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1 Introduction

In recent years, some of the classical tools to study rings and bimodules over them
have been generalized to other contexts, in particular to monoidal categories: E.g.
in [9], the second author introduces Hochschild cohomology for functors over linear
symmetric monoidal categories. It is then a natural question to try to generalize to this
framework some other notions. In the classical framework of rings, the construction of
Koszul resolutions plays a fundamental role. Such resolutions can be used in particular
to compute Hochschild cohomology for polynomial rings over a field, or to give a proof
of the Hilbert syzygy theorem (see Application 4.5.6 in [10]).

In this work, we introduce regular sequences (Definition 3.5) and associated Koszul
resolutions for monoids in the category F of functors over an essentially small linear
symmetric monoidal category. In Section 3, given a monoid A in F, we define its
associated Koszul complex and prove first that it is indeed a complex, and then that
it is a resolution for a particular A-module, as in the classical case. The definition
of the complex as well as the proof of the fact that it is a resolution are completely
combinatorial in nature, thus avoiding the use of the tensor product of complexes of
functors. More generally, the methods used throughout are elementary, and do not
require the use of sophisticated tools.



In Section 4, we define polynomials over the monoids in F. In the classical frame-
work of rings, the results we are interested in are proved for polynomial rings over fields
so, in our context, we replace the fields by tensor idempotent commutative monoids (see
Definition 4.5). With this, we compute the Hochschild cohomology functors and prove
a relative analogue of Hilbert’s syzygy theorem for polynomials over tensor idempotent
commutative monoids in F.

An important (and motivating) example where our results apply is the context of
Green biset functors. In this case, the Burnside functor is commutative and tensor
idempotent, so our results can be applied to polynomials over it.

2 Preliminaries

In what follows R is a commutative ring with identity, denoted simply as 1, and
(X, 0, 1, a, A\, p, s) is an essentially small symmetric monoidal category enriched in
R-Mod, in particular, the functor _ ¢ - : X x X — X is R-bilinear. The category
of R-linear functors from X to R-Mod, denoted by F, is also endowed with a tensor
product structure ®, given by the Day convolution (see [5], for instance). With this,
F becomes an abelian, symmetric monoidal, closed category with identity given by
I=x(1,.).

Example 2.1. There are many examples of categories satisfying the conditions of X,
we mention two of them.

i) The biset category, defined in [2].
ii) The category of correspondences, defined in [3].

In the first case, the monoids in F are called Green biset functors and have been
extensively studied in recent years. See, for example, [8]. In the second case, monoids
have been considered in Section 7 of [4], under the name of algebra functors. It is
shown there in particular that to any finite lattice T, one can associate a monoid Fr,
and that conversely, any monoid satisfying some additional mild conditions is obtained
in this way (Theorem 7.4 of [4]).

Recall that, given a monoid A in F, we denote its product A ® A — A as u4 and
its identity morphism I — A as e4. We give an equivalent way of defining a monoid in
F, which is a consequence of Remark 3.5 in [9]. We will use both definitions as needed,
all along the paper. For more notation and basic facts on monoids in F and modules
over them, we invite the reader to take a look at [9].



Given z, y and z, objects in X, consider a, 4, , : zo(yoz) = (zoy)oz, Ay : Lox =
and p, : o1 — x. Then, A is a monoid in F if for every pair z, y of objects in X,
there exist bilinear maps

Alz) x A(y) = Az 0 y),

denoted simply by (a, b) — a x b, and an element ¢4 € A(1) satisfying the following
conditions.

e Associativity. For z, y and z, objects in X', and for any a € A(z), b € A(y) and
ce A(z),
(@ xb) xc=Aay,,.)(ax(bxc)).

e Identity element. For an object z in X and any a € A(z),

a=AN)(ea X a) = A(ps)(a X €4).

e Functoriality. Let ¢ : x — 2/ and ¢ : y — % be arrows in X. Then for any
a € A(x) and b € A(y),

Alporp)(axb) = A(p)(a) x A(4)(b).

Definition 2.2. Given a monoid A in F and C' a subfunctor of A, we say that C'is a
submonoid of A if C'is a monoid with the monoid structure of A.

