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A general Greenlees—May splitting principle

Serge Bouc, Ivo Dell’Ambrogio, and Rubén Martos
(Communicated by Siegfried Echterhoff)

Abstract. In equivariant topology, Greenlees and May used Mackey functors to show that,
rationally, the stable homotopy category of G-spectra over a finite group G splits as a product
of simpler module categories. We extend the algebraic part (also independently proved by
Thévenaz and Webb) of this classical result to Mackey modules over an arbitrary Green
functor, and use the case of the complex representation ring Green functor to obtain an
algebraic model of the rational equivariant Kasparov category of G-cell algebras.

1. INTRODUCTION AND RESULTS

Let G be a finite group, which we fix throughout the article.

In equivariant stable homotopy theory, a well-known result of Greenlees—
May [9, App. A] states that the stable homotopy category of rational G-spectra
splits as a product of module categories

(1) SHGo~ [ QWe(H)-Mod”,
Cl(H), HLG

one for each G-conjugacy class CI(H) of subgroups H < G. Here W (H) =
N¢(H)/H denotes the Weyl group of H in G, and the corresponding factor is
the semisimple abelian category of Z-graded modules over the rational group
algebra Q[W¢(H)] (the decoration (...)% indicates graded objects). This pro-
vides a canonical decomposition and an explicit algebraic model for rational
equivariant cohomology theories and is thus of fundamental importance in
equivariant topology.
The equivalence is induced! by the composite functor

(2) SH(G) £ Mack(G)2 =5 [ ZIWe(H))-Mod”
CI(H), H<G

Second and third authors supported by the Labex CEMPI (ANR-11-LABX-0007-01).
IThe present description of the equivalence is not the one given in [9] in terms of idempo-
tents elements of the Burnside ring, but can be easily shown to be equivalent; see Remark 4.7.
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which is already defined integrally. First one sends a G-spectrum X to its
equivariant homotopy groups, which form a (Z-graded, abelian groups-valued)
G-Mackey functor 7. (X) € Mack(G)%. Then one can form the so-called Brauer
quotient of a Mackey functor at every H, which collectively form a functor Br
as above.

To see that (2) induces an equivalence rationally, the harder part is to prove
the same is true for Br. Note that the latter is a purely algebraic statement
which already holds when inverting the order of G and before taking graded
objects; it is essentially already contained in [10] as well as in the independent
work of Thévenaz—Webb [20]. Once the latter is established, it immediately
follows that rational Mackey functors form a semisimple category, and then
some fairly standard homological algebra implies that 7. is also a rational
equivalence.

In this article, we describe an explicit generalization of the algebraic side of
the story to general Green functors [4]. This result is folklore in some circles,
but details are hard to find and thus worth writing up. (As pointed out by the
anonymous referee, in the context of genuine equivariant ring spectra, we have
in writing the related result [21, Thm. 1.1].) If R is any Green functor for G,
one observes (Remarks 4.3) that the construction of Brauer quotients defines
a functor

(3) Br: R-Mack(G) —»  [[  R(H) x. Wa(H)-Mod
CI(H), H<G

from the category of Mackey R-modules (i.e. Mackey functors equipped with
a left R-action) to a product of module categories over certain skew group rings
R(H) x.Wg(H). Here R(H) is the Brauer quotient of R at H, and the skew
group ring incorporates the residual conjugation action of W (H) on it. We
prove the following theorem.

Theorem A (cp. Theorem 4.5). Let G be a finite group, R a Green functor
for G, and Q C Q a subring of the rationals containing |G|~'. Denote by
Rq the Green functor obtained by tensoring R with Q. Then (3) induces an
equivalence

Ro-Mack(G)~ [ Q®zR(H) x.Wa(H)-Mod.
CI(H), H<G

By taking R to be the Burnside ring Green functor, one recovers as a special
case the Greenlees—May/Thévenaz—Webb rational splitting for plain Mackey
functors.

It is known that the Greenlees—May splitting (1) is an equivalence of tensor
categories, with respect to the smash product of rational G-spectra on the left-
hand side and the usual product of group representations on the right-hand
side; see e.g. [3] (it can also be deduced from a zig-zag of symmetric monoidal
Quillen equivalences [1, 12]). On the algebraic side, this is essentially contained
in [4, §§8-10]; cp. Section 5.
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More generally, the category R-Mack(G) becomes symmetric monoidal for
any commutative Green functor R. Moreover, each Brauer quotient R(H) is
a commutative ring; hence we may tensor two R(H) x. Wg(H)-modules over
it and equip the result with the diagonal group action. We establish that the
Brauer quotient is compatible with these tensor structures in full generality.

Theorem B (cp. Theorem 5.1). For any commutative Green functor R for G,
the functor (3) naturally inherits a strong symmetric monoidal structure.

