets. Letu:Z — G, v:Y — G°
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Let Z be a G-set. Set [¢(Z) = Homg-set(Z, G°). Then 'g(Z) is a group
by pointwise multiplication, and for any G-set Y, this group acts on
HomG_Set(Z7 Y) by

(uxf)(z) =u(z)f(z) for ueTg(Z), f € Homg-set(Z,Y), and z € Z.

Let X,Y,Z be finite G-sets. Letu:Z — G, v:Y — G, f:Z—>Y
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Let Z be a G-set. Set [¢(Z) = Homg-set(Z, G°). Then 'g(Z) is a group
by pointwise multiplication, and for any G-set Y, this group acts on
HomG_Set(Z7 Y) by

(uxf)(z) =u(z)f(z) for ueTg(Z), f € Homg-set(Z,Y), and z € Z.

Let X,Y,Z be finite G-sets. Letu:Z — G, v:Y — G, f:Z—>Y
and g : Y — X be morphisms of G-sets.
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Let Z be a G-set. Set [¢(Z) = Homg-set(Z, G°). Then 'g(Z) is a group
by pointwise multiplication, and for any G-set Y, this group acts on
HomG_Set(Z7 Y) by

(uxf)(z) =u(z)f(z) for ueTg(Z), f € Homg-set(Z,Y), and z € Z.

Let X,Y,Z be finite G-sets. Letu:Z — G, v:Y — G, f:Z—>Y
and g : Y — X be morphisms of G-sets. Then

(vxg)o(uxf)=
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Let Z be a G-set. Set [¢(Z) = Homg-set(Z, G°). Then 'g(Z) is a group
by pointwise multiplication, and for any G-set Y, this group acts on
HomG_Set(Z7 Y) by

(uxf)(z) =u(z)f(z) for ueTg(Z), f € Homg-set(Z,Y), and z € Z.

Let X,Y,Z be finite G-sets. Letu:Z — G, v:Y — G, f:Z—>Y
and g : Y — X be morphisms of G-sets. Then

(v*g)o(u*f):(u-(vof))*(gof).
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Let Z be a G-set. Set [¢(Z) = Homg-set(Z, G°). Then 'g(Z) is a group
by pointwise multiplication, and for any G-set Y, this group acts on
HomG_Set(Z7 Y) by

(uxf)(z) =u(z)f(z) for ueTg(Z), f € Homg-set(Z,Y), and z € Z.

Let X,Y,Z be finite G-sets. Letu:Z — G, v:Y — G, f:Z—>Y
and g : Y — X be morphisms of G-sets. Then

(v*g)o(u*f):(u-(vof))*(gof).

Definition

The category G-set of fused G-sets

v
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Let Z be a G-set. Set [¢(Z) = Homg-set(Z, G°). Then 'g(Z) is a group
by pointwise multiplication, and for any G-set Y, this group acts on
HOmG_Set(Z7 Y) by

(uxf)(z) =u(z)f(z) for ueTg(Z), f € Homg-set(Z,Y), and z € Z.

Let X,Y,Z be finite G-sets. Letu:Z — G, v:Y — G, f:Z—>Y
and g : Y — X be morphisms of G-sets. Then

(v*g)o(u*f):(u-(vof))*(gof).

Definition

The category G-set of fused G-sets is the quotient category of G-set
defined for finite G-sets X and Y by

Homg-set(X, Y) = I'c(X)\Homg-set(X, Y).

v
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Remarks on fused G-sets

@ Fora G-set Y, set Y/ =Y x G°.
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Remarks on fused G-sets

@ Fora G-set Y, set Y/ = Y x G€. Then there is a morphism
p:Y!' =Y x Y defined by p(y,g) = (v,gy), fory€ Yand g€ G
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Remarks on fused G-sets