The previous definition translates in the following way. Since C' is a subfunctor
of A, we have a canonical morphism ¢ : C' — A in F, so C' is a submonoid of A if
fao (i ®14) has image in C' and i o ec = eg.

An important example of submonoid is the following.

Definition 2.3. Let A be a monoid in F. The commutant of A at x € X is

CA(x)={be A(x) | a x b= A(sY2)(b x a),Va € A(y),Vy € X},

oY

where sY37 1 x oy — yox is the symmetry in X. It is a subfunctor of A and, moreover,

it is a commutative submonoid of A.

If A and D are monoids in F and f : D — A is a morphism of monoids, we have
a restriction functor along f, from A-Mod to D-Mod, which is an additive functor.
When considering the arrow e4 : I — A, the restriction from A-Mod to F is simply
denoted as R 4. Now, if C' is a submonoid of A, the restriction from A-Mod to C-Mod
is denoted by RA. Since R4 is a forgetful functor, it is faithful and exact. This is the
case of the functor R4 too.



Let F be a functor in F. Recall that, given a family S = (F});cs of subfunctors of

F, the intersection H = (),.; Fj of § is the subfunctor of F given by

H(z) = ((F(x), H(p) = F(@)luw),
iel
for x and y objects and ¢ : x — y an arrow in X.

Remark 2.4. Let A be a monoid in F and M be an A-module. If S is a family of
submodules of M, then the intersection of S is a submodule of M.

Definition 2.5. Let F' be a functor in F. Given G, a set of objects in X', and for
each x € G, a subset I', C F(z), the subfunctor generated by the data (G,I') is the
intersection of the family

S = {F' subfunctor of F' |T', C F'(x),Vz € G}.

Definition 2.6. Let A be a monoid in F and N be an A-module. Consider G and I
as before and
S’ = {N' submodule of N | T, C N'(z),Vx € G}.

We call the intersection of &’ the submodule of N generated by the data (G, T).

Remark 2.7. If M is the submodule generated by (G,I"), then I'y, C M(z) for all x
in G.

Lemma 2.8. Let A be a monoid in F and ay, ..., a, be elements in A(1). Let M be
the A-submodule of A generated by o, . ..,a,. Then, for an object x in X,

M(z) ={A(pz)(a1 X a1 + ...+ a, X ay,) | a; € A(x)}.

Proof. Let
F, ={A(ps)(a1 X a1 + ...+ a, X o) | a; € A(z)}.

Since, by the previous remark, aq,...,a, € M(1) and M is an A-submodule of A, we
clearly have F, C M (z).

Let us show that F(x) = F, defines an A-submodule of A such that ay,...,a, €
F(1). With this we will have that M is a submodule of F' and, hence, M(x)
It is easy to see that F'(x) is an R-submodule of A(z) and clearly o, ..., «a, € F(1).
Also, if ¢ : * — y is an arrow in X, we know that A(p o p,) = A(p, o (p o 1)), so
A(p) (A(pe) (a1 X a1 + ...+ a, X ay)) is equal to

Alpy) (Alp)(ar) X a1 + ... + A(p)(an) X an).
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Finally, for an object y in X', m € A(y) and any n € A(x x 1), we have

m x A(pg)(n) = A(y © pz)(m x n) = A(pyes)(m x n).
This shows that F' is an A-submodule of A. O]

Notation 2.9. The functor M of the previous lemma will be denoted by Aoy, ..., o),
or simply as A(a), where a = (g, ..., qy).

3 The Koszul complex

In what follows A is a monoid in F.

Definition 3.1. For an element a € A(1), we define L, : A — A as
Loy A(x) = A(z) b— A(N\)(a x b),
for x an object in X. For convenience, we will often denote L, simply as a x _.

This defines a natural transformation in A. Furthermore, if a € C'A(1), then L, is
clearly a morphism of A-modules.

Notation 3.2. Given a natural number n > 0, we denote by A™ the coproduct G A of
A with itself n times. When considering the binomial coefficient, (g), for 0 < p <mn,
we will write K'(A) for

AG) — P 4

SCT|S|=p
where T' = {1,...,n}. When necessary, we will write Ag for the summand of K'(A)
corresponding to the set S.