Remark 1.1. Once it is established that the Brauer functor Br of (2) is sym-
metric monoidal and an equivalence after inverting the order of G, it follows
from general principles that we can identify monoids on the left-hand side (i.e.
Green functors) with monoids on the right-hand side, as well as the corre-
sponding module (tensor) categories. After some further identifications, this
would give us both Theorems A and B. It is essentially what we do below,
although we choose to be more explicit about the structures involved at each
step—at the cost of some extra verifications. Our approach also has the virtue
of revealing a more conceptual definition of the components Bry as composites
of certain canonical adjoints (cp. Section 5).

Finally, we illustrate the usefulness of the above results by applying them
to the G-equivariant Kasparov category KKE of separable complex G-C*-
algebras [11]. More precisely, we consider (analogously to the topological situa-
tion) the full tensor-triangulated subcategory Cell(G) of G-cell algebras, i.e. the
localizing subcategory generated by the complex function algebras C(G/H), as
well as its rationalization Cell(G)g. We obtain the following splitting theorem.

Theorem C (cp. Section 6). For any finite group G, taking equivariant K-
theory and Brauer quotients induces an equivalence

7/2
Cell(G)g ~ I1 Q¢a)) % W (H)-Mody!
Cl(H), H<G cyclic
of symmetric monoidal semisimple abelian categories. For the right-hand side,
we choose a cyclic subgroup H in each G-conjugacy class and a generator

(9) = H; then the skew group ring at H has coefficients in the cyclic field
extension Q(C ), on which Wa(H) acts by

cw(Q) = ¢ (w € Wo(H))
for the unique mg(w) € (Z/|H|)* such that g™™) = w™ guw.

Here we grade our modules over Z/2, because of Bott periodicity, and the
decoration 8; says that we only need to consider countable modules (as KKE
only admits countable coproducts). Besides these details, the proof can be run
analogously to (1). Homotopy groups are replaced by equivariant topological
K-theory of C*-algebras, which takes values in Mackey modules over the com-
plex representation ring Green functor R by results of [6]. The result follows
from Theorems A and B for R = R and Q = Q, together with the known
calculation of the Brauer quotients of Rg .
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In particular, Theorem C provides an explicit algebraic classification, up
to rational equivariant K K-equivalence, of all separable G-C*-algebras which
are G-cell algebras. We recall that the class of G-cell algebras is closed under
several bootstrap operations and contains many of the separable G-C*-algebras
of interest (though, for general G, not all of them; cp. [6, Rem. 2.4], [8, §3.1]).

Remark 1.2. Theorems A and B can be easily generalized to Mackey and
Green functors with coefficients in any commutative ring K, in which case
the hypothesis reads “suppose that |G| is invertible in K” and the resulting
equivalence is of K-linear (tensor) categories. Note that if R is defined over K
and |G|~! € K, then Rg = R and similarly

Q®z R(H) x. Wg(H) = R(H) x. Wg(H)
for all H. (See also Remarks 2.1 and 4.6.)

Remark 1.3. Using the Universal Coeflicients and Kiinneth spectral sequences
established in [13], our Theorems A and B (or rather their evident Z-graded
versions) can be used to generalize the Greenlees-May equivalence (1) to the
rational stable homotopy category of modules over a (commutative) G-equi-
variant S-algebra A, whenever its rationalized homotopy groups Green functor
Q ®z (m+A) has semisimple Brauer quotients at all subgroups of G. In fact,
we expect the “topological” half of the proof of (1) to also admit an even more
comprehensive generalization, in terms of the Green 2-functors of [7]. This
would allow the systematic application of Theorems A and B to other exam-
ples of “equivariant mathematics” beyond stable homotopy and K K-theory.
However, such an axiomatic set-up would be rather heavy for this purpose and
is better reserved to a general study of equivariant homological algebra not
limited to the rational case.

Remark 1.4. Working independently and by rather different methods, Meyer
and Nadareishvili have obtained results closely related to our Theorem C;
see [15].

Contents. After brief recollections on skew group rings (Section 2) and on
Mackey functors (Section 3) to fix notation, we describe the functor Br and
prove Theorem A (Section 4), prove Theorem B (Section 5), and prove Theo-
rem C (Section 6).

2. SKEW GROUP RINGS

Suppose a finite group W acts on a ring S by ring automorphisms, say via
the group homomorphism « : W — Aut(S), w +— . The skew group ring for
this action, denoted S 3, W, is defined to be the free S-module @, .y, Sw on
the set W, equipped with the multiplication defined by additively extending
the rule (sw)(s'w’) := (sau,(s"))(ww') in both variables. Note that S x, W is
a unital and associative ring but not an S-algebra; indeed, its multiplication
is not S-bilinear.
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Remark 2.1. If K is any commutative ring, there is a unique extension of ¢
to a W-action ¢ on the K-algebra K ®z S, and there is an evident isomorphism

(K®z S)x: W =2K®z (S x.W)

of K-algebras. Accordingly, we may safely omit parentheses when extending
scalars in a group ring, e.g. as in the statement of our main theorems with

K = Q.

