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Abstract

The reliability of a model is its accuracy in predicting the physical phenomena
using the known input parameters. It also depends on the model’s ability to estimate
relevant parameters using observations of the physical phenomena. In this paper,
the reliability of the VT'T model is investigated under these two criteria for various
given temperature and relative humidity constant in time. First of all, experiments
are conducted on bamboo fiberboard. Using these data, five parameters of the VI'T
model, defining the mold vulnerability class of a material, are identified. The results
highlight that the determined parameters are not within the range of the classes
defined in the VI'T model. In addition, the quality of the parameter estimation is
not satisfactory. Then the sensitivity of the numerical results of the VI'T model is
analyzed by varying an input parameter. These investigations show that the VI'T
mathematical formulation of the physical model of mold growth is not reliable. An
improved model is proposed with a new mathematical formulation. It is inspired
by the logistic equation whose parameters are estimated using the experimental
data obtained. The parameter estimation is very satisfactory. In the last parts
of the paper, the numerical predictions of the improved model are compared to
experimental data from the literature to prove its reliability.

Keywords: Mold growth prediction models; VI'T model; Model reliability; Parameter
estimation problem; Structural identifiability; Fisher matrix.

1 Introduction

1.1 Context

Excessive humidity in buildings damages the construction quality and affects indoor air
quality as well as the occupants’ thermal comfort. Moisture is a source of several disorders



in buildings, as reported in [I, 2]. For example, mold growth is a consequence of high
moisture levels and is of capital importance since it can be toxic for the occupants of the
building, causing allergies, diseases or infections [3, 4] [5]. It also causes the development
of other moisture-related damages such as metal corrosion or degradation of the materials
by chemical reactions.

Several models of mold development exist and have been listed by VEREECKEN in
[6]. They can be conventionally divided into two classes: the static and the dynamic
models. The former only indicates the initiation of the biological process while the latter
represents the dynamic of the physical phenomena of mold growth and decline. The so-
called VTT model is dynamic and one of the most used [7]. Interested readers are invited
to consult [8, 9] for examples of its practical applications. This model depends on the
time-dependent relative humidity and temperature conditions that can be calculated from
a building Heat And Moisture (HAM) simulation program [10), [L1].

1.2 Problem statement

For economic and social reasons, it is essential to have robust models able to represent
the physical phenomena of mold growth on building materials. In [6], VEREECKEN and
ROELS highlighted a number of discrepancies between the numerical results of the VI'T
model and experimental data measured in [12]. Similar conclusions have been drawn in
recent studies. Most particularly, in [13], the reliability of numerical predictions obtained
for cyclic conditions of relative humidity and temperature is questioned. In [I4], the suit-
ability of the mold growth model is investigated for prediction on woodfiber insulation
on an internal wall using measured temperature and relative humidity dta. Even if im-
provements have been made, as mentioned in [I5], based on these results, it is of major
importance to develop more reliable models.

The robustness of a model is also based on the possibility of accurately estimating
the relevant parameters for new innovative materials. These parameters are incorporated
in a so-called vulnembilz’tzﬂ class in the VI'T model. This paper aims at analyzing the
robustness of the VI'T model according to both aspects: (i) the estimation of parameters
using experimental observations and (ii) the prediction of the physical phenomena. These
investigations are carried for temperature and relative humidity kept constant in time.
Even if the VI'T model has been proposed for time-varying temperature and relative
humidity, its reliability should be ensued for at least constant conditions.

The manuscript is organized as follows. Section [2] reviews the formulation of the VI'T
mold growth model. Both the identifiability and the identification of the parameters are
presented together with mathematical tools to quantify the potential error in parameter
identification. In Section [3 the experimental data obtained for bamboo fiber are pre-
sented. It appears that they may not fit the mathematical model driving us to project
these observed data. The numerical results of the parameter estimation for the VIT
model are presented in Section [4] with a quantification of the potential confidence. Sec-
tion [5 evaluates the VI'T model’s ability to predict mold growth. The precision of the
numerical predictions is analyzed according to small changes in the parameters’ numerical
values. This discussion will be followed by comments on the robustness of the mathemat-

IThe VIT model defines four classes of material sensitivity to mold growth. However, in order to
avoid any confusion with the mathematical analysis performed in this study, their word sensitivity is
replaced by vulnerability here. In this study, the model sensitivity defines the variation of the model
prediction due to changes of its parameters.



ical formulation of the VI'T model, with a proposal of a better mathematical model, in
Section [6] with better numerical properties. Last, we draw the main conclusions of this
study in Section [7]

2 Methodology

2.1 Mathematical formulation of the VT'T mold growth model

A mathematical formulation of the physical phenomena for wood-based material was
first proposed by HUKKA and VIITANEN in [16]. Its extension to other building materials
was suggested by VIITANEN [I7]. The field of interest is the quantity M € {O, 6],
describing the amount of mold at the surface of the material and computed by solving
the initial value (or CAUCHY) problem for the following differential equation:

ar_ b (30) b (00 oW
dt F(Tt), (1)) ’

where f (T, ¢) is a known function of the temperature 7' (in ° Celsius), the relative
humidity ¢ (in percentage) and other parameters such as the material’s surface quality.
Time is expressed in hours (h). The initial condition is M(t = 0) = 0. The quantity
M is dimensionless. For a surface quality corresponding to a sawn surface, the function
f can be written as:

F(T,¢) = b exp(bl 1n[T(t)} + by 1n[¢(t)} +bg>, (2)
by = 168, by = —0.68,

The coefficients k; and k, are defined as:

ki, M(t) < 1

<
k‘l(M) =
ki, M(t) > 1

ko(M) = max{l — exp[2.3-<M(t) - Mmax(qﬁ))],O},

where the maximum mold growth value for these conditions is determined by:

_ e — ¢ b — ¢\’
Muax(¢) = A + B(M) +O<¢C—1OO> ; (3)

with ¢. (in percentage %) being the critical relative humidity to initiate mold growth.
According to [17], four mold growth vulnerability classes of materials were defined with
the corresponding values of the parameters k;, ¢., A, B and C reported in Table [I}



Vulnerability classes | k11 k12 A B C O {%w
Very vulnerable 1 2 1 7 =2 80
Vulnerable 0.578 0.386 0.3 6 -1 80
Medium resistant 0.072 0.097 0 5 —1.5 85
Resistant 0.033 0.014 0 3 -1 85

Table 1: Mold growth vulnerability classes of materials [16], [17].

2.2 Structural identifiability of the parameters

This section aims at justifying the identifiability of the unknown parameters: (i) kiy
the rate of increase when M < 1, (ii) ki2 the rate of increase when M > 1 and (iii)
the maximum mold growth index M ., defined through the coefficients A, B and C. It
corresponds to a total of five parameters:

P:d:ef{Pi} = {kn. ki, A B.C}.

It should be noted that parameter k5 is not added since it is defined through parameters
M . and therefore through A, B and C'.

A parameter P; € P is Structurally Globally Identifiable (SGI) if the following
condition is satisfied [I8]:

vt, M(P) = M(P') = P, = P

It is assumed that M is observable, that the function f is known and that the derivative
dM

of M is non-vanishing on any time interval, i.e. < # 0. Thus, the model writes:

AM ki (t)-ka(t)

dt [

So as to prove identifiability, it is assumed that another set of parameters, denoted with
a superscript ', holds:
N AOWAD
dt f '

If M(t) = M'(t), then ¥ = dd—]‘/f and therefore, since ¢ and 7' can be measured,

they are identical and we have:

It results in:

kl(t)-max{l - exp[2.3<]\/[(t) - Mmax(¢)>],0} (4)

k;u).max{l - explz.:s(M(t) - M;mw))],o}_



It can be noted that M .. corresponds to the asymptotic value of M:
M pax = lim M(t).
t—o00

Thus, from Eq. it can be deduced that:

Mmax = Mxlnaxv
which yields k1 = k1, ensuring that parameter k; is identifiable. According to its
definition, at least one measurement for M < 1 and one for M > 1 should be enough
to estimate this parameter. Moreover, from the equality M., = M| .., we obtain:
2
¢c - ¢(t) ¢C - ¢(t)
A B| —— C| —=
+ ( o. — 100 + 0. — 100
2
(bc B (b(t) ch — ¢(t)
= A’ B'| — o'l —=] .
* ( ¢. — 100 * o. — 100
As a consequence,
A=A, B = B', ¢ =

and the parameters are structurally globally identifiable. Therefore, it is necessary and
sufficient to have measurements for at least three values of relative humidity ¢ to have the
identifiability of parameters A, B and C'. One may conclude that if M(t) is a solution
of the model for a given set of parameters, and if f is assumed to be known, then the
parameters of the VI'T model in P are identifiable.

2.3 Parameter estimation problem

Since it was demonstrated that the unknown parameters P are identifiable, it is impor-
tant to detail the methodology to solve the parameter estimation problem, i.e. to identify
them. It is assumed that a set of Projected Observed Data (POD) of the mold growth
index M is available for a given relative humidity ¢:

Mrop[¢]| = {M(t:)}, ne{l, ... N}, ie{1,... N},

where N, is the number of experiments and N; the number of elements of the time grid.
The identification can be formulated as an optimization problem. The estimated pa-
rameter, denoted with the super script °, is determined according to:

P° = argmén(J(P)),

where the cost function J is defined as:
2

I(P) = [Mron — P(21(P)) |, (5)

where P is used to project the numerical solution M from Eq. on the time grid of the
discrete observations M pop. For discrete quantities, the £ norm is usually defined as:

2 Ny

= > (u(t)—v(t)",

i=1

=



where N, is the number of temporal time steps.
The residual between the index M computed with the numerical model and the exper-
imental data is defined as:

def

e(t):=

Mpop — P(M(P"))H.

To estimate the quality of the solution of the parameter identification, the normalized
FISHER matrix [19] 20] is defined according to:

F = [F,], V(i) € {L....Np} . (6a)
=y JACIROEINORS (6b)

where N, is the number of parameters and © ;,, is the sensitivity coefficient of the solution
M upon the parameter P; computed for the experiment number n. The sensitivity
coefficient is defined as [21]:

o My
oM 8PZ’

Oin(t) = Vie {1,...,N,},

where o) and o, are scaling factors in order to define dimensionless sensitivity co-
efficients. Since we are using dimensionless variables, these factors are set to unity
oM = 0, = 1.