@ Fora G-set Y, set Y/ = Y x G€. Then there is a morphism
p:Y' =Y x Y defined by p(y,g) = (v,gy), fory€ Yand g€ G,
and a morphism i : Y — Y/ defined by i(y) = (y,1).
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p:Y' =Y x Y defined by p(y,g) = (v,gy), fory€ Yand g€ G,
and a morphism i : Y — Y/ defined by i(y) = (y,1).
The composition p o i is the diagonal map ¥ — Y x Y.
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p:Y' =Y x Y defined by p(y,g) = (v,gy), fory€ Yand g€ G,
and a morphism i : Y — Y/ defined by i(y) = (y,1).
The composition p o i is the diagonal map ¥ — Y x Y.
Two morphisms f,g : X — Y in G-set are identified in G-set

Serge Bouc (CNRS-LAMFA) Fused Mackey functors Antalya Algebra Days 2013 19 / 22



Remarks on fused G-sets

@ Fora G-set Y, set Y/ = Y x G€. Then there is a morphism
p:Y' =Y x Y defined by p(y,g) = (v,gy), fory€ Yand g€ G,
and a morphism i : Y — Y/ defined by i(y) = (y,1).
The composition p o i is the diagonal map ¥ — Y x Y.
Two morphisms f,g : X — Y in G-set are identified in G-set if and
only if there exists ¢ : X — Y/ such that the diagram

YI
X—=YXxY

is commutative.
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Remarks on fused G-sets

@ Fora G-set Y, set Y/ = Y x G€. Then there is a morphism
p:Y' =Y x Y defined by p(y,g) = (v,gy), fory€ Yand g€ G,
and a morphism i : Y — Y/ defined by i(y) = (y,1).
The composition p o i is the diagonal map ¥ — Y x Y.
Two morphisms f,g : X — Y in G-set are identified in G-set if and
only if there exists ¢ : X — Y/ such that the diagram

YI
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@ Disjoint union of G-sets is a coproduct in G-set
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Remarks on fused G-sets

For a G-set Y, set Y/ = Y x G€. Then there is a morphism

p:Y' =Y x Y defined by p(y,g) = (v,gy), fory€ Yand g€ G,
and a morphism i : Y — Y/ defined by i(y) = (y,1).

The composition p o i is the diagonal map ¥ — Y x Y.

Two morphisms f,g : X — Y in G-set are identified in G-set if and
only if there exists ¢ : X — Y/ such that the diagram

YI
X—=YXxY

is commutative.
Disjoint union of G-sets is a coproduct in G-set: indeed for G-sets
X,Y,and Z

Homg-set(X LU Y,Z) = Tg(X U Y)\Homg-set(XUY,Z)
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Remarks on fused G-sets

@ Fora G-set Y, set Y/ =Y x G€. Then there is a morphism
p:Y' =Y x Y defined by p(y,g) = (v,gy), fory€ Yand g€ G,
and a morphism i : Y — Y/ defined by i(y) = (y,1).
The composition p o i is the diagonal map ¥ — Y x Y.
Two morphisms f,g : X — Y in G-set are identified in G-set if and
only if there exists ¢ : X — Y/ such that the diagram

YI
X—=YXxY

is commutative.
@ Disjoint union of G-sets is a coproduct in G-set: indeed for G-sets
X,Y,and Z

Homg-set(X UY,Z) 2 Tg(X U Y)\Homg-set(X U Y, Z)
= (FG(X) X I'G( )) \ (HomG_set(X,Z) X HomG_set(Y,Z))
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Remarks on fused G-sets

@ Fora G-set Y, set Y/ = Y x G€. Then there is a morphism
p:Y' =Y x Y defined by p(y,g) = (v,gy), fory€ Yand g€ G,
and a morphism i : Y — Y/ defined by i(y) = (y,1).
The composition p o i is the diagonal map ¥ — Y x Y.
Two morphisms f,g : X — Y in G-set are identified in G-set if and
only if there exists ¢ : X — Y/ such that the diagram

YI
X—=YXxY

is commutative.
@ Disjoint union of G-sets is a coproduct in G-set: indeed for G-sets
X,Y,and Z
Homg-set(X LY, Z) = Tg(XUY)\Homg-set(XUY,Z)
= Homg-set(X, Z) x Homg_set(Y, Z).
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Weak pullback of fused G-sets

Let a — a denote the quotient functor from G-set to G-set.
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Weak pullback of fused G-sets

Let a — a denote the quotient functor from G-set to G-set.