Remark 2.2. The abelian category S x, W-Mod of left modules over the ring
S Xo W admits the following alternative description. An object V = (V, ¢) is
determined by an S-module V' equipped with a W-action ¢ on the underlying
abelian group of V', which we will write as a set of abelian group automorphisms

Yw: VIV (weW)

satisfying @, @w = pww and . = idy. Moreover, the S-action and the W-
action are compatible in the sense that ¢, (s - v) = au(s) - pw(v) for all w e W,
s€ S and v € V. These two actions are obtained by restricting the given
S X, W-action along the inclusions S — S X, W, s — se and W — S x, W,
w — lgw. Conversely, two such actions satisfying the above compatibility
extend to a unique left S x, W-action on the abelian group V. A morphism
&: (Vo) = (V'¢') of left modules is the same as an S-linear map V — V'
which is equivariant for the group actions: ¢/, 0§ = £ o ¢, for all w € W.

Example 2.3. If the action « is trivial, S x, W is the usual group alge-
bra S[W].

The classical Maschke theorem for group algebras also holds for skew group
rings.

Lemma 2.4 ([16, Cor. 0.2 (1)]). If S is a semisimple Artinian ring (e.g. a field)
containing |W|™1, then S xo W is also a semisimple Artinian ring. In partic-
ular, all objects in the abelian category S xo W-Mod are projective. O

Remark 2.5. When the ring S is commutative, S X, W-Mod admits a sym-
metric monoidal structure where (V, o) @ (V/,¢’) := (V @5 V', 0 ® ¢') for the
diagonal action (¢ ® ¢')y = Quw @ Yy (w € W), and where f ® f':= f Qg f’
on morphisms. The associative, unit and symmetry isomorphisms are those of
the underlying S-modules. The tensor unit object 1 is provided by (5, «).

3. MACKEY MODULES OVER A GREEN FUNCTOR

A Mackey functor M for the finite group G consists of an abelian group
M (H) for every subgroup H < G together with three families of group homo-
morphisms

rest : M(H) — M(K), ind: M(K)— M(H), copu: M(H)— M°H)

for all subgroups K < H < G and elements g € G, respectively called restriction,
induction and conjugation maps; these are subject to certain relations. (We
use the standard notations 9H = gHg¢g ! and H9 = g~ 'Hg for the conjugates
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of a subgroup H < G by an element g € G.) Mackey functors (for G) form an
abelian category Mack := Mackyz (@), where a morphism f : M — M’ is a family
of homomorphisms fr : M(H) — M'(H) for all H < G, commuting with all
restriction, induction and conjugation maps.

A Green functor is a Mackey functor R for which each R(H) is an (asso-
ciative and unital) ring, restriction and conjugation maps are ring maps, and
which satisfies the two Frobenius relations

indf (rest(r) -7') = r - indfE ('), indf(r-rest(r')) = ind 2 (r) - .

A (left) Mackey module over the Green functor R is a Mackey functor M such
that M(H) is endowed with the structure of a (left) R(H)-module (H < G),
whose structure maps satisfy the analogs of the above Frobenius relations, and
whose restriction and conjugation maps commute with the ring actions in the
evident way (see [4, §1.1 and §2.1] for all details on the axioms).

Mackey R-modules form an abelian category R-Mack := R-Macky(G) where
a morphism f : M — M’ is a morphism of the underlying Mackey functors such
that each fr: M(H) — M’'(H) is an R(H)-linear map.

Example 3.1. The first example of a Green functor is the Burnside ring
Green functor, which in this article we denote by B. It is commutative and
acts uniquely on all Mackey functors, so that B-Mack = Mack. See [4, §2.4].

Recollection 3.2. Besides the above subgroups picture of Mackey functors,
the alternative G-set (or Dress) picture is often very useful. According to the
latter, a Mackey functor is a pair M = (M™*, M., of functors M* : G-set°® — Ab
and M : G-set — Ab (a “bifunctor”) agreeing on objects, M*(X) = M.(X) =:
M(X) for all finite G-sets X, and which sends disjoint unions to direct sums
and satisfies a base-change condition for pullbacks. A morphism M — M’ is
a transformation {fx : M(X) — M’(X)}x which is natural for both functori-
alities. The equivalence of the two definitions takes a bifunctor (M*, M, ) and
yields a Mackey functor for the subgroups picture by setting M(H) := M (G/H)
for all subgroups H < G as well as

restt .= M*(G/K — G/H),

ind% := M,(G/K — G/H),

co.u =M*(G/'H = G/H)
(here G/K — G/H is the quotient map and G/9H ~ G'/H is the isomorphism
~9H — vgH). Conversely, a subgroups-picture Mackey functor extends essen-

tially uniquely to a bifunctor (M*, M,) via the same formulas, by decomposing
G-sets into orbits. See [4, §1.1.2].