To define the Koszul complex, we fix a natural number n > 1 and consider a
family of elements ay, ..., a, in CA(1). We fix these elements and abbreviate them as
a=(ag,...,ap).

We begin by defining, for p < n, the arrow d : KJ(A) — K' ;(A),

i: P 4a— & A
SCT|S|=p SCT[S|=p—-1
Given S = {iy,...,ip} €T, the arrow dg : Ag — K] |(A) is given by

p

ds = (=DM as, x ),

k=1



where the subscript zAk indicates that a;, x _ has as codomain Ag\ ;). In the case
p =1, the arrow d : A" — A is equal to ®j_,d; and each dy;y is just Ly, : A — A, so
we denote d as L.

Definition 3.3. For A and « as before, we define K4(«) as the sequence in F

0—= KI(A) —%= ..  KMA) 4= Kr (A) —4s . Ar 22 A0,

p—1

with A in degree 0. As we will see next, this sequence is a complex of A-modules. We
call it the Koszul complex of A for a.

Even though some of the properties of K4(«) follow in a similar way as in the
classical case, we prove them for the sake of completeness.

Lemma 3.4. With A and o as before, Ka(«) is a complex of A-modules.

Proof. Since oy, ..., a, are in CA(1), the sequence K 4(«) is clearly in the category of
A-modules.
Next, we prove dod = 0.
Let us fix S = {i1,...,i,}. If we start by ds = >, (—=1)""(a;, x -);, then in
d o d, for each k we need only to consider the arrow dg\ ;,}. Now,
k—1 P
dovgiey = D (=17 i, x e+ D> (F (s x s
Jj=1 j=k+1

where iy, 7; indicates that «;; X _ has codomain AS\{Z-W-J.}. Hence, the composition
dodg can be written as

p k-1 P
Z (Z(_l)k+j((aij X aik) X *)z},fk + Z (_1>k+j+1((aij X aik) X )z},fk) )

k=1 \j=1 j=k+1

since clearly (av; x ) o is equal to ((ay, x ay,) X )
Finally, let e and f be in {1,...,p} and, without loss of generality, suppose e < f.

Then, in the sum above, for k = e and j = f, we find (=1)**/((a;, X og,) x _)

and for k = f and j = e, we find (—1)7*¢((o, X ;) x )

times we find the arrow ((a;, x ;) x ) - in the sum above, and all the summands

are of this form, hence dodg =0 and dod = 0. O

o (v, X ) G

if7i57

iy These are the only two



The Koszul resolution

For this section we follow the lines of Matsumura [7].

Definition 3.5. For an A-module M, an element a € C'A(1) is called M-regular if,
for any object x in X and any m € M(x),

m#0=axm#0.

The (ordered) sequence a = (ay, ..., q,), with a; € CA(1), is called regular if
1. oy is A-regular, as is (A/(A{a)))-regular,..., o, is (A/(A{aq, . .., a,_1)))-regular.

2. A/(Ala)) £ 0.

Theorem 3.6. If a = (v, ...,q,), with a; € CA(L), is a reqular sequence for A, then
Ka(«) is a resolution for A/l,, with 1, = A{a). That is, the following sequence is an
exact sequence of A-modules,

00— K"MA) —%> . . 9 KP(A) %> KM(A) 22> A——> A/I, —>0.

Proof. For this proof we will use the notation o' = (ay,...,q;), for 1 <i < n.
We begin by noticing that, for 1 < p < n, we have the following decomposition of
A-modules, given by Pascal’s rule,

KP(A) = KI ' (A) @ KI7(A). (1)

We denote by ¢ the embedding K}~ '(A) < KJ'(A), and by 7 the projection K}'(A) —
K7 (A).

Let us see what happens with the decomposition (1) in the Koszul complex. We
write T'=T"U{n} with 7" = {1,...,n —1}. Then, in K](A), we can identify the two
summands in the following way

K A= @ A and K} (A)= P A

SICT! |8 |=p S=S'U{n}

The arrow d : K(A) — K (A) remains the same when restricted to K7~'(A), that
is, d|gn-14) is actually
d: K)7'(A) = K7 (A).