The function © is computed by taking the derivative of Eq. with respect to the
required parameter. The matrix I measures the total sensitivity of the system for the
measurements [22, 23], to variations of the entire set of parameters P. Under some as-
sumptions (see [24]), its inverse is the matrix of variance of the parameters considered
as random variables of the observable fields. It summarizes the quality of the informa-
tion obtained in the parameter identification process [25]. It can be used to assess the
estimation uncertainty by computing an error estimator for the parameter P; :

ni = (F_l)iia

A high value of n; indicates a potentially high error in the parameter identification of
P;. Tt should be noted that the matrix IF~! provides the lower bound for the asymp-
totic co-variance matrix, assuming no data auto-correlation, white noise measurement or
uncorrelated errors [24].

3 Experimental data

This section presents the experimental design to obtain observations of mold growth.
Once collected, it will be shown that the discrete observation data need to be projected
in order to proceed to parameter identification.

3.1 Experimental facility

The material under investigation is bamboo fiberboard manufactured without glue.
It can be used for wall insulation in buildings. The bamboo belongs to the Bambusa



stenostachya species and interested readers may refer to [26] for more information on this
material. To investigate the critical moisture levels of the fiberboard, the test specimens
are cut into samples measuring 50 x 50 x 6 mm. The test facility used to provide the
experimental data is composed of three climatic chambers as illustrated in Figure[l] Two
samples of the same species are settled in each chamber. For each chamber, the relative
humidity is controlled using saturated salt solutions. The samples are settled above the
solution on grids. Three experiments are conducted, corresponding to three different
relative humidity values:

o1 = 0.75, v = 0.84, b5 = 0.97.

The three chambers are located in an oven so as to control the temperature, set at
T = 25 °C for the study. Wireless sensors inside the small chambers are used to check the
temperature and relative humidity levels. The VT'T model takes into account the surface
material temperature and relative humidity. Measurements are made in the chamber,
assuming the measures are the same as at the material’s surface. If we assume also that
the heat and moisture diffusion characteristic times are smaller than the measurement
time step. This assumption is verified by evaluating the characteristic time of heat and
moisture diffusion and the FOURIER number for moisture diffusion given by:

0,y t°
Fo = €07

where ¢, is the vapor permeability, £ is the sorption curve, L the characteristic length
and t° the characteristic time of the problem. This number reflects the importance of the
moisture diffusion in the material. It can also be seen as a ratio between the characteristic
time of the problem and of the moisture diffusion:

tO

Foztfd,

where the characteristic moisture diffusion time ¢ equals:

td
0y

According to [26], the vapor permeability and the sorption capacity of the bamboo fiber
at T' = 25 °C scale with:

1 ow
Sy ~ 27-107% |h|, = ——— — ~ 4-107° | kg/(m3.Pa)|.
= Ty e [/ (m*.Pa)]
Knowing that L = 0.05 m, the characteristic time of moisture diffusion is approximated
by:
td ~ 3 [h}

This means that if a solicitation of relative humidity occurs at a boundary, the moisture
process will take around 3 h to reach the other boundary. Since the experimental assess-
ment takes several weeks, the assumption is verified. Since the temperature diffusion in
the material is faster than the moisture diffusion, the assumption is also verified for the
temperature measurements.



T =25°C

Chamber 1 Chamber 2 Chamber 3

b1 b2 ¢3

samples

salt solutions salt solutions salt solutions

(a)
Figure 1: Illustration (a) and picture (b) of the experimental facility.

3.2 Mold growth data

The investigation was conduced over 16 weeks with daily assessment of mold growth.
Mold was observed using an optical microscope (Leica DM4000M) with 5-40 magnification
and the naked eye. The experimental data were evaluated according to the rating scales
of mold assessment defined in [16] [I7] and recalled in Table 2| Figure 2| shows the mold
growth on the fiberboard for ¢35 = 0.97.

Index | Description of the growth rate

0 No mold growth

Small amounts of mold growth detected with microscopy

Moderate mold growth detected with microscopy (coverage more than 10%)
Some growth detected visually

Visually detected coverage more than 10%

Visually detected coverage more than 50%

Coverage about 100%

S Ot = W N

Table 2:  Mold index according to [16, [17].

The discrete experimental data corresponding to three experiments are shown in Figure
The data are discontinuous and the index M is only evaluated as an integer. It should be
noted that both samples give exactly the same experimental observations. For ¢; = 0.75,
mold required almost 90 days to grow. It appears faster for ¢ = 0.84, around 15 days
and for ¢3 = 0.97, around 7 days. Considering these observations, it is reasonable to
estimate that the bamboo fiberboard belongs to the very vulnerable class of materials.



(a) t = Odays, M = 0 (b)t = 8days, M = 4 (¢)t = 15days, M = 6

Figure 2: Illustration of mold growth on the fiberboard for ¢ = 0.97 at different times.