Recollection 3.3. If the Green functor R is commutative, R-Mack admits
a symmetric monoidal structure. We briefly recall its definition from [4, §6.6]
in terms of the G-set picture (Recollection 3.2). Given two R-modules M, N,
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the value at X € G-set of their tensor product M @z N is

(MerN)(X):=( @ MY)ezNM))/T,
0:Y - X
where the sum is taken over all maps 6 of finite G-sets, and J is the subgroup
generated by the following three sets of relations:

(4) M (f)(m)@n' —maN*(f)(n'), M (f)(m)en—m e N.(f)(n),
B5) (r-m)@n—me(r-n)

forallme M(Y),ne NY),m' e M(Y"),n' € N(Y’'), r € R(Y), and all G-set
maps f:Y — Y’ with #'f = 6. Here M* and M, are the two functorialities
of M, extending the restriction & conjugation maps and the induction maps
of the subgroup picture, respectively.

If we only quotient out relations (4), we get the value at X of the ten-
sor product M ®@p N (denoted M & N in [4]) of the underlying plain Mackey
functors, i.e. the special case when R is the Burnside ring B. The struc-
ture maps of the Mackey functor M ®r N are inherited via the quotient map
M ®@p N — M ®r N from those of M ®p N, as described in [4, Prop. 1.6.2].

The tensor unit is R, and the unitality, associativity and symmetry isomor-
phisms of the tensor structure are inherited from those of ®7z in the obvious
way.

4. BRAUER QUOTIENTS OF MACKEY MODULES

In order to precisely state Theorem A, we still need to define Brauer quo-
tients and the rationalization of a Green functor. Slightly more generally, we
define the following.

Notation 4.1. For any subring ) C Q and any Green functor R, we write R¢
for the @Q-linearization of R, that is, the Green functor defined by Rq(H) :=
Q ®z R(H) for all H < G, and similarly for the structural maps. The mod-
ule category Rg-Mack can be identified with the full subcategory of R-Mack
containing all Q-local (or Q-linear) Mackey modules, i.e. those taking values
in @-modules. (If necessary, recall that every subring @ C Q is a localization
of Z.) The rationalization of R is the Green functor Rg, the case when @ = Q.

Definition 4.2 ([19, §54]). For any Mackey functor M for G and subgroup
H < G, the Brauer quotient of M at H is the quotient of abelian groups

M(H) = M(H)/( 3 indf, (M(H')))
H'<H
obtained by killing all elements induced from proper subgroups of H.

Remarks 4.3. Let M be a Mackey functor and H < G a subgroup. In a series
of successive easy observations, we will turn the Brauer quotient construction
into a suitable functor Bry.
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(a) For g € Ng(H), the conjugation map ¢q :=cg. g : M(H) = M(9H) is an
automorphism of M(H) = M(YH). By an axiom of Mackey functors,
¢g = id whenever g € H. We thus obtain an action of W (H) on M(H).
By another axiom of Mackey functors, namely the commutation relations

¢gindf, = ind, %, ¢, (forgeG, H' <H<G),

this W (H)-action descends on the Brauer quotient M(H). We call this
action (both on M (H) and M (H)) the conjugation action and still denote
it by c.

(b) For a Green functor R, the subgroup ),y ind2,(R(H)) C R(H) is an
ideal thanks to the (left) Frobenius relation. Therefore, R(H) is a ring.

(¢) By definition, if M = R is a Green functor, the conjugation action on R(H)
is by ring automorphisms. This descends to R(H) by part (b); hence we
may construct the skew group ring R(H) x. Wg(H) as in §2.

(d) If M is a Mackey module over the Green functor R, the Brauer quotient
M (H) becomes a left R(H)-module. This follows similarly to (b) and
using the left Frobenius axiom for Mackey modules.

(e) Altogether, when M is a Mackey module over R, the conjugation action
of (a) and the R(H)-action of (d) turn M (H) into a left R(H) x. Wg(H)-
module. Indeed, this follows immediately from the Mackey module axiom
cg(r-m) =cy(r)-cg(m) (for g € G, r € R(H), m € M(H)) together with
Remark 2.2.

(f) Suppose f: M — M’ is a morphism of Mackey R-modules. Since the com-
ponents of f commute with the induction maps of M and M’, fg descends
to a homomorphism fg : M(H) — M'(H), which is R(H)-linear because
fm is R(H)-linear by definition. Since the components of f commute with
the conjugation maps, fz commutes with the conjugation actions. In
other words, fz is a morphism of R(H) x. Wg(H)-modules.