Leta: X — Zand b: Y — Z be morphisms in G-set.
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Weak pullback of fused G-sets

Let a — a denote the quotient functor from G-set to G-set.

Leta: X — Zand b: Y — Z be morphisms in G-set. Then the pullback
X xap Y ={(x,y) € X x Y |a(x) = b(y)} only depends on a and b, up
to isomorphism in G-set.
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Weak pullback of fused G-sets

Let a — a denote the quotient functor from G-set to G-set.

Leta: X — Zand b: Y — Z be morphisms in G-set. Then the pullback
X xap Y ={(x,y) € X x Y |a(x) = b(y)} only depends on a and b, up
to isomorphism in G-set. It will be denoted by X x,p Y.
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Weak pullback of fused G-sets

Let a — a denote the quotient functor from G-set to G-set.

Lemma

Leta: X — Zand b: Y — Z be morphisms in G-set. Then the pullback
X xap Y ={(x,y) € X x Y |a(x) = b(y)} only depends on a and b, up
to isomorphism in G-set. It will be denoted by X X, Y.

Proposition

© The square X xap Y

Xy \qAY
St

is a weak pullback in G-set.

v
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Weak pullback of fused G-sets

Let a — a denote the quotient functor from G-set to G-set.

Lemma

Leta: X — Zand b: Y — Z be morphisms in G-set. Then the pullback
X xap Y ={(x,y) € X x Y |a(x) = b(y)} only depends on a and b, up
to isomorphism in G-set. It will be denoted by X X, Y.

Proposition

© The square X xap Y

Xy \qAY
St

is a weak pullback in G-set.

@ The category S is the category of spans of fused G-sets.

v
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Fused Mackey functors (a /a Dress)
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Fused Mackey functors

A fused Mackey functor is a bivariant functor G-set— Z-Mod such that:
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Fused Mackey functors

A fused Mackey functor is a bivariant functor G-set— Z-Mod such that:
© for any finite G-sets X and Y, the maps

(M*(ix),M*(iy))

M(XLY) M(X) & M(Y)
(Ma (i) Ma (i)
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Fused Mackey functors

A fused Mackey functor is a bivariant functor G-set— Z-Mod such that:
© for any finite G-sets X and Y, the maps

(M*(ix),M*(iy))

M(XLY) M(X) & M(Y)
(Ma (i) Ma (i)

are inverse to each other
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Fused Mackey functors

A fused Mackey functor is a bivariant functor G-set— Z-Mod such that:
© for any finite G-sets X and Y, the maps

(M*(ix),M*(iy))

M(XLY) M(X) & M(Y)
(M. () M. i)

are inverse to each other, where X X_ XY <L)Y .
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Fused Mackey functors

A fused Mackey functor is a bivariant functor G-set— Z-Mod such that:
© for any finite G-sets X and Y, the maps

(M*(ix),M*(iy))

M(XLY) M(X) & M(Y)
(M. () M. i)

are inverse to each other, where X X_ XY <L)Y .
x>y
Q if by v< is a weak pullback square in G-set
Z = T

Serge Bouc (CNRS-LAMFA) Fused Mackey functors Antalya Algebra Days 2013 21 /22



Fused Mackey functors

A fused Mackey functor is a bivariant functor G-set— Z-Mod such that:
© for any finite G-sets X and Y, the maps

(M*(ix),M*(iy))

M(XLY) M(X) & M(Y)
(M. () M. i)

are inverse to each other, where X X_ XY <L)Y .
X>y
Q if by V< is a weak pullback square in G-set, then
Z = T

M*(d) o M.(c) = M.(b) o M*(a).
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Fused Mackey functors

A fused Mackey functor is a bivariant functor G-set— Z-Mod such that:
© for any finite G-sets X and Y, the maps

(M*(ix),M*(iy))

M(XLY) M(X) & M(Y)
(M. () M. i)

are inverse to each other, where X X_ XY <L)Y .
X>y
Q if by V< is a weak pullback square in G-set, then
Z = T

M*(d) o M.(c) = M.(b) o M*(a).