3.3 Projected mold growth data

In the first step, we show that the discrete measured quantities may not fit the con-
tinuous model defined by Eq. . Subsequently, this analysis demonstrates the need to
project the discrete observed quantities on defined continuous functions. In the second
step, the parameter estimation problem is solved using the POD

3.3.1 Need to project the discrete experimental data

According to the definition of the observable index M recalled in Table [2] it is a
difficult task to define intermediate values in order to provide more experimental data.
Moreover, looking at the experimental measurements, illustrated for the second experi-
ment in Figure [3(b)| for a constant ¢, the discrete observed data of M remains vanishing
for t € [0, 1?

dM
d, S5

days. Then, assuming the continuous model and the function f are

determine = 0 yields:

U exp|23- (M (1) = Ma(0))] < 0,
which is equivalent to:
M(t) > Muyax. (7)

Since we assume M to vanish and M to tend in an increasing way to M .. > 0, Eq. (7)
is impossible. There is no time t verifying this equation. Therefore, the continuous model
cannot match the experimental data.



3.3.2 Projection of the discrete experimental data

To solve this problem, the experimental data are projected on the following interme-
diate family of functions:

1

-1, t < a,

a

t)y=¢0b=1 itha < b
Gabe(t) = (t—c)—l—b, t e {a,c], witha < b < c.

c—a

b, t > c,

Function g is parametrized using three parameters: (i) the time a to reach M = 1, (ii)

the maximum value of M, denoted b, and (iii) the time ¢ to reach this maximum value:
a = argt(M(t) = 1), b = max(]\/[(t)), c = argt(M(t) = b).

The values of parameters (a, b, ¢) are given in Table . The time domain is discretized
with a uniform mesh using a time step of 6 min. Figure (a,b,c) shows the comparison
between the discrete and projected experimental data, which is satisfactory. We can use
these projected data to identify the parameters of the VI'T model.

Parameters | Experiment ¢, | Exzperiment ¢o | Experiment ¢3
a 88 13 5
3 5 6
c 90 21 14
L residual 0.002 0.47 0.65

Table 3: Parameters for the projection of the discrete experimental data using the family of
functions gq.p,c(t) to obtain the projected observed data.

4 Estimating the VTT model parameters and their
sensitivity

Starting form our POD, we have a twofold issue. Our first goal is to identify first

ki1, k12, Mmax) and subsequently (A, B, C’) . The second goal is to estimate the

quality of this identification. This last results enables to quantify the robustness of the
VTT model.

For the sake of clarity, it is important to distinguish: (i) the Observed Discrete Data
(ODD) corresponding to the experimental data, (ii) the Projected Observed Data (POD)
resulting from the projection of the experimental data on defined functions and (iii) the
Simulated Quantities (SQ) computed from the mathematical model of mold growth. Dif-
ferent types of simulated quantities can be distinguished. On the one hand, the simulated
quantities can be obtained with parameters found in the literature and reported in Ta-
ble [l Analyzing the experimental results, and particularly Figure 2] the material seems

10
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(a) 1 = 0.75 (b) p2 = 0.84

0 5 10 15 20 25
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(c) ¢3 = 0.97

Figure 3: Experimental ODD available for three different values of relative humidity and the
POD resulting from the projection.

very vulnerable to mold growth. As a consequence, these parameters will be those of
the corresponding class in Table [I] They are used as an initial guess in the optimization
procedure. These parameters are denoted as a priori, in the sense that they are suggested
by the VI'T model. Using the values of parameters A, B and C, the a priori value of
parameter M .. can be computed using Eq. . The critical relative humidity is set
to ¢. = 0.75 since mold growth was observed for this condition. On the other hand,
the simulated quantities can be computed with the estimated parameters, which are the
solution of the optimization process.

4.1 Estimation of parameters (kn, k12, Mmax>

The first step consists in defining three cost functions according to three experiments:

J(P) = HMPOD(%) _ P(M(P))HQ, ne{1,....3}.

Each cost function is minimized using the least squares method. The identifica-
tion of the set of parameters (krn, kis, M maX) is realized using the fmincon from the

11



Optimization Toolbox in the Matlab™. It provides an efficient interiorpoint algorithm
with (linear or nonlinear) constraints on the unknown parameters [27]. Considering the
physical problem, the only obvious constraint is on parameter M .. by the definition of
the mold growth index in Table

Moy € [0,6].

As a result of the optimization process, the estimated values are reported in Table [4]
The POD and the SQ match well while the a priori parameters were poor.

4.2 Estimation of parameters (A, B, C)

As mentioned in Section [2.2] since measurements are available for three relative humid-
ity values, it is possible to identify the parameters A, B and C'. These parameters are
also estimated using the least square method. Here, we have a linear system of equations
that can be written as:

Y = $X, (8)

with Y being the vector containing the previously estimated parameters M .. for the
three experiments:

T
Y = {Mmax((lﬁl)aMmax<¢2)7Mmax(¢3>} )
while the vector X contains the unknown parameters:
T
X = [A, B, c} .