Definition 4.4. Write Bry; : R-Mack — R(H) x. W¢(H)-Mod for the functor
resulting from Remarks 4.3, defined by M + Bry (M) := (M (H), c) on objects
and f +— Bry(f) := fg on morphisms.

We can now state the following theorem.

Theorem 4.5. For any finite group G and any Green functor R for G, the
functor

Br := (BI"H)CI(H) : R-Mack — H R(H) A WG(H)'MOd
CI(H), H<G

admits a right adjoint, which we denote by ®. These two functors induce an
adjoint equivalence

Ro-Mack~ [[ Q®zR(H)x,We(H)-Mod
CI(H), H<G

for any subring Q C Q containing |G|~' (see Notation 4.1).
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Remark 4.6. The theorem admits many easy variations, for which the exact
same proof will go through smoothly. For instance, we may allow Mackey
functors with values in a general commutative ring K (¢p. Remark 1.2), possibly
graded. For our later purposes, we can take Z/2-graded modules (over an
ungraded R) and restrict to countable abelian groups, on both sides, in order
to obtain an equivalence

RQ—Mack§{2 ~ H Q®z R(H) x. WC;(H)—ModZZQf2
CI(H), H<G

between Z/2-graded countable rational Mackey Rg-modules and the corre-
sponding product category of Z/2-graded countable modules. (The sense of
the notation used here is that “countable = N;-small”.)

Proof of Theorem 4.5. To begin with, let us fix a subgroup H < G.

The existence of an adjunction Bry - @y is established in [4, Lem. 11.6.1],
in terms of the G-set picture (Recollection 3.2). Beware of the notations: in
loc. cit., the Green functor R is denoted by A; our functor Brpy is simply
written M — M(H), its right adjoint ®x by V +— FP§ ,, and the skew group
ring R(H) . We(H) by A(H) @ Ng(H). ’

Before we can prove the remaining claims, we need to identify the unit and
counit of this adjunction. Explicitly, for every left R(H) x. Wg(H)-module V,
the Mackey R-module ® (V) sends a finite G-set X to map"¢H) (X V), the
set of Wg(H )-equivariant maps from the fixed-point set X (equipped with
the induced action of the Weyl group) into V' (see [4, Def. on p.296] for its
functoriality and R-action). We immediately deduce from the proof in loc. cit.
that the bijection of Hom-sets for this adjunction,

R-Mack(M, &5 (V) = R(H) x. We(H)-Mod(Bry (M), V),
sends a morphism f: M — @5 (V) of left Mackey R-modules to the composite
map

By (M) 229, By (@ (V)

EH,M V

~

Here e, ar is the bijection
egy :Brg®g(V) = (®4V)(H) = mapVe D (G/H)E, V) SV,
fr fleH),

where the first identification is simply (P V)(H) = (®yV)(H) (indeed, for
each subgroup K < H, a coset gK € G/K is an H-fixed point if and only if
H9 C K; hence if K < H is proper, we must have (¢ V)(K) = 0), and the
second one is due to (G/H )™ being a transitive W (H )-set. One verifies easily
that e v is We (H)-equivariant, R(H)-linear and natural in V', from which it
follows that the natural transformation g : Brg®g — Id must be the counit
of the adjunction Brgy 4 ® . Note in particular, for later use, that the counit
is an isomorphism.

Minster Journal of Mathematics VoL. 18 (2025), 227-243



236 SERGE Bouc, Ivo DELL’AMBROGIO, AND RUBEN MARTOS

The unit ng is similarly determined by going backward in the bijection; its
component at the object M is the natural morphism 7y : M — ®yBry (M)
of Mackey R-modules whose component at X € G-set is given by

0 (X) 2 M(X) — map™e D (X N (H)),
m = (z = [M*(evz)(m)]),

where ev, : G/H — X is the map vH — vz of G-sets (which is well-defined
since z € X ), and square brackets denote the equivalence class in the Brauer
quotient. Note in particular that the component at an orbit X = G/K takes
the form

naam(G/K) : M(G/K) — map™e "™ (G/K)" M(H)),
m = (gK — [cqresty, (m)])

(indeed, M*(ev,) = ¢, Reshy, when = gK). For the subgroup K = G, writing
M(G) = M(G/G) as in the subgroups picture, this simplifies to the map

(6) N (G) s M(G) — M(H)WeU ) m s [ResS (m)).

It is now time to sum the functors ® 5 in order to get the required right
adjoint

©: J[ RH) 2 Wa(H) - R-Mack, (Vi)g — P u (Vi)
CI(H), HLG H

of the functor Br in Theorem 4.5. The unit 7 and counit € are the evident
combinations of the units ny and counits ey identified above.