Fused Mackey functors form a category Mack’(G).
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Fused Mackey functors

A fused Mackey functor is a bivariant functor G-set— Z-Mod such that:

© for any finite G-sets X and Y, the maps
(M*(ix).M*(iy))

M(XLY) M(X) & M(Y)
(M. () M. i)

are inverse to each other, where X X X | Y<L>Y .
X>y
Q if by V< is a weak pullback square in G-set, then
Z = T

M*(d) o M.(c) = M.(b) o M*(a).

Fused Mackey functors form a category Mack’(G).

_
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Fused Mackey functors

A fused Mackey functor is a bivariant functor G-set— Z-Mod such that:

© for any finite G-sets X and Y, the maps
(M*(ix).M*(iy))

M(XLY) M(X) & M(Y)
(M. () M. i)

are inverse to each other, where X X X | Y<L>Y .
X>y
Q if by V< is a weak pullback square in G-set, then
Z = T

M*(d) o M.(c) = M.(b) o M*(a).

Fused Mackey functors form a category Mack’(G).

The categories Mack®(G)
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Fused Mackey functors

A fused Mackey functor is a bivariant functor G-set— Z-Mod such that:

© for any finite G-sets X and Y, the maps
(M*(ix).M*(iy))

M(XLY) M(X) & M(Y)
(M. () M. i)

are inverse to each other, where X X X | Y<L>Y .
X>y
Q if by V< is a weak pullback square in G-set, then
Z = T

M*(d) o M.(c) = M.(b) o M*(a).

Fused Mackey functors form a category Mack’(G).

The categories Mack®(G), Mack’(G)
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Fused Mackey functors

A fused Mackey functor is a bivariant functor G-set— Z-Mod such that:

© for any finite G-sets X and Y, the maps
(M*(ix).M*(iy))

M(XLY) M(X) & M(Y)
(M. () M. i)

are inverse to each other, where X X X | Y<L>Y .
X>y
Q if by V< is a weak pullback square in G-set, then
Z = T

M*(d) o M.(c) = M.(b) o M*(a).

Fused Mackey functors form a category Mack’(G).

The categories Mack®(G), Mack®(G), and F¢ are equivalent.
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The fused Mackey algebra
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The fused Mackey algebra

Let Q¢ = H|2|G G/H. Then:
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The fused Mackey algebra

Let Q¢ = H|2|G G/H. Then:

Theorem (Thévenaz-Webb, B.)

The category Mack(G) is equivalent to the category pz(G)-Mod
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Theorem (Thévenaz-Webb, B.)

The category Mack(G) is equivalent to the category nz(G)-Mod, where
pz(G) = B(c(Qc x Q¢)) is the Mackey algebra of G.

Theorem

Let u%(G) denote the fused Mackey algebra of G, i.e. the quotient of
1z(G) = B(c(Qc x Q¢)) by the subgroup generated by differences

b 4 a uxb 4 a
(%) ¥\ — V2N
Q¢ Q¢ Q¢ Q¢
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Let Q¢ = lelc G/H. Then:

Theorem (Thévenaz-Webb, B.)

The category Mack(G) is equivalent to the category nz(G)-Mod, where
pz(G) = B(c(Qc x Q¢)) is the Mackey algebra of G.

Theorem

Let u%(G) denote the fused Mackey algebra of G, i.e. the quotient of
1z(G) = B(c(Qc x Q¢)) by the subgroup generated by differences

b 4 a uxb 4 a
(%) ¥\ — V2N
Q¢ Q¢ Q¢ Q¢

Then the category Mack®(G) is equivalent to uf(G)-Mod.

v
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