The matrix S is built using Eq. :

Thus, the system from Eq. is solved directly to determine parameters (A , B, C ) .
The estimated parameters are reported in Table[d For comparison, the values correspond-
ing to a very vulnerable materials are also provided. Since only three measurements are
available, it is not possible to compute the confidence interval for the estimated parame-
ters.

4.3 Discussion of the results

With the estimated parameters, a good agreement is observed between the numerical
results and the projected observed data as shown in Figure[ff(a,b,c). The residual between
measurements and the results of the numerical model is shown in Figure . It remains
at the order O(1072), which appears satisfactory. However, the residual increases at a
particular moment, such as ¢ = 90 days, corresponding to sharp changes in the POD.

12



Fxperiment Parameters ki k1o Mpax

A priori values 1 2 1
¢1 = 0.75 | Estimated values | 4.25 199  3.05
Error estimator n | 1.54 0.5  0.018

A priori values 1 2 3.26
¢2 = 0.84 | Estimated values | 5.89 39.3  5.09
Error estimator n | 3.92 0.47 0.096

A priori values 1 2 5.61
¢3 = 0.97 | Estimated values | 2.19 6.99  5.99
Error estimator n | 6.00 0.38 0.071

All three A priori values 1 2 -
Estimated values | 4.56 198 -
Error estimator n | 3.05 1.9 -
Experiment Parameters A B C
All three A priori values 1 7 —2

Estimated values | 3.05 7.39 —4.5

Table 4: Estimated parameters of the VT'T model for the bamboo woodfibers.

The residual is not very satisfactory for these times. In addition, the .Z5 of the residual
is 0.09, 0.05 and 0.05 for each experiment.

As we can notice in Table [4] the estimated parameters are higher than a priori values
provided by the original model, particularly for the experiments with ¢; and ¢5. As
shown in Figure [d[(a,b,c), the mold index computed with a priori parameter values un-
derestimates the experimental data. In other words, the parameters of the most vulner-
able material class are not able to represent the physical phenomena observed in these
experiments. Moreover, according to the vulnerability classes recalled in Table [1, the
parameters vary within intervals of variations k1; € {0.033, 1} and k12 € {0.014, 2.
In our study, the estimated parameters k1, and k15 are completely out of this interval.
Even if the discrepancies between the numerical results and the experimental data are
low, these intermediate results highlight that the estimated parameters (k:n, ]{712) do
not agree with classification of the original definition of the VI'T model (Table [1]).

Moreover, it is of major importance to quantify the confidence one may have in the
estimated parameters. For this, the FISHER matrix is computed for parameters k11, k12
and M .« according to Eq. @ and the error estimators are reported in Table . The
quality of the estimation is not satisfactory since the estimator 7 is of the order O(1)
for parameter kq;. The uncertainty on this parameter is very high. It corresponds to an
uncertainty of 300% on this parameter for the experiments ¢35 .

Further investigations are carried out to see if the estimation of ki; and k15 can be

13



improved. Since these two parameters do not depend on the relative humidity nor on the
temperature, they have been estimated with the three experiments together by defining
one single cost function. The results are reported in Table @l The %5 of the residual
is 0.45, 0.53 and 2.15 for each experiment. Thus, the quality of the estimation is not
satisfactory and even worse than for the estimation using each experiment separately.

6 T T 6
——POD ——POD
I SQ-a Rriori _ o SQ-apriori o — - - ‘
- - =5Q - estimated - - =SQ - estimated
4 4
st g
= =

0 : ) ; ; ; 0 b
0 20 40 60 80 100 0 10 20 30
t (days) t (days)
(a) 1 = 0.75 (b) ¢po = 0.84
6 ” 100 o 0ot 1
4
5 107"
4 1072
=3 103
/4
2 /l 1074
/ " POD
1t S SR SQ - a priori 1 105k
.............. - - =5Q - estimated
0 ke . . : : : 108 ; ' ' ' '
0 5 10 15 20 25 0 20 40 60 80 100
t (days) ¢ (days)
(c) ¢35 = 0.97 (d)

Figure 4: (a,b,c) Comparison of the POD with the SQ using the VT'T model with the a priori and
estimated parameters. (d) Residual between the POD and the SQ with the estimated parameters.

These intermediate results lead to two outlooks. First, a new mold growth vulnera-
bility class could be added to the original mold growth VTT model, namely “very very
vulnerable”. Nevertheless, the quality of the parameter estimation is not satisfactory. It
is necessary to analyze the model in greater detail.

5 Reliability of the VTT model to predict the phys-
ical phenomenon

In the previous section, the robustness of the model was analyzed in order to estimate
the vulnerability class of an innovative material using experimental observations. The

14



purpose is now to discuss the reliability of the VTI'T model.

In order to discuss the reliability, three computations of the VI'T model are performed
according to [I7], where where a material from the medium resistance class was exposed
to constant relative ¢ = 0.97 and temperature T’ 22 °C. By slightly changing the
value of one parameter (1% and 0.1%) considered as given in the literature, and keeping
all the others parameters identical, one looks for the solution M (t) with these slightly
perturbed parameters.