In order to conclude the proof of the theorem, we can now proceed in the
same way as [17, Thm. 3.4.22], which is precisely the special case of the theorem
where the Green functor R is the Burnside ring Green functor B, for which
B-Mack = Mack. Note that, by forgetting R- and R(H )-actions throughout in
the above (and by working with the subgroups picture), we get exactly the same
adjunction as in Schwede’s proof. We recall the argument for completeness.

Note that the functors, and therefore the adjunction (Br,®,7,¢), can be
restricted on both sides to the subcategories of @-local objects. For the re-
mainder of the proof, we will only consider this restricted adjunction. It is
proved in loc. cit. that, on @-local modules, the unit of adjunction 7 be-
comes invertible as a map of the underlying Mackey functors, hence also
as a morphism of Mackey R-modules. Indeed, thanks to (6), we can iden-
tify the G-component of the unit 75, with Thévenaz’s Brauer homomorphism
M(G) = ([Tg M(H)) = Ty M (H)We®)  which is known to become bi-
jective after inverting |G|; see [18] or [17, Prop. 3.4.18]. Then one can easily
deduce from this that the H-component for each H < G is also invertible; see
loc. cit.

Since (always between @-local objects) the unit of adjunction is invertible,
it follows formally that the left adjoint Br is fully faithful, and it remains to
prove it is essentially surjective. To see this, take an arbitrary family (Vi )y
of Q-local modules over the skew rings. By the additivity of the functor Br,
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it suffices to show that its essential image contains each summand Vp. Let
e = (e k) K be the idempotent endomorphism of the object

Bro(Viy) € [[ Q®zR(K) %, Wa(K)-Mod
CI(K)

whose components are ey g :=idy,, and ey g :=0 for K # H. Note that
Im(ey) = Bry®y(Vy) by construction, and that the latter module is isomor-
phic to Vg via the counit e v, of the adjunction Bry 4 @ .

Since Br is fully faithful on @-local objects, there exists an idempotent ég
on ®(Vy) € Rg-Mack with Br(éy) = en. Hence

q)H(VH) = Im(éH) D Im(ld - éH),

and by additivity, we deduce that Br(Im éy) = Im(Bréy) = Im(ey) = Vi.
Therefore, Vi belongs to the essential image of Br.
This completes the proof of Theorem 4.5. (]

Remark 4.7. The rational Burnside ring of G, B(G)g = Q ®z B(G), canon-
ically acts on rational Mackey functors; hence its idempotent elements split
their category Mackg. These idempotents e € B(G)g are well-known to be
parametrized by the subgroups H of GG, and we obtain a complete orthogo-
nal family by choosing one for each G-conjugacy class CI(H). The resulting
splitting is in fact the same as appears on the right-hand side in (1); see the
remarks before [17, Thm. 3.4.22].

5. COMPARING THE TENSOR STRUCTURES
We now consider the tensor structures on our categories.

Theorem 5.1. Suppose R is a commutative Green functor for G. Then,
for each H < G, the Brauer quotient functor Bry of Definition 4.4 is strong
symmetric monoidal with respect to the tensor structures of Recollection 3.3
and Remark 2.5. Therefore, the functor Br of Theorem 4.5 is symmetric
monoidal (where its target category is equipped with the product tensor struc-
ture), and it induces an equivalence

Ro-Mack~ [[ Q®zR(H)x,Wa(H)-Mod
CI(H), H<G
of tensor categories for each subring Q C Q containing |G|~1.
Proof. As with Theorem 4.5, we are essentially going to reduce the proof to
the case of the Burnside Green functor B, for which B-Mack = Mack. As
mentioned in the introduction, in this case, the result is known to be true by
experts, but we nonetheless provide a (sketch of) proof for completeness.

We need to find a symmetric monoidal structure on Bry, that is, an iso-
morphism 1 = Bry(1) and a natural isomorphism (for M, N € R-Mack)

(7) BI"H(M)@)BI"H(N):}BI"H(M@RN)
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satisfying unitality and associativity constraints. For the first isomorphism,
we simply take the identity map of the Brauer quotient ring R(H). For the
second one, consider the following commutative diagram of abelian groups:

M(H) ®z N(H) — Dg.y q/u MY) @z N(Y)

\
br@br (M o N) (H)
—
®) W) 92 W) - (TS N)(H) )
i (M @r N)(H)
—

The direct sum is taken over all maps 6 : Y — G/H of finite G-sets (as in
Recollection 3.3, which uses the G-sets picture and in particular M(G/H) =
M(H)). The top horizontal arrow is the inclusion of the summand indexed
by 6 = idg/p, and all arrows — denote quotient maps, with in particular
br denoting a Brauer quotient P(H) — P(H) at H for the relevant Mackey
functor P.