Now we suppose p > 1 and restrict d to Kg__ll(A). In Ag, for aset S =5"U{n} with

S" = {i1,...,ip—1}, the arrow dg is equal to
p—1
D (=D i x )+ (FD)P (e X )a
k=1

This can be written as dss + (—1)P*1 L, , taking into account that in dss the subindex
ir means that the codomain is Agn (5,1)uny and La, : Ag — Agr. That is, dlanll(A) is
oo

given by d + (=1)P7'L,, , with
d: K7 (A) — K} (A) and with L, : K7} (A) — K7/ (A)

being the product by «,, in each summand. With this, the (split) short exact sequence
of A-modules

0—= K 7Y(A) —= KMA) "= K}~ (A) —=0,
induces a short exact sequence of complexes

00— Ka(a" ) —= K(a) —= KW (an=1) —0,

where K1(am~1) is the complex obtained by shifting the degrees of K4(a™!) up by 1
and the differentials are the same. Indeed, for 1 < p < n let us see the commutativity
of the following diagram

0— K Y(A) —— K'(A) ——= K7 (A) —0

p—1

e

0 —— K= (A) —— K} (A) —= K75 (A) —0.

In the case p = 1, on the bottom line, ¢ is the identity arrow and, instead of Kg:;(A),
we have 0. By the description of d| K21(A)) above, the square on the left commutes.
For the square on the right, suppose p > 1. Since L,, has image in Kg__ll(A), then
clearly 7d = dr.

Since F is an abelian category, we have the following long exact sequence of ho-
mology

..—H

(K (@ 1) 2 Hy(Ka(a"™Y) —— H,(Ka(a) —
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Hy (K (@ 7h) = ...
Notice that Hp(KE}(oc”_l)) = H, 1(Ka(a"™1)), so
5 < Hy 1(Ka(a™™) = Hy 1 (Ka(a™™).

Now, H, i(K(a"")) is a subquotient of K]'"'(A) and (since in F all limits and
colimits are defined pointwise) the connecting morphism § is given, in an object x,
through the composition (:,) 'd,(7,)"! (a short for taking inverse image by 7., then
image by d,, and then taking inverse image by ¢, ). So, by the description of d| Kri(A):
given before, we have § = (—1)P7'L,, .

To finish the proof, we observe first that, by Lemma 2.8, ImL, = [,. Next we
proceed, as in the classical case, by induction on n.

For n = 1, the sequence of A-modules

0— =A% A AL, 0

is exact because « is A-regular.
Now suppose the theorem to be true for n — 1. Then, by induction hypothesis, for
p > 1, in the previous long exact sequence of homology we have

0= Hy(Ka(a"™")) — Hy(Ka(e)) —= Hp_1(Ka(a"™)) = 0.
So H,(K4(a)) =0 for p > 1. Finally, for p = 1 we have
0 —— Hy(K(e)) —= Ho(Ka(a"1)) —= Ho(Ks(a" 1)) — ...

But Hy(Ka(a™1t)) = AJ/A{a™ 1) and 6 = L,,. Since a, is (A/A{a"!))-regular, we
must have Hy(K4(a)) = 0. O

4 Functors of polynomials

General properties

We begin by recalling the following standard definition and notation.

Definition 4.1. Let ¢{,...,t, be variables. Given a monomial tlf ... 1" where the

exponents i, are nonnegative integers, the vector i = (iy,...,1,) of exponents is called
a multi-index of size n. We write the monomial symbolically as

th=t .t

For the multi-index (0, ...,0), we fix t° =¢?...¢% = 1.

n
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Given an R-module U, we can consider the R-module Ulty, ..., t,]. With the pre-
vious definition, a polynomial f(t) = f(t1,...,t,) in Ulty,...,t,], can be written in
exactly one way in the form

where ¢ runs through all the multi-indices (i1, ..., 1%,), the coefficients a; are in U and
only finitely many of them are different from zero. Finally, Ults, ..., t,] contains U as
the submodule of constant polynomials, that is, polynomials with all coefficients equal
to zero except, possibly, the one corresponding to the multi-index (0, ... ,0).