More precisely, the first one uses the original value b3 as seen in Eq. , while the

second and the third use a modified parameter 133 0.99 - b3 and 53 = 0.999 - b3,
respectively. Figure [5] shows the variation of the mold growth index M for 700 days. As
reported in Table[5], a 1% modification of the parameter leads to a relative error of almost
100% on the results. Furthermore, the two decimals defining the parameters in the VT'T
model are not relevant taking into account the precision of the results. These are
intrinsic to the VI'T model and mainly its function f. Using the definition of function f
in Eq.(2)), the right-hand side of Eq. (1) is multiplied by a factor exp(—66.02) ~ 1072?,
which surely introduces computational rounding errors.

One must acknowledge that the coefficients are never known with less than 1% error.
Then the model is so sensitive to the value of its parameters, that its conclusions are
not reliable. These observation may lead to the conclusion that the VI'T mathematical
formulation of mold growth lacks of accuracy.

Parameters of function f bs l~)3 = 0.99- b3 1:73 = 0.999 - bs
Results M(t = 700 days) 3.03 5.88 3.24
Relative error on M(t = 700 days) | — 94% ™%
Py error — 3.3-10% 175

Table 5: Results of the computation of the VTT model for three values of parameter bs .

6 L
133

5 .......... 93 = 099 N b'} R

- - 53 =0.999 - 1)3
A )

=3
21
1F
ol . , .
0 200 400 600

t (days)

Figure 5: Comparison of the numerical results from the VTT model.
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6 New mathematical model

As highlighted in previous sections, the mathematical formulation of the VI'T model
in Eq. may be overly sensitive. As a consequence, the model lacks accuracy when
estimating relevant parameters or predicting physical phenomena. Hence, a new math-
ematical formulation is first proposed to address this issue. Then the robustness of this
improved model will be analyzed under both aspects: (i) the estimation of the relevant
parameters using the observations from the bamboo fiberboard and (ii) the prediction of
mold growth based on data from the literature.

6.1 Mathematical formulation

The new formulation proposed is based on the following ordinary differential equation
of the mold growth index M:

dM

5 = R(T6) M- (Mo (T, 6) — M), 9)

where M, , by analogy with M .., is the maximum mold growth value for the given
temperature and relative humidity conditions, and k is the rate of mold growth. This
equation is also known as the logistic equation [28], particularly used in mathematical
biology and population dynamics.

In the case of the VI'T model, the values of M computed with this model start from
an initial value M (¢t = 0) > 0. However, the improved model increases monotonically
to a maximum value M ., , where the VI'T model assumes a different mold growth rate
for M < 1and for M > 1. The parameter M ., accurately represents the experimental
observations of mold growth shown for instance in Figure [0] and typical of the logistic
functions. Parameters M, and k can include the dependency on the temperature, the
relative humidity and other parameters such as the surface quality. Parameter k could be
positive or negative or change of signs to represent the physical phenomena of increases
or decreases in mold.

Another interesting feature may be noted. For a constant parameter k, corresponding
to fixed temperature and relative humidity conditions, an analytical solution of Eq. @D
can be readily obtained:

M M,

M) = (Mo — My)-exp(—kMot) + Mo’

(10)

where M L (t = 0) is the initial state of the mold growth, which is a parameter of

the improved mathematical model and not from the physical model.

It is important to notice that the model requires a non-zero initial condition My # 0
for the process to start. Moreover, the sensitivity of M to the initial condition M is
given by:

dM M2 exp(—kMoot)

B ((MOO — M) exp(—kMut) + M0>2.

dM,

It can be noted that the sensitivity tends to 0 exponentially when ¢ — oo.
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6.2 Reliability of the improved model to estimate relevant pa-
rameters

The ireliability of the improved model must be evaluated. First, as in the VT'T case, it
is necessary to project the discrete experimental data before determining the parameter
using an optimization process. This is done by projecting the experimental data on
continuous functions. However, the choice of the family of functions is based on the
analytical solution of Eq..

6.2.1 Projection of the mold growth data

As for the VT'T model, the continuous model from Eq. @D cannot match the discrete
experimental data. Thus, the experimental data are projected using the logistic function:

(11)

a

habc = .
pelt) 1 + exp(—b~(t — c))

The values of parameters (a, b, c) are given in Table @ It can be noted that the family
functions used for the projection are different from the one chosen in Section The
choice of the projection functions is crucial since it is important not to introduce errors
while performing the projection of the ODD. Moreover, it has to be chosen in accordance
with the type of solutions used in the mathematical model. The time domain is discretized
with a uniform mesh using a time step of 6 min. Figures [f[a,b,c) shows the comparison
between the projected and the discrete experimental data.

Parameters | Ezp. ¢1 FExp. ¢o Exp. ¢3 | Data from [12] Data from [29]
a 3.02 5.01 6.00 5.24 2.58
1.21 0.83 0.81 0.48 0.53
c 89.27 17.50 7.98 17.26 14.84
L5 residual 0.52 0.60 0.56 0.2 0.4

Table 6: Parameters for the projection of the experimental data using the family of functions
ha,bc(t) to obtain the projected observed data for Section and Section |6.3.1]

6.2.2 Parameter estimation

Using the projected data, the purpose is to estimate the parameters (M 00 5 k) . Ac-
cording to its definition, the parameter M., can be directly determined since it is the
maximum mold growth of the observed discrete data. On the other hand, it is interesting
to note that from Eq. , an analytical expression of the time ¢ to reach M = 1 can
be computed:

t, X argt(M(t) = 1) B ln<jwo(AMOo _ 1>)
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Figure 6: Experimental ODD available for three different values of relative humidity and the
POD resulting from the projection.