We claim that the top inclusion map descends to a bijection between the
bottom quotients, and that this yields the required multiplication map (7).
Indeed, suppose for a moment that it does descend to a well-defined bijection.
It is immediate to see that this map commutes with the diagonal induced
conjugation actions of Wg(H) (cp. [4, Prop. 1.6.2] for the conjugation action
on the right-hand side) and with the induced R(H )-actions, so it is a morphism
of R(H) x. Wg(H)-modules. It is equally easy to see that this map is natural
in M, N and that it satisfies the unit and associativity axioms of a monoidal
structure on Bry, as these properties are inherited from the analog properties
of the inclusion map at 0 =idg,/ -

So it suffices to show the induced map exists and is bijective. Moreover, if we
knew the claim holds for R = B the Burnside ring—that is, if we knew there is
a well-defined horizontal bijection in the middle of (8)—then we could conclude
for general R as well. This is because then, if we quotient out relations (5)
on (M ®p N)(H) to obtain (M ®r N)(H), the effect on M(H) ®7 N(H) is
precisely that of killing the elements rm ® n — m ® rn, as wished.

All in all, it only remains to show that there is a well-defined induced bi-
jection in the middle, i.e. for the tensor product of plain Mackey functors.
It would be nice to verify this directly from relations (4) and Definition 4.2,
but this appears to be difficult. Another approach would be to use the ac-
tion of the rational Burnside ring (cp. Remark 4.7) and the properties of its
idempotent elements, which indeed shows the required bijection but only ra-
tionally; see [3, §4.8] for this approach. We therefore conclude by sketching
a proof which works integrally; it exploits the full power of the G-set picture
of Mackey functors.
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The Brauer quotient at H admits a different description in terms of the
general theory of [4, Chaps. 8-10] for constructing functors between categories
of Mackey functors. Namely, let U = vy, (zryUc be the set H \ G of left cosets
equipped with the right G-action and the induced left W (H)-action by mul-
tiplication. This biset yields a functor — o U : Mack(Wg(H)) — Mack(G) by
(M oU)(X) = M(U owygmy X), where oy, g is the biset composition of [4,
§8.1]. The functor — o U has a left adjoint, denoted L. The biset U is
evidently the following composite of bisets:

U=wem(H\G)c = wemnWa(H)ng(#) © Ne(m)Gas
B B
1 2

for which —o Uy = Inf%‘é(? and —o Uy = Ind%G( m) are, respectively, the

inflation and induction functors for Mackey functors. Hence, by taking left
adjoints, we get
EU = £U1 ] £U2 = (—)H ] RQS%G(H),

where (=) : Mack(Ng(H)) — Mack(Wg(H)) is the functor introduced in [4,
Prop. 9.9.1]. As remarked just after loc. cit., M coincides with the functor
(—)T of [20], for which the evaluation at the W (H)-set W (H) is precisely
the Brauer quotient at H (by direct inspection; cp. [20, p.1872]). Note also
that the Brauer quotient of M € Mack(G) at H is the same as the Brauer
quotient of RQS%GH(M) € Mack(Ng(H)) at H (obvious from Res%G(H)(M) =
M (Ind§, o(m) —))- In sum, Bry is isomorphic to the composite functor

Mack(G) —=%— Mack(Wg (H)) —=e
Now, there is a natural isomorphism
(9) ,CU(M)@)BEU(N)%EU(M@BN)

by [4, Prop. 10.1.2] and because the right G-action on U is transitive. On the
other hand, we see immediately from relations (4) that
(10) eviwe (i) (M) @z evig ) (N') 2 evivg () (M’ ®@p N').

The isomorphism (7) is then obtained by combining (9) and (10). More pre-
cisely, by chasing through the various adjunctions and the construction of (9)
(going back all the way to the diagonal maps

88y :Uo(XxY) = (UoX)x (UoY)

of [4, §10.1]), one can verify that the combined isomorphism is simply the map
induced from the inclusion at § = Idg, g, as claimed above. O

We (H)-Mod.

6. APPLICATION TO EQUIVARIANT K K-THEORY

Let KK denote the G-equivariant Kasparov category of separable complex
G-C*-algebras. As proved in [14], this is a tensor triangulated category with
arbitrary countable coproducts. Following [6], we denote by Cell(G) C KK¢
the full subcategory of G-cell algebras, the localizing subcategory generated by
the function G-C*-algebras C(G/H) for all H < G. We also write Cell(G)q for
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the category of rationalized G-cell algebras. More precisely, Cell(G)g is defined
to be the quotient

Cell(G)/Loc(Cone(f) | f € Z\ {0}),
i.e. the Bousfield localization at the central multiplicative system of maps
Z\ {0} € R(G) = Endcei(e)(1).