We keep the variable t whether we have one or several variables. That is, if we have
only one variable, we continue to write t*, instead of t’f.

Given an object F' in F, we define the functor of polynomials in F', denoted by
Flty,...,t,], or simply by F,, as follows. In an object z in X it is defined as the
R-module F,(z) := F(x)[t1,...,t,] and, in an arrow ¢ : £ — y in X, as the R-linear
map

F, (@) : Fy(x) = Fo(y Zat’HF ZF

for p(t) € F,(z).

Proposition 4.2. Let tq,...,t, be variables and F' be an object in F. Then F), is an
object in F. Also, if A is a monoid in F, then A, inherits a monoid structure from A,

An(z) X Ap(y) — An(z 0 y),
by sending p(t) = >, a;t’ € Ay(z) and q(t) = 32, bt € A,(y) to
(px q)(t) = Z(ai X bt € Ay(z oy).

The identity element is given by the identity element of A, e(t) := &, seen as a constant
polynomial in A, (1).

Proof. The first assertion is clear, since F,(¢) extends F(¢) and F' is a functor. The
rest of the proposition also follows easily, since the product defined in A,, extends the
one in A. We just notice, as usual, that (p x q)(t) = >, cxt*, where

C = E @iij

itj=k

and £ is a multi-index. O
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Remark 4.3. Let tq,...,t, be variables, ' an object in F and A a monoid in F. From
the previous proposition, we have the following observations:

1. Sending F' to F}, defines an endofunctor of the category F.

2. The functor F,, is isomorphic to a coproduct, running over all the multi-indices,
of copies of F. For the monoid A, this is an isomorphism of (A, A)-bimodules.

3. Let w and v be variables. Then F' is a subfunctor of F'[u]. More generally, F'[u]
is a subfunctor of F[u,v] and, in fact, F[u,v] = (F[u])[v]. On the other hand,
A is a submonoid of Afu] and A[u] is a submonoid of Afu,v]. In particular, any
Alu]-module is an A-module. This observation extends in an obvious way to n
variables.

4. If A is a commutative monoid, then A,, is commutative too.
5. Each variable t; can be found in A,,(1) as et;. Moreover et; € C'A,(1).
Lemma 4.4. Let C' and D be monoids in F.

1. Let t be a variable. Then there are isomorphisms of monoids

Cltj®@ D= (C® D)[t] = C ® DIt].

2. Let nym € N, and uy,...,Up,v1,... 0, be variables. Then there is an isomor-
phism of monoids

Clug, ..., uy] @ D[vg, ..., 0] 2 (C® D)[u, ..., Up, V1, ... Up).

Proof. 1. Since the tensor product of monoids is commutative up to isomorphism, it
suffices to prove the first isomorphism C[t]® D = (C'® D)[t]. Now C[t] = @ Ct", and

neN
Ct" = C in F. It follows that we have isomorphisms in F

Cile D= (EPct") oD =E(Ct" e D)= H(C @ D)= (Co D),

neN neN neN

where the composed isomorphism @ : C[t|@ D — (C®D)|t] is given by the identification
®,, of Ct" @ D with (C' ® D)t", for all n € N. In particular, the restriction ®y of ® to
C ® D = Ct’ ® D is the identity morphism C® D =Ct°® D — (C @ D)t* = C ® D,
so ® maps the identity element of C[t] ® D to the identity element of (C'® D)Jt].
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Hence all we have to check is that ® is compatible with the product of monoids,
which follows from the following commutative diagram, for all n,m € N,

ClleD ® CHleoD 222 (CoD)[t] ® (C®D)

g 3 J

Ct"®D © CtmeD 2 (CeD" ® (C&® D)m

>

Ct"eCt"™ @ D ® D (Ce®D)t" ® (CeD)r

HCt] l MD\L H(CceD)[t] l

cttm @ D oo (C @ D)t

2. This follows from Assertion 1, applying n times the left hand side isomorphism and
m times the right hand side isomorphism. O]

The following notion already appears (without a name) in Proposition 5.8 of [9]:

Definition 4.5. Let A be a monoid in F. We say that A is tensor idempotent if
pa: A® A — Ais an isomorphism in F, or equivalently, an isomorphism of (A, A)-
bimodules.