Using this expression, it is possible to estimate parameter k directly. However, as men-
tioned above, the model is sensitive to the initial condition. Most particularly, the deriva-
tive of ¢ relative to M| is:

dt, 1

dM, kMO(MO - Moo)'

Since My < 1, the derivative is large dd]\tjo > 1. In addition, the experimental data may

lack accuracy when estimating ¢, . To circumvent this problem, the least square method
is used to estimate the parameters (M 50 s k) . To do this, a cost function is defined

according to Eq. and minimized using the fmincon algorithm from the Optimization
Toolbox in the Matlab™ environment.

6.2.3 Results and discussion

In terms of parameter estimation, where the model in Eq. required the determina-
tion of five parameters, only three are needed for the improved model: M., k and M.
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The parameter M, is directly obtained from the maximum value of M observed for a
fixed temperature and a given relative humidity when the steady state is reached. The
other two parameters k and M, are estimated by minimizing the norm of the differences
between the projected observed data and the simulated quantities, defined in Eq. . The
only constraint solely concerns M ., according to its definition: M, < 6. The estimated
parameters My, k° and M 3 are reported in Table 7, Compared to the VI'T model pa-
rameters, k° and M 3, have the same order of magnitude and increase with the relative
humidity. Figure [7[a,b,c) compares the POD with the SQ obtained with the estimated
parameters. Very good agreement can be noted. The residual, shown in Figure is
lower than for the previous estimation. The maximum value of the residual is of the order
O(1072). The % norm of the residual is 8 - 1074 1.4 - 1072 and 2.1 - 102 for each
experiment, which is much lower than for identification for the VI'T model. Moreover,
the results of the original VT'T model with its estimated parameters are recalled in Fig-
ure (a,b,c). The improved model provides better agreement with the projected observed
data than the original VT'T.

As reported in Table[7] the estimation error is much lower for this model than for the
original VT'T model. Here the initial condition was considered as an unknown parameter.
One of the drawbacks of the improved model is its sensitivity to the initial value of the
problem. This could be solved fixing the initial value for all types of materials or by using
no exponential in the projection of the ODD nor in the evolution of the mold growth
model.

Experiment Mg§ k° M,
¢1 = 0.75 4-1077 0.39 3.02
Error estimator n | 1.4-1072 | 3.2-107% | 1.2- 1072
¢, = 0.84 2-10°6 0.16 5.00
Error estimator n | 1.6-1077 | 7.5-1073 | 3.,5-1073
o3 = 097 9.1073 0.13 6.00
Error estimator n | 2.1-107% | 4.6-107% | 2.5-1073

Table 7: Estimated parameters of the improved model for the bamboo fiberboard.

6.3 Reliability of the improved model to predict the physical
phenomenon

First, the reliability of the improved model is evaluated using data from the literature.
Since this analysis concerns only one type of material (pine wood) and many other mate-
rials can be used for building applications, the possibility of defining vulnerability classes
of material is studied in the next section.

6.3.1 Using data from the literature

To evaluate the reliability of the improved model to predict the physical phenomena,
two sets of experimental data from the literature are used to estimate the unknown pa-
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Figure 7: (a,b,c) Comparison of the POD with the SQ using the improved mold growth model
and the VTT model with the estimated parameters. (d) Residual between the POD data and the
simulated ones using the estimated parameters.

rameters (k: , My, M ) for the improved model. The first set is taken from [12], where a
planted pine sapwood is exposed to constant conditions at T = 22°Cand ¢ = 0.9. The
second set comes from [29] for a similar material and constant conditions at 7' = 25 °C
and ¢ = 0.86. The ODD are shown in Figure (a,b). As detailed in previous sections,
the discrete data are projected using the function defined in Eq. and the coefficients
are reported in Table [6]

The solutions of the parameter estimation problem are reported in Table [§ Again,
the estimated parameters have the same order of magnitude. Figure (a,b) compares
the SQ with the estimated parameter and the POD for [12], [29], respectively. For both
experiments, satisfactory agreement is noted with a residual of the order O(1072), as
shown in Figures [§f(c,d). It can be noted that the original VI'T model does not succeed
in representing the physical phenomena. These observations agree with those reported in
[7] for the same experiments.

Since the improved model is sensitive to the initial condition Mg, a parametric study
is carried out by performing computations of M for different values of the initial condition
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My = «-M;,. These computations are realized for the experiments from [I2] and all
other estimated parameters (k and M ) remain unchanged. The results are shown in
Figure [P[a,b). A 50% modification of the numerical value of the initial conditions does
not imply substantial change in the prediction of the physical phenomena. As expected,
the initial condition has no influence on the maximum mold growth M. . Figure
shows the variation of the %5 error with the modification. The magnitude of the error on
the prediction is small (at most 20% for a 50% change) compared to that observed (94% ,
7%) by modifying the numerical value of parameter b3 in the VI'T model by 1%, 0.1%
(see Table . This explains why that this improved model is more reliable.