It inherits nice generating properties from Cell(G): it is a rigidly-compactlyy,
generated tt-category, characterized by the property that

Cell(@)o(A, B) = Q @z KKY (4, B)

whenever A is a compacty, object of Cell(G) and B is arbitrary; see [5, §2].

In this final section, we apply our previous results to provide an explicit
algebraic model of Cell(G)g in the form of Theorem C.

Recall that the complex representation rings R(H) of all subgroups H < G
organize themselves into a Green functor (for G') which we denote R“. This is
one of the most classical and ubiquitous examples of Green functors, as is its
rationalization Rg (Notation 4.1). It is well-known how its Brauer quotients
look like.

Proposition 6.1. Let R_S(H) be the Brauer quotient (Definition 4.2) of Rg
at a subgroup H < G. Then
(a) there is an isomorphism of rings

R_S(H) ~ Q¢ o H :.<g> is cyclic of order n,
0 otherwise,

where Q((y,) is the field extension of Q by a primitive n-th root of unity C,.
(b) Under (a), the conjugation action ¢ of We(H) on Rg(H) is through the
Galois group. More precisely, fixing the generator g of the cyclic subgroup
H determines a group homomorphism mp : We(H) — (Z/n)* through the
formula g™ () = w=gw for all w € Wg(H). Then c,(C,) = ¢re(w),

Proof. For part (a), see e.g. [18, Sec. 9]. For (b), see e.g. [2, §4]. O
We immediately deduce the following theorem.

Theorem 6.2. For every finite group G, there is an equivalence

RS-Mack = 11 Q(¢my) X We(H)-Mod
CI(H), HLG cyclic
of symmetric monoidal categories, where the right-hand side is the product of
the tensor categories, as in Remark 2.5, of modules over the skew group rings
of Proposition 6.1. In particular, Rg—Mack is a semisimple abelian tensor
category.

Proof. Just combine Lemma 2.4, Theorem 4.5, Theorem 5.1 and Proposi-
tion 6.1. g
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By one of the main results of [6, §4], we know that the usual equivari-
ant K-theory groups k¢ (A)(H) := K (A) @ K (A) of each object A € KK
can be naturally upgraded to form a Mackey module k%(A) over the Green
functor RY, as in Section 3, which moreover is Z/2-graded and countable. (Al-
ternatively, the same conclusion can also be deduced from the Green 2-functor
structure of G+ KK via Hom-decategorification; see [7, Ex. 12.20].) After
restricting to G-cell algebras, this defines a functor

kS : Cell(G) < KK® — R%-Macky?

into the category of Z/2-graded countable Mackey R“-modules. As a homolog-
ical functor into an abelian category, it can be used to do relative homological
algebra in Cell(G) and set up spectral sequences. This is the content of [6]. By
restricting further to rational G-cell algebras, we obtain a (simpler) homologi-
cal functor

(11) kS : Cell(G)g — R§-Macky?

into the category of Z/2-graded countable Mackey modules over Rg , which is
what will be used in the proof of the next result.

Proof of Theorem C. First notice that the abelian category on the right-hand
side is semisimple by Lemma 2.4, since the coefficient ring in each skew group
ring is a field, and because the graded countable modules in a semisimple
category of modules again form a semisimple abelian category.

We claim that (11) is a tensor equivalence; by composing it with the tensor
equivalence of Theorem 6.2 (in the graded countable variant as in Remark 4.6),
we then get the desired result.

To prove the claim, we may for instance set up relative homological algebra
as in [6] except that we use the homological functor k§ instead of k<. Tt follows
by rationalizing both sides of [6, Thm. 4.9], together with [6, Prop. 5.6], that
(11) is the universal Z-exact stable homological functor for the homological
ideal 7 := ker(kg) of morphisms in Cell(G)g. The associated UCT spectral
sequence [6, Thm. 5.12] collapses on the first page for all A, B € Cell(G)g,
which implies that (11) is a fully faithful functor. It is also essentially surjec-
tive, as the objects kg(C(G/H)) for H < G generate the whole category of
Mackey modules through direct sums and retracts (again by semisimplicity,
and because they are projective generators). Thus (11) is an equivalence.

To see that is it a symmetric monoidal functor, note that the (rational ana-
log) of [6, Lem. 5.15] yields for every subgroup H < G a canonical isomorphism

kG (C(G/H)) @rg kG (B) = k§(C(G/H) ® B)

in Rg—Mack§{2, natural in B € Cell(G)g. Using the semisimplicity of Cell(G)q,
we can easily extend these to an isomorphism

kG (A) ®Rrg kG (B) & kG (A® B)
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natural in A, B € Cell(G)g. This provides the required monoidal structure on
(11), where the unit component Rg = kg (C) is the usual identification of the
representation ring with the equivariant K-theory of a point. O
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