Example 4.6. Clearly, the identity functor I is a monoid which is tensor idempotent.
Since any subfunctor of it is an ideal, then any quotient of I in F is a monoid. So, by
Proposition 5.8 in [9], it is also tensor idempotent. In particular, if F is the category of
biset functors (see Example 2.1), then the Burnside functor RB is tensor idempotent,
and any quotient biset functor of RB is a tensor idempotent monoid. For example, the
simple biset functor S ;, where £ is any field, and the functor of rational representations
kRg, where k is a field of characteristic 0 (see [2]), are tensor idempotent.

Proposition 4.7. Suppose that A is a tensor idempotent commutative monoid in F.
Then:

1. A, ® A, =2 As, as monoids in F.

2. Also, via this isomorphism, if we let Ay, = Aluy, ..., Up,v1,...,0,], then the
kernel of pa, : An ® A, — A, is equal to the ideal Agp(uy — vy, ... Uy — Vp).

Proof. 1. Taking C' = D = A and m = n in Assertion 2 of Lemma 4.4, we get that
A, ® A, = (A® A)s, as monoids in F. Now since A is commutative, the morphism

12



fn @ An ® A, — A, is a morphism of monoids. Then the assumption implies that
A® A= A as monoids, so (A ® Ay, = Ay, as monoids, and A, @ A, = Ay, as
claimed.

2. Let u= (uy,...,up), v=(v1,...,v,) and t = (t1,...,t,). Then
Alu] = @ A, Al = @ Av’, and Alt] = P At*,
i j k

where 7, 7, k run through multi-indices of size n. The morphism
fa, : Alu] @ Afv] — A[t]

is induced by the morphisms f;; : Au' @ Av/ =2 A® A ™ A= At We have a
commutative diagram

A, A, A, @ A,
H I . H
Aly] ® Alv] — (A@ A)u, v]

(@) o (av)) —-@Usauw

ze? Hea Drua lg
2,3
P At* s P Au'v’
k i,
Il I
An AQn

where the bottom right vertical isomorphism is induced by ps : A ® A — A, and the
bottom horizontal morphism 7 : A, — A, is induced by the morphisms Au‘v? — Atit
which are the identity on A, and map u’v? to t*+7. It follows that for all I € {1,...,n},
the elements u; and v; of As,(1) are both mapped to ¢; by 7. Hence Ker 7 contains the
ideal J = Ay, (uy — vy, ..., u, — v,) of Ay, generated by uy — vy,...,u, — Uy.

Now A[u] is a submonoid of Afu,v], and we clearly have Afu,v] = A[u] + J. Thus
J < Kerm < Afu] + J, so Kerm = J + (Kerw N A[u]). But the restriction of 7 to Alu]
is an isomorphism, as it is induced by the morphisms Au’ — At" which are the identity
on A and map u' to ¢*, for all i € N. Then Ker 7N Afu] = 0, and Ker7 = J, as was to
be shown. O
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Hochschild cohomology and Hilbert syzygy theorem

In what follows, we refer to Section 4 of [1] for the notion of projectivity relative to a
functor R : C — D between categories C and D. Suppose that C and D are abelian
categories and that R is a faithful exact additive functor admitting a left adjoint. We
will say that an object M of C is D-projective if it is projective relative to R in the
sense of [1]. Similarly, we will say that a complex £ in C is D-split if R(L) is a split
complex in D.

Now for an object M of C, we say that a complex

in C is a D-split resolution of M if it is exact in C and if R(L) is a split complex in D.
Since R is exact, this is equivalent to saying that £ is exact and R(L) is split exact
in D. With this terminology, Lemma 4.6 of [1] says that every object M of C admits a
D-split resolution L, where the objects L;, for ¢ > 0, are D-projective, and that such
a resolution is unique up to homotopy.

In our context, we consider a monoid A in F, and the functor R will be the
restriction functor R4 : A-Mod — F. Then, every A-module M admits an F-split
resolution by JF-projective objects, and such a resolution is unique up to homotopy.