These results highlight that the improved mold growth model @ can be used to fit the
unknown parameters using projected data obtained from other discrete experimental data.
It can be noted that, for the bamboo fiberboard and a fixed temperature, parameters k
and M ., decrease and increase with relative humidity, respectively. Further experimental
data are required to study the variation of these parameters with temperature and relative
humidity:.

Ezxperiment Reference Mg k° MS,

T = 22°C,¢ = 0.9 [12] 1.3-1073 0.10 5.24

T = 25°C, ¢ = 0.86 [29] 1.0-1073 0.19 2.58
Error estimator n - 1.2-1073 | 3.4-1073 | 2.7-1073

Table 8: Estimated parameters of the improved model for pine sapwood using the experimental
data from [12] and [29].

6.3.2 On the definition of vulnerability classes

The previous section highlighted that the improved model accurately predicts the phys-
ical phenomenon based on experimental data from the literature. This study focuses on a
single type of material and one can wonder if vulnerability classes could be defined for the
improved model. To answer this question, several computations of the improved model
are done considering a fixed initial value M, = 1072. As reported in Table @ several
values of parameters k and M ., are considered for the various vulnerability classes. These
parameters decrease when the material is less vulnerable to mold growth. It should be
noted that these parameters are valid for fixed conditions, particularly for temperature
and relative humidity. Figure (a,b) shows the time variation of M for the different
vulnerability classes. Mold growth increases faster for the more vulnerable materials and
reaches a higher level of M, . For a very vulnerable material, mold growth starts after
5 days of exposure while for a wvery resistant one, the process appears after 200 days.
These results highlight the possibility of defining mold growth vulnerability classes for
materials with the improved model.

7 Conclusion

In buildings, excessive levels of moisture may lead to several disorders that damage the
quality of a construction and deteriorate the occupants’ comfort. Mold risks are of capital
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Figure 8: (a,b) Comparison of the POD with the ODD and the SQ using the improved mold
growth model with the estimated parameters. (c,d) Residual between the POD and the SQ with
the estimated parameters. The observed data are taken from [12] (a,c) and [29] (b,d).

Vulnerability classes

Very vulnerable
Vulnerable
Resistant

Very resistant

ke | MS,
0.2 | 5.51
0.1 | 4.67
0.03 | 3.04
0.02 | 1.54

Table 9: Parameters of the improved model as a function of the vulnerability class.

importance since mold can be toxic for the occupants. Several mold growth models have
been proposed in the literature that can predict risks depending on relative humidity and
temperature conditions. Among them, the VI'T model was proposed for wood and other

building materials [16], [17].
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Figure 10: Numerical predictions of the improved model for different values of parameters k
and M , reported in Table[9.

The reliability of a model can be tested on both its ability to represent/interpolate
the experimental data and both its the sensitivity /robustness of its identified parameters
computed from the experimental data, if they are identifiable. The reliability of the VT'T
model is investigated for coditions that are constant over time for temperature and relative
humidity in this article.

First of all, in Section 3, three experiments are carried out for a recently developed
material, measuring mold growth for a fixed temperature and three levels of relative
humidity. No DOD may fit solutions of the Ordinary Differential Equation. So the ODD
are projected on intermediate continuous functions (Section .

Then in Section ] the parameters of the VI'T model are identified from the intermediate
projected experimental data to estimate five parameters defining a material property
denoted as the mold vulnerability class in the original model. The results highlight that
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the parameters determined are totally out of the range of the vulnerability class defined
in the original VI'T model. Moreover, the quality of the parameter estimation is not
satisfactory.

In Section || it is highlighted that a simulation using the VTT model is much too
sensitive to one of the parameters of f that is considered as reliable in the literature.
These investigations lead to the conclusion that the mathematical formulation of the
physical model of mold growth lacks accuracy.

Therefore, in Section [6] an improved mold growth model with a new mathematical
formulation is studied. It is based on an ordinary differential equation, also called the
logistic equation. Three parameters are involved in the formulation: (i) k(7T', ¢) the
rate of mold growth, (ii) M (T, ¢) the maximum mold growth value for the given
temperature and relative humidity conditions, and (iii) M the initial mold growth value.
These parameters are estimated from our experimental data on bamboo fiberboard. The
parameter estimation quality is very satisfactory. The estimated parameters have the
same order of magnitude around unity for the three experiments. The reliability of this
model is also tested for two other sets of experimental data from studies reported in the
literature. It is shown that the improved formulation of the mold growth model accurately
predicts the physical phenomenon based on experiments from other authors. In addition,
the possibility of defining mold growth vulnerability classes of materials for the improved
model is demonstrated in Section [6.5.2]

Further research may focus on producing and using further experimental data to define
the functions describing the variation of the parameters k and M., with large quantities
such as the temperature or relative humidity. An important issue concerns the accu-
racy of the model to predict mold increase and decrease during transient condition of
hygrothermal fields.
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