From now on, we suppose that A is a tensor idempotent commutative monoid in F,
as in Proposition 4.7. In particular, A,-bimodules coincide with A,,-modules.

Theorem 4.8. Let A be a tensor idempotent commutative monoid in F. Let C =
Agy = Alug, .o Up,v1, .., 0,] and o« = u; —v; for i = 1,...,n. Also, let M be
an A,-bimodule and, for a positive integer p, consider HHP(A,,, M), the Hochschild
cohomology of A,, with coefficients in M (see [9]). Then:

1. The sequence a = (ay,...,qy) s a reqular sequence for C' and the Koszul reso-

lution of C'/(C{a)) = A,

Lo

0—= K2 (C) -4 ... L K3(C) > KP(0) == C % A, — 0 (Ko(a),)
is an F-split resolution of A, by F-projective As,-modules.
2. HHP(An, M) =0 for p >n and HH?(A,, An) = KJ(A,) forp=0,...,n.

Proof. 1. Let C' = Aluy, ..., u,]. We notice that, by Remark 4.3, C' = C'[vy, ..., v,]
and also C' = C'[aq,...,a,]). The last equality implies that « is a regular sequence
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for C' and hence, by Theorem 3.6, we know that Ko («), is an exact sequence of C-
modules. We must show now that C' and the K*(C), with 1 <1i < n are F-projective
and that R¢ (Ko(a)#) is a split complex. Since C' and the K*(C'), with 1 <1i < n, are
projective C-modules (each is a coproduct of copies of ('), then, by Remark 4.5 in [1],
they are projective with respect to R, i.e. F-projective.

To prove that

HAp

0—Ro(KMC)) —4> ... — = Ro(KP(C)) 22> Ro(C) L2 R (A,) —= 0

is split, we consider first the restriction to C’. That is, each of the objects RE (A,,),
RE(C) and RE, (K{‘(C)) with 1 <7 < n is isomorphic to a coproduct of copies of C’,
by Remark 4.3. Hence, they are all projective C’-modules and R, (Kc(oz) u) is a split
complex of C’-modules. Hence, Re(Kc(a),) = R (RS (Ke(a),)) is a split complex.

2. By Lemma 5.1 and Remark 5.2 in [9], the bar resolution and the Koszul resolution
of A, are homotopy equivalent. Hence, we can calculate the Hochschild cohomology
of A,, using K¢ (a),. Then, clearly HHP(A,,, M) =0 for p > n.

Again using the Koszul resolution, in the Hochschild cochain complex of A, for
1 < p < n, we have the morphism

o : IHC(K;T)Z(C)v An) — HC(K;L+1(O)7 AN)7

which, in an object x of X, sends an arrow ¢ € Home-moa(K, (C), (An)z) to tod €
Homc_MOd(K;}H(C), (An)z). Now, from Section 3, we know that d is the sum of some
Lo, : C — C, with Lo, = a;, x -. Hence t o d will be the sum of some #(a;, x ).
Since ¢ is an arrow of C-modules, we have t(a;, X -) = «a;, x t(-). But, by the
previous proposition and Lemma 2.8, this is equal to 0. Hence t o d = 0 and, since
this holds for any x, we have ® = 0. This means that, for 1 < p < n, we have
HHP (A, Ay) = He(K)(C), Ay).
Now, KJ(C) = @ C, with T'={1,...,n}, so, by Section 3 of [9], we have
SCT

1ST=p
Hc< aryel An> >~ (B He(C, A)) = P A, = K (Ay).
SCT SCT SCT
|S|=p |S|=p |S|=p
Finally, by Section 6 of [9], we know that HH®(A,, A,) = A, = KJ'(A,). O

In the next proposition we make use of some results concerning the tensor product
over a monoid in F, which can be found in the Appendix.
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Proposition 4.9. (Relative Hilbert syzygy Theorem) Let A be a tensor idempotent
commutative monoid in F and ty,...,t, be variables. Then, any Alty,...,t,]-module
M admits a finite F-split resolution

O—-L,—L,1—...—Li—-M—0
by F-projective Alty, ..., t,]-modules.

Proof. We continue to denote A,y, by C' and apply the functor —® 4, M to the resolution
K, = Kc¢(a), of A, of Theorem 4.8. Since A, ®4, M = M as A,-modules, we get a
complex

00— K(C)®a, M — ... 5> K} (C)®4, M - C®R4, M - M—0 (K,.®4, M)

of A,,-modules.

Consider the restriction from (A,,, A, )-bimodules to right A,-modules. We continue
to denote this functor by Rgn, but taking into account that the A,-modules are viewed
as right modules. By the proof of the previous theorem, we know that Rgn(K*) is
a split exact complex. Hence it is contractible and, since - ®4, M is an additive
functor, the complex (RG (K.)) ®a4, M is contractible too. Now, by Lemma 5.2 of the
Appendix, this complex is isomorphic to Ry (K, ®4, M) = Ra, (K, ®4, M). Hence,
Ra, (K. ®a, M) is a split exact complex in F. Finally, since R 4, is faithful and exact,
it follows that the complex (K, ®4, M) is exact in A,-Mod. Hence it is an F-split
resolution of M.

Now, each K'(C'), for i > 0, is a direct sum of copies of the (C,C)-bimodule C.
Also, C =2 A, ® A, = A, ®; A, (we notice in the Appendix that the tensor product
over I is the usual tensor product of F), so

C’(X)An]\jg (An®IAn) ®AnMgAn®[ (An®An M) gAn®]M

This shows in particular that C' ®4, M is F-projective, by Lemma 4.3 of [1], since
A, ®; M is in the image of the left adjoint to the restriction functor from A,-modules
to F. Moreover, K'(C) ®a, M = K['(A,) ®; M, so all the terms K['(C) ®4, M, for
1 > 0, are also F-projective. Hence, the complex K, ®4, M, isomorphic to

0= K"(A) @ M — ... = KMA) QM — A, @ M — M — 0,
is an F-split resolution of M by F-projective A,-modules. This completes the proof.
O
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5 Appendix

Let A be a monoid in F, M a right A-module with action o, : M ® A — M and N a
left A-module with action o, : A ® N — N. The tensor product over A of M and N,
denoted by M ®4 N, is the coequalizer of the arrows given by the actions (see Section
VII of [6]),

orQN

MIARN M®N-—=M®®uN,

M®o‘l

which exists since F is bicomplete. This construction defines an additive functor
Mod-A x A-Mod — F, (M, N)— M ®4 N.

Notice that, for F' and T" objects in F, the tensor product over I, F' ®; T, is the
usual tensor product of F.

Remark 5.1. Let A, C' and D be monoids in F, let M be a (C, A)-bimodule and N be
an (A, D)-bimodule. The following facts are easily deduced from the definition.

1. If @) is a D-module, then
(M®aN)2pQ=M®ca(N&pQ)
and the isomorphism is natural in the three variables.
2. M ®4 N is a (C, D)-bimodule.

3. We have M®4A = M and A® 4N = N in F and these are natural isomorphisms
of C-modules and right D-modules, respectively.

Lemma 5.2. Let A, D and E be monoids in F, M be a (D, A)-bimodule and N be
an (A, E)-bimodule. Let RY'™ denote the restriction functor RESES from (D, A)-
bimodules to right A-modules and Rg’E be defined in a similar way. Then, there is an

isomorphism
RYE(M @4 N)= (RYAM) @4 N

of right E-modules, which is functorial in M and N.

Proof. Indeed, by construction, we have an exact sequence

M@AINSMON = MOLN =0
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of (D, E)-bimodules, where 6 = 0, ® N — M ® ;. Applying the functor Rg’E to this
sequence gives the exact sequence

REOPFIM@ARN) = REP(M @ N) = ROP(M®4N) — 0.
Moreover, there are canonical isomorphisms of right E-modules

ROFM®A® N)= (R M)® Ao N,
ROF(M @ N) = (R} M) @ N,

so we get the exact sequence
REAMYQ AN = (RYAM) o N = REF(M @4 N) — 0.
Thus RE (M @4 N) = (RYAM) ©4 N, as claimed. O
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